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Abstract. Calculations of the spontaneous polarization (Ps), dielectric susceptibility (χ) and
pyroelectric coefficient (Π) of the ferroelectric films have been performed in the thermody-
namic phenomenological theory framework. The Euler-Lagrange equation determining po-
larization dependence on the film parameters and the external electric field was solved ana-
lytically under the boundary conditions with different extrapolation lengths at two surfaces,
respectively. The depolarization field contribution was taken into account in the model of
short-circuited mono-domain ferroelectric film, treated as perfect insulator. The detailed analy-
sis of the aforementioned quantities, space distribution and their average values in two cases
with and without depolarization field was carried out. It was shown that the depolarization
field shifts critical temperature to smaller values and the critical thickness to bigger value in
comparison to those obtained without accounting the depolarization field. Meanwhile aver-
age values of Ps, χ and Π dependences on the film parameters and temperature are similar to
the corresponding dependences obtained without accounting the depolarization field. The
depolarization field was shown to flatten Ps, χ and Π space distributions, which have the
peculiarities otherwise (e.g. small maxima in χ and Π coordinate profiles near the film sur-
faces). It was shown that depolarization field influence in short-circuited film could be ne-
glected when the film thickness or the extrapolation lengths in the boundary conditions are
larger than the correlation length value.
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1. Introduction

Depolarization field plays an important role in physics
of ferroelectrics because it tends to destroy spontaneous
electric polarization that is known to be an order param-
eter of these systems. The domain structure formation
and the presence of free carriers are the main internal
factors that tend to decrease this field influence. External
condition of short-circuited ferroelectrics results in the
complete compensation of the depolarization field for
the bulk material. But it is not the case for the thin
ferroelectric film [1] because of its inhomogeneous po-
larization related to the contribution of surface effects.
Moreover, there is an essential difference between the
domain structure of the bulk material and that of the film
(see e.g. [2], [3]), namely, the thinner the film the better
conditions of mono-domain state appearance. On the other
hand, mono-domain ferroelectric films self-polarized in
the direction normal to the surface can be obtained under

special technological conditions [4]. Taking into consid-
eration that in many cases the conductivity of
ferroelectrics is small enough (see e.g. [5]) it is reason-
able to consider the model of the depolarization field
influence, which is proposed in [1]: mono-domain
ferroelectric film under short-circuit conditions,
ferroelectric treated as perfect insulator. The considera-
tion in [1] was carried out in the phenomenological
Ginzburg � Landau theory approach with polarization
values on both film surfaces supposed to be the same,
although in general case they have to be different. An-
other disadvantage of this work is related to the fact that
only the ferroelectric phase polarization in the thick film
(where the average polarization is equal to the bulk ma-
terial value) is studied.

In our work, we performed the calculation in the same
model but without the aforementioned limitations. Keeping
in mind that the most part of the works published in the
previous years have been performed without taking into
consideration the depolarization field influence (see e.g. [6]
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� [8]) here we represent the detailed comparison of the
ferroelectric film Ps, χ and Π space distributions and the
average values obtained within the framework of models
with and without taking into consideration depolariza-
tion field. This made it possible to clear up the cases and
conditions at which the depolarization field can be neglected
qualitatively or even quantitatively.

2. Basic equations

Let us consider thin ferroelectric film polarized along z-
axis (i.e. Pz≠0, Px= Py=0), which is perpendicular to the
film surface. This type of polarization can appear as a
result of self-polarization of a film grown under special
technological condition without application of an exter-
nal electric field [4].

An equilibrium value of polarization can be obtained in
the framework of the phenomenological thermodynamic
theory from the minimum of the functional for free energy
[9]. In the considered case of polarization perpendicular to
the surface of the film, it is necessary to take into account
depolarization field, which is proportional to the value of
polarization and has the opposite direction, so it destroys
Ps. In accepted model ferroelectrics is regarded as a per-
fect insulator under short-circuit conditions. Taking into
account the symmetry of considered structure (i.e. the film
polarization depends only on the coordinate z) one can write
the free energy density functional as follows:
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Here, l is thickness of the film, the coefficient a depends
on temperature T as α=α0(T�Tc), Tc is the temperature
of the transition from paraelectric to ferroelectric phase
in bulk ferroelectrics, Ez is the external electric field, δ1,2
are extrapolation lengths. The last two and previous two
terms represent depolarization field energy and surface

one, respectively. In what follows, we will consider the
case of positive extrapolation lengths, when polariza-
tion on the film surface is smaller than in the film centre.
Only in this case surface effects can lead to the size-driven
phase transition [7].

The minimization of the functional (1) results in  the
following equation determining the space distribution of
polarization over the film thickness:

∫+−=−+
l

0
2

2
3

l

1
44 dzPPE

dz

Pd
PP zzz

z
zz ππγβα

(2a)

with boundary conditions on film surfaces:
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The last two terms in Eq. (2a) represent the depolarization
field:
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Here, the first term is depolarization field for the freestanding
film, and the second one is the compensating field of free
charges on the short-circuiting electrodes. It is evident that
depolarization field (3) equals to zero, when the space
distribution of polarization is homogeneous.

3. Paraelectric phase

The equation (2a) for the space distribution of polariza-
tion is a non-linear inhomogeneous integral differential
equation, and it is cumbersome to solve it analytically.
But in paraelectric phase, where Ps equals to zero and
polarization is proportional to external field, the non-
linear term in Eq. (2a) can be negligibly small.

Therefore, the solution of this linear equation can be
expressed in terms of elementary functions, so subject to
boundary conditions (2b) the space distribution of po-
larization in this case has the following form:

( )

( ) ( )

)2exp()1)(1()1)(1(

)exp()2(2)exp(1

)2exp()1)(1()1)(1(

)exp()exp()1(1)exp()exp()1(1
)(

4

)(1
)(

2121

2121

2121

2112

hdddd

hdddd

h

h

hdddd

hhddhdd

E
f

PPE

−−−−++
−−−−++−−==Φ

−−−−++
−−−−++−−−−+=

−Φ
−=

ϕ

ξξξϕ

π
ξϕξ

       (4)



144 SQO, 5(2), 2002

M.D. Glinchuk et al.: The influence of depolarization field...

Here all indexes �z� is omitted, angle bracket means z-
coordinate averaging, and the following designations are
introduced:
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The average polarization of the film can be easily derived
from (4):
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Note that in the case d1=d2 the space distribution of
polarization in paraelectric phase (4) and its average value
(6) coincides with those obtained earlier [1].

The derivative χ=(dP/dE)|E=0 represents linear dielec-
tric susceptibility of the film. The analysis of the expres-
sion (6) has shown that value of χ is positive when either
f<0 (i.e. α>0, T>Tc � paraelectric phase of bulk
ferroelectrics) or f>0 and Φ>f (T<Tc - ferroelectric phase
of bulk ferroelectrics, but paraelectric phase of
ferroelectric film). When equality Φ=f is valid, the value
of χ becomes infinitely large, so the considered system
undergoes a phase transition.

Because of f and Φ values dependence on thickness
and temperature, equation Φ=f determines critical tem-
perature Tcl at fixed thickness or critical thickness lc at
fixed temperature.

The parameter f value can be evaluated as 1/ε, where
ε is the dielectric permittivity of bulk ferroelectrics in
paraelectric phase. Therefore, it is much smaller than unity,
so the equation determining the phase transition point can
be rewritten as follows:
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From this equation, it is easy to obtain expressions for
critical thickness
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and for critical temperature owing to condition f<<1:
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or in more visual form:
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Here, l0(0) is the correlation length at zero temperature.
As it follows from Eq. (9b), if the thickness value is less
than lc(0)=l0(0)2/((δ1+ld)�1+(δ2+ld)�1), then critical tem-
perature becomes negative, i.e. phase transition vanishes.

Therefore, ferroelectric phase transition in a film can be
achieved by changing the film thickness at some fixed
temperature or by changing the temperature of the film with
fixed thickness. As a matter of fact, the curve described by
equations (9a, b) determine phase boundaries between
paraelectric and ferroelectric phases, i.e. the phase diagram
in coordinates temperature - thickness of the film, which is
depicted in Fig.1 by solid curves for the different values of
the extrapolation lengths, critical thickness value lc(0)
being the cross-point of the curves with abscissa axis.
Namely, at l<lc(0) paraelectric phase (polarization Ps=0)
exists in all temperature region, while at l>lc(0) it can be
both ferroelectric phase (Ps≠0) at T<Tcl and paraelectric
phase at T>Tcl.

It is seen from Fig. 1 that depolarization field decreases
critical temperature and increases critical thickness, these
effects being stronger under decreasing the extrapolation

Fig.  1. The dependence of the critical temperature Tcl on the

film thickness in the logarithmic scale for f(0)=α0Tc/4π=0.01 and

for different extrapolation length values: (δ1/ld, δ2/ld)=(0.5, 0.6),

(5, 3), (10, 6) for lines 1, 2 and 3, respectively, with (solid lines)

and without (dashed lines) the depolarization field contribution.

The same dependences are depicted on the inset for the inverse

film thickness.
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lengths values (compare solid and dashed curves in Fig.1).
More detailed critical thickness value dependence on the
extrapolation lengths values is depicted in Fig. 2. One
can see that the greater d1 and d2 values the smaller lc
value. The latter can be related to flattening the polari-
zation space distribution with increasing the values of
extrapolation lengths that results in the critical thickness
decrease and increase of critical temperature (compare
curves 1, 2 and 3 in Fig.1).

When inequalities Φ<f and f>0 are valid, polariza-
tion determined by equation (4) becomes negative, so non-
linearity in equation (2a) cannot be neglected.

4. Ferroelectric phase

4.1 Free energy

In ferroelectric phase, i.e. in the region l>lc(0) and T<Tcl
non-linearity needs to be taken in consideration. The
simplest way to take it into account is the direct variational
method. We choose the solution (4) as a trial function and
an amplitude factor will be treated as a variational parameter.
It should be noted, in ferroelectric phase (i.e. under
condition h≥(U1+U2)/f) and in the case of small f values
one can suggest h>>1, so the expressions for the function
ϕ(ξ) can be essentially simplified. Therefore, we will look
for the polarization space distribution in ferroelectric
phase in the following form:

PFE(ξ)=P(1-α(ξ)),

ϕ(ξ)=
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Where P is the variational parameter that represents the
amplitude of the polarization space distribution.

After integration of the free energy density (1) with trial
function (10), one can easily obtain free energy density as
follows:
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Keeping in mind that the polarization average value is
〈P〉=P(1−A1), one can rewrite Eq.(11a) in the form:
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Here the following designation are used

A
1
=

h

UU 21 +
, B=

h

UGUG

12

)()( 21 +
,

G(U)=48U�36U2+16U3�3U4 (12)

Coefficients in the free energy written as power series
over the polarization amplitude P (11a) or the polarization
average value 〈P〉 (11b) depend not only on the tempera-
ture but on the film thickness and extrapolation lengths,
too. We found that the dependence of the coefficient of
polarization to the fourth power on the film thickness
and temperature is weak, while the coefficient of the sec-
ond power polarization tends to zero in the size-driven
phase transition point, i.e. when reaching the critical tem-
perature or thickness.

Note that for bulk ferroelectrics, i.e. in the case the
film thickness tending to infinity, it is seen from Eq.(12)
that quantities A1 and B tend to zero, and hence the free
energy densities both (11a) and (11b) tend to well known
expression for free energy EP/âP/áPF −+= 4422 . It is
evident that the difference between this expression and
Eq.(11b) can be reduced to the renormalization of coeffi-
cients α and β, but free energy (11) consists of terms,
which are determined by the correlation energy, surface
energy and depolarization field energy. All these quanti-
ties are contained in the free energy density (1) of the
considered system and mainly reduced to the first term in
the free energy (11). Therefore, the free energy functional
(1) is reduced to the conventional free energy form (11)
allowing for Eq. (10) determining the polarization space
distribution in the ferroelectric film.

It should be noted that Eq. (2a) could be linearized
and easily solved analytically in two important cases: in
the vicinity of the phase transition, where Ps tends to
zero and can be considered as the small parameter, and

Fig.  2. The dimensionless critical thickness dc llff /1−  given

by Figs near curves dependence on the dimensionless extrapo-

lation lengths di.
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for sufficiently thick films, when the polarization space
distribution is almost uniform. The solutions obtained
by these methods coincide with the solution obtained by
the variational method in the above-mentioned limits.

4.2 Spontaneous polarization

The equation determining the relation between the maxi-
mal value of the polarization and external field, tem-
perature, film thickness and other parameters of the con-
sidered system can be easily obtained by minimization
of Eq. (11a) on parameter P. Despite the analytical solu-
tion of this equation exists for arbitrary external field
value, it is rather cumbersome and difficult to analyze it.

Hereinafter we consider in details two physically
meaningful cases: zero external field and small external field
value.

In the first case one can find following expression for
the space distribution of spontaneous polarization
Ps=P(E=0) and its average value:

Ps(ξ)=Ps0 
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Where Ps0= β
α− is the homogeneous spontaneous po-

larization of bulk ferroelectrics at T ≤ Tc. As it follows
from these expression, Ps tends to zero when it reaches
the phase transition point and exists only under condi-
tion f ≥ A1=(U1+U2)/h, as it should be suggested. The
expressions (13a) with respect to Eqs. (5), (7), (12) deter-
mine Ps space distribution and average value depend-
ence on the film thickness and temperature.

Average value of Ps can be simplified in the vicinity of
ferroelectric phase transition and for the films with large
thickness. In these regions Ps dependence on the film
thickness can be written in the simple form:
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Here proportionality coefficients are omitted because of
their cumbersome form and weak dependence on the
temperature and extrapolation lengths. Notice, that their
value are close to unity. For the arbitrary film thickness
value, the polarization has to be calculated using Eqs (13a).

The space distribution of Ps (the scale z/l0, here

l0=
α
γ− is the correlation length at T ≤ Tc) and its av-

erage value dependence on the film thickness (the scale l/
l0) is depicted in Fig.3 by solid curves and dotted curve,
respectively, for the different values of parameters. It can
be easily seen that the polarization space distribution
remains smooth in the most part of the film even for the thin
film with thickness in the vicinity of critical value lc (see
solid curves 1 and 2), where Ps tends to zero. This phe-
nomenon can be explained by the influence of the depo-
larization field that tends to flatten the polarization space
distribution (compare the solid and dashed lines).

One can see also that depolarization field influence
depends on the film thickness: the thinner the film the larger
the depolarization field value. To illustrate this phenomenon,
in the inset to Fig. 3 we represented the dependence of the
ratio of the depolarization field in the film center to the
coercive electric field Ec0 for the bulk ferroelectrics
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π−= on the film thickness. It is seen that

depolarization field increases when the film thickness
decreases up to a maximum value, that is approximately equal
to the coercive electric field, and then abruptly decreases
to zero in phase transition point.

The space distribution of the depolarization field
(solid curves) and Ps (dashed curves) in the vicinity of
film surface is represented in Fig. 4. As it is shown in this
picture, these quantities deviate from the homogeneous

Fig. 3. The space distribution of Ps over z coordinate for the

following values of parameters: f=0.01, δ1/ld=5, δ2/ld=3, and for

the different values of the film thickness l/lc=1.01, 1.04, 1.16, 1.7,

4 (solid curves 1 � 5 respectively). Dashed curves 1 and 5 repre-

sent the space distribution of Ps calculated without taking the

depolarization field into account. The average value of Ps over

the film thickness l is represented by dotted curve. The depolari-

zation field in the center of the film as a function of the inverse

film thickness is depicted on the inset for parameter values given

above.
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space distribution within the range of ld order related to
the strength of correlation energy in the free energy den-
sity (1). It is also seen that in this region depolarization
field has the same direction as polarization, but with in-
creasing the distance from the surface depolarization field
becomes negative (see inset to Fig.4) This behavior ex-
plains the flattening and decreasing of the polarization
caused by depolarization field (compare the solid and
dashed curves in Fig. 3).

The dependence of Ps average value on temperature
is shown in Fig. 5. One can see that this dependence gen-
eral form undergoes minor changes in comparison with
that of bulk material polarization, but only the critical
temperature value is shifted with changing the film thick-
ness.

4.3 Dielectric susceptibility and pyroelectric
coefficient

In the case of small external electric field one can obtain
linear dielectric susceptibility χ=(dP/dE)|

E=0
 of the film in

ferroelectric phase from the free energy density (11):

χFE(ξ)=χ0
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Here, χ0=1/(-2α) is dielectric susceptibility of bulk
ferroelectrics at T ≤ Tc. The value of χ (14) becomes infi-
nitely large in the phase transition point. The analysis of

the expressions (6) and (14) have shown that on the equal
distances from the critical value (not far from it) average
dielectric susceptibility in paraelectric phase is two times
larger than average χ in ferroelectric phase like that for
bulk ferroelectrics.

Average value of χ can be simplified in the vicinity of
ferroelectric phase transition and for the films with large
thickness. In these regions χ dependence on the film thick-
ness can be written in the simple form:
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For the arbitrary film thickness value χ has to be calcu-
lated on the base of Eqs (14a).

The space distribution of χ in ferroelectric phase over
z coordinate (the scale z/l0) and its average value de-
pendence on the film thickness (the scale l/l0) is depicted
in Fig. 6 by solid curves and dotted curve, respectively.
Comparison of dashed and solid curves shows that the
depolarization field presence increases χ value for the
thin films in the vicinity of the critical thickness value

Fig.  4. The space distribution of the depolarization field (solid

curves) and Ps (dashed curves) in the vicinity of film surface for

the following values of parameters: f=0.01, δ1/ld=5, δ2/ld=3, and

for different values of the film thicknesses l/lc=1.01, 1.1, 1.5, 4

(curves 1 to 4, respectively). The region of the plot where the

depolarization field is negative is depicted on the inset.

Fig.  5. The dependences of Ps average value and inverse aver-

age value of P on temperature for the following values of param-

eters: f(0)=α0Tc/4π=0.01, δ1/ld=5, δ2/ld=3, and for the different

values of the film thickness l/lc(0)=1.11, 1.43, 2, 3.33, 10 (curves

1 to 5, respectively). The temperature dependence of the bulk

ferroelectrics spontaneous polarization Ps0=Ps0(0) cT/T−1  is

depicted by circles. The relative difference between average

value Ps and inverse average value of P is depicted in the inset.
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(see curves 1). But for the films with thickness several
times larger, χ space distribution obtained without tak-
ing into account the depolarization field has the maxima
near the surfaces (see dashed curve 5) contrary to χ space
distribution obtained with taking into account the depo-
larization field (see solid curve 5) that remains flat. In
these regions, the depolarization field decreases χ value.

It seems to us that experimental observation of χ
maxima in the vicinity of film surfaces could be consid-
ered as manifestation of the depolarization field com-
plete compensation. On the other hand the flatness of χ
space distribution (like solid curves in Fig. 6) gives evi-
dence of depolarization field presence. More detailed
form of χ space distribution near the film surface for this
case is shown in the inset (a) to Fig. 6. The dotted line in

the inset (b) reflects the linear dependence of the inverse
average χ on the inverse film thickness value in all the
region l≥lc and not just in the regions l>>lc and l≈lc as it
is shown in Eqs (14b).

The dependence of the inverse average value of χ on
temperature is represented in Fig. 7. One can see that
temperature dependence of the film average χ resemble
that of the bulk materials with the critical temperature
Tcl value being dependent on the film thickness and pres-
ence or absence of depolarization field as it is shown in
Fig.1.

Pyroelectric coefficient Π=dPs/dT can be obtained
by direct differentiation of the corresponding expression
for polarization on temperature. In addition it is neces-
sary to take into account the dependence of the param-
eter f on temperature (see definitions (5)) and the depend-
ence of other parameters on f (see equations (7), (10) and
(12)).

One can obtain from Eq. (13) the following expres-
sion, determining the space distribution of Π:

Fig.  6. The space distribution of χ in ferroelectric phase over

z coordinate for the following values of parameters: f=0.01, δ1/

ld=5, δ2/ld=3, and for the different values of the film thickness l/

lc=1.01, 1.04, 1.16, 1.7, 4 (solid curves 1 to 5, respectively). Dashed

curves 1 and 5 represent c space distribution calculated without

taking the depolarization field into account. The average value

of χ over the film thickness l is represented by the dotted curve.

The space distribution of χ in the vicinity of film surface is de-

picted in the inset (a) for the film thickness value, given above

for curve 5. The inset (b) represents the dependence of the in-

verse average χ on the inverse thickness of the film.

Fig.  7. The dependence of the inverse average value of χ on

temperature for the following values of parameters: f(0)=α0Tc/

4π=0.01, δ1/ld=5, δ2/ld=3, and for the different values of the film

thickness l/lc(0)=1.11, 1.43, 2, 3.33, 10 (curves 1 to 5, respec-

tively). Squares depict the temperature dependence of the bulk

ferroelectrics inverse dielectric susceptibility c0(T).
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Here, Π0=dPs0/dT is the pyroelectric coefficient of bulk
ferroelectrics below critical temperature T<Tc, the fol-
lowing designation are used

A2=
h

UU 2
2

2
1 +

, C=
h

)V(U)V(U

12
21 +

,

V(U)=96U�156U2+136U3�63U4+12U5 (15b)
and the following function is introduced:
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The average value of Π one can be easily obtain from Eq.
(15a):
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Average value of Π can be simplified in the vicinity of
ferroelectric phase transition and for the films with large
thickness. In these regions, Π dependence on the film
thickness one can find in the form:
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Here, proportionality coefficients are omitted because

of their cumbersome form and weak dependence on the
temperature and extrapolation lengths. Notice, that their
value are close to unity.

The space distribution of Π over z coordinate and its
average value dependence on the film thickness are depicted
in Fig.8. The dependence of the inverse average value of
Π/Π0 on temperature practically coincides with the de-
pendence of average value of Ps/Ps0 (see Fig.5 and inset
to it). One can see that qualitatively the behaviour of Π
space distribution and average value resembles that of χ,
but Π diverges at the phase transition point with a criti-
cal index �1/2 (see Eqs (15) - (16) and inset (b) in Fig. 8),
χ diverges but with a critical index �1 (see Eqs (14a),
(14b) and inset (b) in Fig. 6).

Therefore, the behavior of the average quantities, in-
cluding proportionality of the inverse average value of Π
to the average value of Ps, is similar to that in bulk mate-
rials. This phenomenon may be the consequence of coin-
cidence of the free energy (11b) for 〈P〉 value with that in
bulk materials, including the fact that only the coeffi-
cient before 〈P〉2 in Eq. (11b) essentially depends on tem-
perature. This coefficient and the coefficient before 〈P〉4

have the strong dependence on the film thickness and ex-
trapolation lengths (see Eqs (12), (7), (5)). This lead to
the dependence of average film properties on the film char-
acteristics.

5. Model without taking depolarization field
into consideration

In order to discuss the depolarization field influence let
us consider briefly the model without accounting the depo-
larization field (see dashed lines in Figs 1, 3, 6 and 8). In
this case the equation determining the space distribution
of polarization over the film thickness has the form Eq.
(2a) without the last two terms. This equation has the
nontrivial solution, when the electric field equals to zero.
For the case of the boundary conditions (2b) with posi-
tive extrapolation lengths this solution exists only under
condition α<0 (see, e.g. [10]) and represent the following
space distribution of Ps:
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Fig.  8. The space distribution of P over z coordinate for the

following values of parameters: f=0.01, δ1/ld=5, δ2/ld=3, and for

the different values of the film thickness l/lc=1.01, 1.04, 1.16, 1.7,

4 (solid curves 1 to 5, respectively). Dashed curves 1 and 5

represent Π space distribution calculated without taking the de-

polarization field into account. The average value of Π over the

film thickness l is represented by the dotted curve. The space

distribution of Π in the vicinity of film surface is depicted in the

inset (a) for the film thickness value given above for the curve 4.

The inset (b) represents the dependence of the inverse average

P on the inverse film thickness.
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Here, l0 = α
γ− is the correlation length, sn(u|m) is

the elliptic sine function [10], and constants m and z0
have to be determined from the boundary conditions (2b).
Using the properties of the elliptic functions it is easy to
obtain equations, which these constants satisfy:

l=l0(2K(m)�F(arcsin(f1),m)�F(arcsin(f2),m)), (18a)

z0=l0F(arcsin(f1),m); (18b)

Where K(m) and F(ϕ,m) are complete and incomplete
elliptic integrals respectively [10], and the following
designation are introduced:
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It should be noted that nontrivial solution of equation
(2a) at temperature region above critical temperature
T>Tc and zero electric field E=0 cannot satisfy bound-
ary conditions (2b) with positive extrapolation lengths,
so only trivial solution Ps=0 can.

The parameter m varies from 0 to 1 in Eqs (17) - (19),
otherwise Ps were a complex number. As it follows from
Eq. (18a), limit m→1 corresponds to the film with thick-
ness l>>l0, i.e. bulk material, and under condition m→0
the value of thickness l tends to some critical value lñ,
which corresponds to zero value of Ps space distribution
(17). When thickness of the film is less than critical one,
Ps is absent. The critical thickness can be expressed as:

lc=l0(π-arcsin(g1)-arcsin(g2)), gi= 2
1

2
0 δ

δ

+l

i
(20)

This equation represents the critical thickness at which
size-driven ferroelectric phase transition arises, i.e.
ferroelectric phase disappears in the films thinner than
critical thickness lc. Therefore, phase transition from
ferroelectric phase (Ps≠0) to paraelectric phase (Ps=0)
can take place with decreasing the film thickness (size-
driven phase transition) at fixed temperature below the
critical temperature of bulk ferroelectrics, T<Tc.

On the other hand, phase transition point can be
achieved at fixed thickness l by changing the film tem-
perature, since the correlation length

l0= )(0 TTc −αγ  and the critical thickness owing to

Eq. (20) depend on temperature. The critical tempera-
ture Tcl for the film with thickness l can be found from the
condition l=lñ(T=Tcl), which gives us a transcendental
equation for the dependence of Tcl value on the film pa-
rameters. This equation can be essentially simplified for
two extreme cases: for the films with small-scale thick-

ness, when the phase transition temperature is much
smaller than this value in bulk ferroelectrics (Tcl<<Tc),
and for the films with large thickness, when the phase
transition temperature is of the same order of magnitude
as this value in bulk ferroelectrics (øcl≈Tc):
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Here, lc(0) and l0(0) are the critical thickness and
the correlation length at zero temperature Ò=0,

gi(0)=δi/
22

0 )0( il δ+ .

The respective differentiation of Eq. (2a) with the last
two terms omitted and Eq. (2b) on temperature and external
electric field gives the differential equations and the
boundary conditions determining Π and χ space distri-
butions, respectively. The homogeneous solution of these
equations, which is the particular case of the Lame equa-
tion, is a sum of Lame functions of the first and the sec-
ond kind [11]. The inhomogeneous solution of these equa-
tions can be obtained by the method of variation of con-
stants (see [12] for details).

Average values of Ps, χ and Π can be simplified in the
vicinity of ferroelectric phase transition and for the films
with large thickness. In these regions, all these quantities
dependence on the film thickness one can find in the form,
similar to Eqs (13b), (14b), (16b), respectively, with
proportionality coefficients being order of unity and weakly
dependent on the temperature and extrapolation lengths.
Note that in these equations critical thickness lc is re-
garded as the quantity determined by Eq. (20).

6. Discussion

As it follows from the above consideration the depolari-
zation field does not change the general form of Ps, χ and
Π average values dependence on the film thickness and
temperature. The depolarization field smoothes these
quantities space distributions and, in particular, destroys
the maxima near the film surfaces in the space distribu-
tions of χ and Π, obtained in the case when depolariza-
tion field can be neglected.

The main effect of the depolarization field is the shift
of the boundary between paraelectric and ferroelectric
phases on the phase diagram temperature � film thick-
ness to the larger thickness value as one can see from
Fig.1. This shift can be especially large for the thin film
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because critical temperature Tcl one can represent as
Tc–Tcl~1/l with depolarization field contribution (see Eqs
(9) and solid lines in Fig. 1) and Tc–Tcl~1/l2 without it (see
Eqs (21) and dashed lines in Fig. 1). Because of this fact
the scattering of critical values can be expected for the
films produced in the different technological conditions
and when using materials with different degree of purity.
These factors can influence the domain structure and con-
ductivity of the film and, consequently, the depolariza-
tion field.

In order to elucidate the depolarization field influ-
ence, we calculated the critical thickness value with the
well-known free energy parameters of BaTiO3 (see, e.g.,
[8] and [13]) and for temperature and extrapolation
lengths equal to zero. Critical thickness reaches its maxi-
mal value for these extrapolation lengths (see Eqs (8),
(20) and Fig. 2) and equals to 10Å for the model without
accounting the depolarization field and increases to
130Å with accounting this field influence. Therefore, the
account of depolarization field results in the increase of
the critical thickness value by an order of magnitude.

It is obvious that depolarization field in sufficiently
thick films under short-circuit conditions can be neglected
in the most part of the film, except the vicinity of the film
surfaces. Another important case, when the contribution
of the depolarization field can be neglected, is related to
the conditions on the film surfaces. In particular for the
extrapolation length values much larger than ld param-
eter value, it follows from Eq. (8) that critical value of the
film thickness lc at fixed temperature T<Tc is defined as:
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When considering the film with definite thickness this
equation determines the critical temperature Tcl depend-
ence on the film thickness. When we neglect the depolari-
zation field influence, the phase transition point is deter-
mined by Eq. (20). If the extrapolation lengths values
much larger than correlation length l0 one can rewrite
Eq. (20) as follows:
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Note that when temperature T tends to the critical
value of bulk material Tc strong inequality in Eq. (23)
becomes invalid because correlation length tends to in-
finity in above-mentioned limit. Therefore Eq. (23) is not
valid in this temperature region, too.

Keeping in mind that parameter f is much smaller
than unity and in general case l0(T)>>ld, it is seen that Eq.
(22) coincides with Eq. (23) when strong inequality
δi>>l0(T) is valid and so critical parameters have to be
the same in models with and without taking into account
the depolarization field.

It would be extremely desirable to check the theoreti-
cal forecast by observation of the properties of the
ferroelectric film prepared with special attention to the
variation of the internal factors like the domain structure
and the sufficient concentration of the free carriers, which
can lead to the controllable decrease of the depolariza-
tion field contribution.
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