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The second-order approximation of the Chapman-Enskog method is con-
sidered for the Enskog-Landau kinetic equation. Exact expressions for the
pair distribution function of the nonuniform hard-sphere system are pre-
sented up to the second order in gradients. A general equation for the
second-order correction to the one-particle distribution function is obtained.
Corresponding contributions to momentum and heat fluxes are found.
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1. Introduction

Nonlinear processes in ionized dense gases and plasmas are a subject of both
experimental and theoretical interest. Higher-order gradients of the local number
density, temperature, and average velocity are characteristic of them. Moreover, the
cross correlations between thermo-diffusion, viscous, and heat processes are impor-
tant. Such processes can be investigated on the basis of kinetic equations within
higher approximations on gradient expansions in the Chapman-Enskog method [1].

Solving a kinetic equation by means of the Chapman-Enskog method, the one-
particle distribution function is searched as an expansion in gradients of the hy-
drodynamic quantities (number density, average velocity and temperature). As a
rule consideration is restricted only to the first approximation for the one-particle
distribution function. The first-order correction contains terms linear in the gra-
dients of the hydrodynamic quantities. As a result one obtains the Navier-Stokes
hydrodynamic equations.

The Chapman-Enskog method also permits to find the next corrections to the
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distribution function, which contain high-order gradients and gradient products.
The second correction f? for the Boltzmann kinetic equation was considered by
Burnett [1] and the second-order contributions to pressure tensor and heat flux
vector were found. Finally, new transport equations, the so-called Burnett equations,
were obtained.

The possibility of considering the second-order correction for the Enskog kinetic
equation has been discussed by van Beijeren et al. [2]. The authors of this work
showed that the usual Enskog equation does not properly take into account the
second-order and higher terms, and this problem should be studied starting from
the modified Enskog equation proposed by them.

Since the Enskog kinetic equation is more complicated in structure than the
Boltzmann equation, the second-order correction to the one-particle distribution
function may be expected to involve new terms, not arising in the case of the Boltz-
mann equation, and this is also true for the second-order contributions to the pres-
sure tensor and heat flux vector. It is precisely these aspects that are the subject of
our study.

We shall consider the second-order correction f? for the Enskog-Landau kinetic
equation [3] in the framework of the Chapman-Enskog method. All the results for
the modified Enskog equation can be obtained as a particular case.

In section 2 we present the Enskog-Landau kinetic equation for the one-compo-
nent system of charged hard spheres, write down conservation laws obtained from
this equation, and also give general expressions for momentum and heat fluxes. In
section 3 the gradient expansion for the pair distribution function is considered
and explicit second-order terms are calculated. The equations of various orders for
the corrections to the one-particle distribution function are written in section 4. In
section 5 we find the contributions of various orders to the fluxes. Some conclusive
remarks are made in section 6.

2. Kinetic equation, conservation laws and fluxes

The Enskog-Landau kinetic equation was obtained from the BBGKY hierarchy
of equations with modified boundary conditions in the pair collision approximation
[3]. It describes a one-component system of charged hard spheres in a compensating
field. The interparticle interaction potential consists of the short-range part (hard
spheres) and the long-range tail (Coulomb interaction), and can be written as

. o0, ro1 < O,
rn) = { ®y(ra1), ra >0,

where o denotes the hard-sphere diameter, ®;(ro1) = €2/79;.
The Enskog-Landau kinetic equation is of the form:

(O +v1 - V) f(21,8) = Te(f, ) + Iue (f, f) + 1S f) = 1(], ), (1)
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with 0, = %, Vi = 8%1’ x1 = {r1,v1}. The three terms in the right-hand side
describe contributions due to both parts of the interaction potential ®(r4;).

[E<f7 f) = ‘72/d'v2d&‘9<(3 . ’1121)(3 - Vo
x[g2(r1,’r1 + o, t)f(ry,v),t) f(r + o, vy, t)

- 92(T1, r —o, t)f(rh Uy, t)f('r'l — 0, Uy, t)} (2)

is the collision integral of the revised Enskog theory (RET) [2]; ¢ indicates a unit
vector, 0 is the Heaviside step function, v9; = vy — vy, ¢o is the pair distribution
function, & = o4, primes on velocities denote postcollisional values.

0

hae(f, f) = —%a—vl (z1,1) '/dr2f21q>fe(’f’21)”("°2’t)gz("“h"“27’5)7 (3)

where 'f’21 = 7“21/7’21, 91 = ‘T'Ql‘, @2(7’21) = dq)t/drm. [MF is the collision integral of
the kinetic mean-field theory (KMFT) [4], it is of the first order in the long-range
part ®;(rq1) of the interaction potential.

Lt f) :/dvzdbdebvm [, 0%, 6) f (1, 05, 8) — [, 01, 8) f (1, va, 0)]

is the so-called Landau-like collision integral [3], which is of the second order in the
long-range part ®;(rs;). Here, it is written in the simplified Boltzmann-like form
within the approximation go(71,72,t) — 1. This approximation is mathematically
convenient only, but is not necessary. b is the impact parameter, € is the azimuthal
angle of scattering, v} = v, — % Avgy, v5 = vy+ % Awoyy are velocities of the particles
1 and 2 after the Coulomb scattering, where

A’Ugl = —

70(;15 8(1)15 <T21>

m* V21 K 87’21

ror— [T

is the change of the relative velocity vector vs; associated with the Coulomb scat-
tering of the particles, and m* = mymsy/(my + my) = m/2 is the reduced mass.
The local number density, average velocity, and temperature are defined by

7“1, /d’Ulf Ty,t
p(r, t)V(ry,t /d'vlf x1,t)muy,

3 (7“17 )kT T, t /d’Ulf 1’17 ( V)27

where p(71,t) = mn(ry,t). We can obtain conservation laws for these quantities
from the kinetic equation (1) by multiplying it by ¢(v) = {1, mwv;,mv?/2} and
integrating over vy:

dn + V- (nV) =0, (4)
O (pV) + Vi - (P* + pVV) = —V;- (P' +P"), (5)
O(EnkT +2V2) + Vi (¢ +V - P+ 23nkTV + LVV?) =

= -V - (Vi-P) = V- (¢" +V -P¥). (6)
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Expressions for the various types of contributions to the momentum and heat

fluxes are given by
Pk mci1Cq
= /d t 7
<qk> / 'vlf<x17 ) <%C%Cl> ) ( )

where ¢; = v, — V,
1 1
pt — —§/ds 55D/ (s) /d)\ng(’rl FAs, 71+ (A —1)s). (8)
0

Here § = s/s, ny(r1,72) = n(ry, t)n(ra, t)ga(r1, 72, 1).

hs 3 ,
<Phs> = % /dvldwd&e(a—  091)6 - Va1 (m[[v,12 m]) 5

q Cr — C%]

2

1
X /d)\fQ(frl + Ao, vy, 11+ (A —1)o, vy, 1), 9)
0

where fo(71,v1, 72,02, 1) = ga(r1, 72, 1) f (71, 01) f (72, v2).

The kinetic (or streaming) contributions are denoted by the superscript k, the
contribution arising from the Iyp term (tail term) is denoted by the superscript ¢,
and the superscript hs means the collisional contributions. /1, does not contribute to
the fluxes due to its Boltzmann-like form, but an additional long-range term arises
in -integrals because of Ir,.

Equations (5) and (6) are simplified, when 0;n and 9,V are eliminated. We obtain
them in the form:

0, +V - V|V + V- P =0, (10)
n[0,+V - Vi3kT + V- g+ P ViV =0, (11)

where P = PX + Phs - Pt P, = Pk + Pb and g = ¢~ + ¢™.

3. Gradient expansion of g-

The pair distribution function g in the collision integrals Ig and Iyr takes into
account the full interaction potential (the hard-sphere part plus the long-range tail).
Thus it is a functional of the local number density n(r,t) and the local temperature
T(r,t) [5]. But we shall use for g, in our calculation the following approximation:

921,72, t) = gh3 (1, 2|n), (12)

where ¢h(ry,7y|n) is the form assumed by g, for a hard-sphere system (i.e. for
®,(r2;1) = 0) in inhomogeneous equilibrium with number density n(r,t). This is
the so-called kinetic-variational theory approximation [4]. Thus g% (which however
will be denoted further as gs) is considered as a nonlocal functional of the local
number density n(r,t) [2]. In this section we give the gradient expansion of gs up
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to the second order within the approximation (12). We shall present corresponding
expressions in a general case for any mutual dispositions of particles 1 and 2.

Let r,, r, denote coordinates of centres of the particles 1 and 2, and we want
to expand go(7,, 74|n) in gradients calculated at position .. We can write for g, a
functional series:

92(Tp, mg|n) = gg(""zn Tgn,7Te) + 5/drsH1<Tpa T T, 7o) Ven(re) Tee
+ 52 %/dTSHl (’I"p, Tq; TS‘”? Te)veven<re) ‘TseT se

+ 62 %/drsdrvHQ(rp, Ty s, Ty |1, T ) Ven (1) Ven(Te) i TeeTye + . .. =
= go(1p, Tyln, 7o) + 8 g3 (1, To|n, 7o) + 6% g3 (ry, mln, ) + (13)

The parameter 9 is formal. It denotes term orders in the gradient expansion. The
functions H7 are functional derivatives of g, with respect to n(r,), n(r,), and so on,
evaluated at the uniform number density, which is equal to n(r.).

We need explicit expressions for the terms in the right-hand side of equation (13).
In [2] the term ~ 0 has been considered and found using symmetry properties of
the function H' in a Cartesian frame of reference. But in general, it is convenient
to consider the terms ~ § or ~ §2 in a bipolar system of coordinates [6] with poles
situated at the positions 7, and r,. At first, it is necessary to write the terms of
equation (13) in the bipolar system of coordinates, afterwards one should perform
possible integrations and come back to the Cartesian frame of reference. In the
appendix we give some calculation details of the next expressions. The terms g3, g2,
and g5 have the following form:

gg(rp,"“qm,’re) :ggq(rparq|n> Te), (14)

93(Tp, 7N, 1) =Ven - [2rg, + 7] 7o, (15)
G5 (rp, myln, o) = %VeVen : (ul + (1L — V)Tl

+70 [5(PapTpe + TpeTap) + Tyt

+ %Venven ; (1/2' + (f2 — Vo) PgpTep

+OnTo [%(rqprpe + PpeTgp) + rperpe])- (16)

In equation (14) g5*(rp, r4|n, 7.) is the equilibrium pair distribution function for the
hard-sphere system with the uniform number density n being equal to the value of
the local number density at position r.. The coefficients are defined by

_ T 1 1 17
V=Tt 3 5 T (17)

r2
,LL:%TO—F#T& (18)
qp

where 7y, T2, T3 are ‘moments’ of the function H' and in the Cartesian frame of
reference they read:

To :/drsHl('rp, reTsn,r.) = 8ngg(rp, rqln, ),
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To —/dr H (7p, Tq; Ts| 1, re)

sp?
P sqb>

T3 :/d’rsH Ty, Ty rs|n7 re)rsp[,rg - TQ ]

with 0,, = a%' The other two coefficients are:

2
Mzzi 0o+ Oé2+ 2,,2 asg, (19)
00 r+s r+s1
~ 13 / ds [ / dsi [ ate / dy
|r—s] |r—s1]
s, s
X S(T,S,t)g(r, Slatl)HQ(r7 |:t tﬂaX) COS X (20)

The coefficients g, s, ag are ‘moments’ of H? which in the Cartesian frame of
reference read:

g :/drsrvHQ(rp, Ty Psy To|N, 7o) = 0,0,95 (T, 7g|n, 7e) = 0,70,

2 2 2
vy :/drsrvH (Tp, Pgs Py T, 1) [T, — 750,
2 27,2 2
O :/d’f's'r'vH ('rp7 Ty, Ts, Tv|n7 r6>rsp[rvp - Tvq]7
where 1 = 1y, 5 = 15, t = T, S1 = Typ, t1 = Ty, X IS an angle between

projections of the vectors 75, and 7, on a plane normal to the direction 74,.
E(r,s,t) = \/[t2 — (s —=7)?[(s +1r)? —t?] and &(r, s1,¢1) is the same function of s;
and t;.

The term g5 is given in [2], but we have calculated it in a general case. Besides,
it can be seen from equation (15) that when we expand g, in gradients calculated
at the position r, = (r, + 7,)/2, term g5 vanishes. This is one of the results of
[2] which establishes the equivalence between the usual Enskog equation and the
modified equation when only the first-order terms are considered.

The g3 is more complicated. The tensorial structure of both terms proportional to
V.V.n and V,nV,n turned out to be the same. We also have the explicit dependence
of g3 on 7,,, which we shall need further in our particular calculations.

In the table below we list quantities, for which formulae (14)-(16) for g3 are used,
and corresponding values of 7, r,, and r. for substitutions.

in I in P"0 and ¢ in ¢y in P1O
T, | T1 r + \o T ry+ As
r, |[T1to r+(A-1)o o ri+(A—1)s
Te | T1 1 1 1
Ty | TO —o T21 -8
Tep | £O —0 T91 —5
Tpe | 0 Ao 0 As
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Now we want to compare the obtained formulae (14)—(16) for the functional g,
with the corresponding formulae for the equilibrium pair distribution function g5*
of the hard-sphere system with a uniform number density, which equals the local
number density n([r; + 73]/2) in the point of contact of the particles 1 and 2.
Let r,, 74, 7. denote the same as before, and let us denote [r, + r,]/2 = r.. For
g5 (rp, g0, T.) We can write a series:

g5 (rp, ryn, re) = [1 4+ 07 Ve + 52 % Teelee: VeVe + .. g (Tp, Tgn, 7e),  (21)
where r.. = r.—7r.. Substituting r.. = r.,+r,. and the value of r. into equation (21)
we get a gradient expansion for g5’ (r,, ry|n, r.):
gs (rp, ryln, o) = [1 + 0 (3rgp + Tpe) Ven 0, + 67 %(irqp’rqp + 2P gpTpe
+Tpegp] + rpe'rpe) : {VeVenﬁn + VenVenanﬁn} +.. .}ggq(rp, TN, Te). (22)
It can be seen that the discrepancy between equations (14)-(16) and (22) arises
in the second-order terms. It lies in the distinction between the coefficients at the
tensor 7,7, and there are additional terms with the unit tensor | in equation (16).
The latter comment concerns numerical calculations. One can see that the first-
order correction for gy includes the usual derivative 9,g5", though it is known to
be unnecessary for calculation of the transport coefficients [1]. By contrast to this
case, to calculate the second-order contributions to P and g numerically, one needs
not only to know the second derivative 9,0,g5* but also the first and the second

functional derivatives of the functional g, (more precisely, their certain ‘moments’
are needed).

4. Expansion of collision integrals and equations of variou S
orders

Before we apply the Chapman-Enskog method to the Enskog-Landau kinetic
equation, we have to expand f in Iy and n(ry,t) in Iyp in space gradients:

f(ri £ o,v2) = f(r1,v2) £60 - Vif(r),vs) + 52%0'0'3V1V1f("°17 vy) + ... (23)
n(’rg) = n(’rl) + (57‘21 . Vﬂl(’r’l) + (52%7'217'21 : Vlvln('rl) + ... (24)

and to substitute into the collision integrals. Also for g, in Ig and Iyr expressions
(14)-(16) should be used with substitution of corresponding values of r,, r,, and
r. in agreement with the table from the previous section. After that equation (1)
becomes

Dif =Ix(f, f) + ma'v1 iMF“‘é{[l(f f)+ ,}131{1 ZMF}
+52[IE(faf) %a(?gl'iMF}+---+fL(faf)a (25)

where Dy = [0y + v1 - Vi]. Explicit expressions for [é are

I]%(f, h) = UZ/dvgdc}H(& . 1)21)(3' V921

X |98 (I, r1) /(A (2) = g5(=In, m0) F(1)R(2)], (26)
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IL(f,h) = o? /dvgd&e(& 091)6 - Vo
< {[g8(+m, 1) F (VA (2) + g8(—|n, 71) F(1)ViR(2)] - &
+ g (+lm, ) £ (DR(2) = gh(—In, 1) F(D)A(2)] }, (27)

Ié(f, h) = UZ/dv2d60(6 . ’021)(3' V91

<{[d8Hm, 7 POV + 3(—In, m) F()VV(R)] : So0

+Hgd (+ln, m) (D) VA (2) + g3 (— I, 1) F(1)ViR(2)] - &
+ g3 (Hn, 1) F(DH (2) = g3 (= In, m) F(D)R(2)] }, (28)

where we use the following notations f'(1) = f(ry,v}), h(2) = h(ry,vy), f(1) =
f(ri,v1), h(2) = h(r1,v2), g3(£[n,m1) = ga(r1, 71 £ o|n, r1), and

(I, ™) = gh(oln, 1) = g5*{oln, ™) (29)
o
Gh(ln, 1) =% - Vindgd(oln, ). (30)

93(E[n,r1) =1ViVin: [Vl + (u — v)66]
+ IVinVimn: [vsl + (po — 12)66]. (31)

equations (29)-(31) are calculated using expressions (14)-(16) and the first column
of the table. The factors ] can be calculated immediately using expressions (14)—
(16) and the third column of the table. They read:

e = —/dr21'f’21@Q(rm)n(rl)gg('r’gl\n, r) =0, (32)
7'11\/[F = —/d"“21'f’21q);(7“21) {Vﬂl(’rl) : "‘219(2)(7“21|n, 1)

+ @Vm(rl) - 1910,99 (11 |, rl)} = —Vin(r) [G’O + @Gl}, (33)
’512\/[F = —/d"“21’f’21q)£(7“21) Bvlvln(rl) : 7“217°2193(7’21|n7 1)

+Vin(ry) - rorga(rarn, 1) + n(ri)gs (ra |n, rl)} =0, (34)

where
4 o0
GO = g/dr21T%1¢;(T21)gg(r21|n’,r,l)’
4 o0
G, = 3 /dr217’§1®2(r21)8ng3(7»21|n7rl)_

Due to equations (32) and (34) I(f, f) changes to:

I(f, £) = IS(F 1)+ IL(f, )+ O[TE(f, ) + 2 i | + P13 (F, ) + ... (35)
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The second-order approximation for E-L kinetic equation

Here, functions in all the terms are calculated at the same point r; of the space.
For such a local form of the total collision integral (35) we can apply the Chapman-
Enskog method.

In accordance with this method, the one-particle distribution function is searched
in a form of the expansion

f=f0+eft+22+ .., (36)

f!is the first-order correction linear in the gradients of n, V', and T'; f? is the second-
order correction. It consists of the terms which are proportional to the second-order
gradients or to double products of the first-order gradients of n, V', and T'. In order
to obtain equations for f0, f!, f2, we write the kinetic equation (1) in the form

Dif = 21(f.1), (37)

substitute equation (35) into its right-hand side, and collect coefficients at the same
power of the parameter ¢ (the formal parameters € and ¢ are of the same order).
Equations for f7 read:

0="Ig(f° 1) + L(f°, 1), (38)
(D) O = IR 1Y) + I8 1) + (S0 f0) + 228 -
IO )+ L ), (39)

HIEOFL L) + RO ) + 28 i + IL(f0 )
+IL f27f0)+IL(f17f1)7 (40)

where

(D)0 =[0) + vy - VI f°,
(Dif)V =10) +v1 - VI f + 0 fO.

The time derivative is known to be formally expanded in ¢ too:

O =0 +e0! +%0F + ... .

The local-equilibrium distribution function f° = n(m/2rxkT)3/? exp{;?;%} is
the solution to equation (38). The first correction, which should be sought from

equation (39), was found in [7,8]. It looks like f! = fO¢' where

m

_n _n
2kT

AlcDe, - Viln T — SET

1
P (c)) = B(c)(eie; — gcfl) ViV, (41)
The functions A and B are expressed through Q-integrals, which, however, besides
the hard-sphere part, contain a contribution of the long-range tail ®;(rs;).

The second correction f2 should be sought from equation (40).
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5. Contributions of various orders to P and ¢

Now we shall consider contributions of various orders to the momentum and heat
fluxes. According to equation (36) they should be represented as

P=P'+eP 4 %P2+ ..., a=q"+eq' +'¢ + ...

Kinetic parts are

( W) = [dv, (a1, )@22) (42)

In order to find the collisional contributions it is necessary to expand the function
fa in equation (9) in A and afterwards this expansion should be integrated over A.
Collecting terms of the same order with respect to the parameters ¢ and 9, we find:

phs(0 F2(0)

(Ph5(1)> /d'vld'UQdcr@(a V91)8 - vym[v) —vilo | BV |, (43)
Phs(2) F2(2)

where

FyY = g§(ln, m) f2(1) £°(2), (44)
(1 _ 0 0 0 1 1 Q)

FY = g8(Enr) 200 (1) + 642) + 2 - Viln f®L (45)

F? = (1) f°(2) (gg(ilm ri){*(1) + ¢*(2) + ¢1(1)¢1(2)

fo(1)

+Vig'(1) - Vig' (2)]

+ %0' . [(¢1(1) + ¢1(2))V11I1 10(2)
ViVifo (1) ViVifo(2)
F9(1) f0(2)

+ %Tovln coo - ViIn(f2(1)£°(2))
+5ViVin: vl + (p = v)66 — groo o]

+i00: [ - Vllnfo(l)vllnf()@)”

+ %vam el + (g — 19)o6 — %(%7‘00'0']), (46)

with ¢2(1) = £2(1)/f°(), | = 1, 2. Expressions for ¢"*) have got the same structure
as (43), but m[v] — v,] should be substituted by m[c — ¢2]/2.

The P'U) contributions can be found similar to the collision ones, except that
the function ns in equation (8) should be expanded and integrated:

O ng)(sin, )
pit | — -2 /dssgcpg(s) 0o (47)
P N,
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where
N(Z) = g9(s|n, 1) [%nvlvln — %valn} 188 + %anVm:ssm(s)
n2(§v1v1n: {yl + (p—v)8s — %7’0(5)33}
+ sVinVin: [l/gl + (2 — 112)85 — %8,17'0(3)33}). (48)

Using expressions (46), (48) for F? and N, one can find P*?)_ ghs2) and P,
The last term can be calculated at once, performing integration over orientations of

s, whereas FQ( contains the function ng 12/ f° being unknown so far.

6. Conclusive remarks

So, considering the second-order approximation to the one-particle distribution
function in the Chapman-Enskog method we have obtained the following results.
We found the second-order term (16) of the gradient expansion for the pair distri-
bution function in the approximation equation (12) in the general case. This term
greatly differs from the corresponding term for the equilibrium pair distribution
function. The second-order contributions to the momentum and heat fluxes were
found exploiting this expression.

Analyzing the explicit expressions for 'L{\/IF the general form equation (40) of the
equation for the second-order correction was written. To simplify this equation, it
is necessary to express the time derivatives 92 and 9} of n, V., T in (D, f)! through
the gradients of these quantities using the following equations:

Nn=-V;-(nV), (49)
NV =-V.-VV — lvlpo (50)
RT=-V -VT - ZP'V,-V, (51)
on=0, (52)
OV =1[Vi(kV1- V) + 2V (5S)], (53)
0T =3 [Vi- OWAT) + 5(Vi- V) + 21S:S), (54)
where
PO = 1P0 = |(PHO) 4 phs(0) 4 ptO)), q" =0,

PHO) 4 PO = [1 + Zmangg(aln, r1)]nkT,
PO = _2702 [ dss3®)(5)gd(s|n, ),
Pt =P P = —4IV,-V =275, ¢' = —AVIT.

Transport coefficients «, 1, and A (bulk and shear viscosities and thermal conduc-
tivity) depend on r; and ¢ through n and 7', whereas in the case of the Boltzmann
kinetic equation « is absent, and 7 and A depend on temperature only.
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Besides, in order to simplify equation (40) it is necessary to find all the integrals
in its right-hand side which do not contain f2. Then we shall obtain an integral
equation, the left-hand side of which will be expressed through the second gradients
and double products of the first gradients of n, V' and T. The correction f? should
be sought from that equation. It can be solved with the same method, which is used
to find the correction f!.

Since the hydrodynamic quantities n, V', T' are completely determined by the
zeroth approximation f° of the one-particle distribution function, the following ad-
ditional conditions should be imposed for f2:

/d'vllp('vl) F 1) =0, (55)

where ¥(vy) = {1, mvy, mv?/2}.

Notice that our results reduce to the second-order approximation for the kinetic
equation of KMFT, when Iy, is neglected in equation (1). When both I1, and Iy are
ignored, we obtain exact results of the second-order approximation for the modified
Enskog equation (RET). The theory can be also applied to the system with a con-
tinuous potential alone (without the hard-sphere part), but in the low-density case
only.

A. Details of calculating g3

Here we give some details of the derivation of equation (15), (16) from (13).
It consists in a transition from the Cartesian system of coordinates to the bipolar
system.

Let us choose the Cartesian system of coordinates with the origin in 7, and with
the axis Oz along the vector r,,. Transition to the bipolar system with poles in 7,
and 7, is performed using the following formulae:

T 1
T

e, = 5=£(r, s, t) cos p, rY = 5=£(r, s, ) sin g, ri = (s =2 +1r?),

where r =1y, s =T, t =1, £(1,5,1) = \/[t2 —(s—=7r)?[(s+r)?—t%, and p is an
azimuthal angle. The coordinates of the bipolar reference system are s € [0; +00),
t €[|r—s|;r+s], ¢ € [0;27], but r is an inner parameter of this reference system

[6].
Let us consider the term ~ ¢ in equation (13). Since V.n(r.) does not depend
on T4, we can take this gradient out of the integral and write it using the expression

Tse = Tsp + Tpe (56)
in the form

/drsHl('rp, Ty Ts|n, 7o) [Tsp+Tpe] = /d'rsHl(rp, s Ts|1, 7o) Tsp+ 0n g5 (T, 7|1, 7 ) T,
(57)
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where r;; = r; — r; and the following equivalence has been taken into account:
/d'rsHl('rp, T4 s, o) = Ongs (T, Tgln, Te). (58)
Note that the function H' is symmetric under interchange Ty T4, and depends

on relative distances: H'(ryp, Tsp, 75|10, 7). The first term of the right-hand side of
equation (57) in the bipolar system reads:

00 r+s 27 COS @

t
/ds / dt/dngHl(T,s,t)% sing |,
0 |r—s| 0 r w

with w = (s* — t2 +1?) /€, J is the transformation Jacobian and equals st/r. After
the integration over ¢, only the z-component remains. Using the symmetric property
of H' under interchange st and the equality of rights of these coordinates of the
bipolar reference system one can show that s? — ¢? in w does not contribute to the
integral. The final result can be written in the Cartesian system as

/drspH (P, s Ts |1, P)Tsp = 3700095 (T, To|m, 7). (59)
Substituting it into equation (57) we get expression (15) for g.

The first term of equation (13) which is ~ 62 can be found in the same way.
After substituting (56) into it, the corresponding integral becomes

/d'rsle('rp, Tg; Ts|n, Te) [TspTsp + TspTpe + Tpelsp + TpeTpel- (60)
The second and third terms in the square brackets may be found using equation (59).

To find the forth term, equation (58) should be used. The first term of equation (60)
in the bipolar system reads:

o s 2w e cos’p  cospsing wcosp
/ds / dt/dgoJHl('r’s t)4 5 | singcosp sinp  wsing
r—s| W COoS ¢ wsin w?

After integrating over ¢ only diagonal elements of the tensor remain:
00 r4s 2 ™ 0 0
/ds / dt/dgoJHl('r st 0 x 0 |=vl+(u-v)s  (61)
|r—s| 0 0 27w?

where | is the unit tensor, and

723



M.V.Tokarchuk, Y.A.Humenyuk

The coefficients

o] r+s o] r+s
— 4i/ds / dt JH(r, 5, 1)€2, QL/ / dt JH(r, 5, )€
i 0 1l

can be written in the form of equations (17), (18) using the symmetric properties
of H'. Notice that the tensor I is of the form equation (62) only in the chosen
Cartesian system of coordinates, in which vector r,, = (0,0,7,,). In an arbitrary
Cartesian reference system, “in which r,, = (qu,rgp,rqp) , the tensor I3 equals
TqpTqp- Combining equation (61) and equation (60) we obtain the first two terms of
expression (16) for g3.

Now consider the second term of equation (13) being ~ 62. The corresponding
integral of H? can be written similar to equation (60):

/d'rspd'rvaQ(rp, Tg; Ts, To| 1, Te) [T spTop + TspTpe + TpeTvp + TpeTpe)- (63)
The second, third and forth terms in square brackets may be evaluated using
/drvaQ('rp, Ty T, o, 7o) = H (1), 7y 750, 7e)
and formulae (58), (59). We get for them

8nan9§q("°pa Tqn,7e) [% (PgpTpe + TpeTap) + TpeTpel-

Before considering the first term in square brackets of equation (63), we discuss
symmetric properties of H?(r,, 7,; 75, 7,|n, 7). It depends only on relative distances
"sps r”ﬂ ,Tsv|, 7e). Arguments 7,
Tsqy Tw
and r, are equal in rights as Well as 7, and r,. That is why H? is symmetric under
interchanges of 7, _r, and T, ~r,. Dependence of H? on r,, can be reduced to
dependence of H? on the dlfference of the azimuthal angles ¢ — .

Now let’s observe the first term of equation (63). It can be written in the bipolar

system as

|r;;|, where indices i, j = p,q,s,v: H*> = H?(ryp, [

o r4s oo r4s1 2
/ds / dt/d31 / dtl/dgo/dnglJJle( (75 01— gl o)
0 pls 0 Ir—s1] o
COS (P COS Py COSPsinY; COoS P wy
XW sinpcosp; singsing; sinpw; | . (64)
W CoS (1 w sin ¢, ww1

One can perform integration in equation (64) over one of the angles ¢ or ¢;. Carrying
out the transition from variables (¢, v1) to (p, x), with x = ¢1 — ¢ and integrating
the tensor in parentheses of equation (64) over ¢, we obtain it as follows:

cosy siny 0
m| —siny cosy 0
0 0 2wy
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The function H? is even with respect to y. Thus non-diagonal elements of the tensor
(with sin x) vanish. Equation (64) becomes similar to the previous case:

vol — (1 — v)l3,

where the coefficients ps, 15 may be expressed by equations (19), (20) using the
symmetric properties of H? mentioned above.
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3aranbHi BUpa3u HabNMXXEeHHS ApYyroro nopaaky
MmeToay YenmeHa-EHckora ans KiHeTUYHOro PiBHSIHHSA
EHckora-Jlanpay

M.B.Tokapuyk, .A.lfyMeHIok

IHCTUTYT @i3ukn koHaeHcoBaHnx cuctem HAH YkpaiHu,
79011 JibBiB, ByN. CBEHLjUBKOrO, 1

Otpumano 13 xoBTHA 2000 p., B OCTAaTOMHOMY BUMMISAI —
4 rpyaHa 2000 p.

Po3rnspaeTbcs HABNMXEHHS Apyroro nopsaky Metoay YenveHa-EHcko-
ra ang KiHeTM4HoOro piBHAHHA EHckora-JlaHgay. lNMpencraBneHo To4Hi Bu-
pasun ana napHoi GyHKUii po3noainy HeoaHOPIAHOI CUCTEMU TBEPAMX KY-
JIbOK 10 OpYroro nopsaky no rpagieHtax BkaoyHo. OTpMMaHo 3aranbHe
PIBHAHHSA N8 NONpPaBky APYroro NopsaKy A0 OAHOYACTUHKOBOT OYHKLi
po3anogainy. 3HanaeHo BiANOBIAHI BHECKM 00 NOTOKIB iMMyNbCy i Tenna.

Knio4oBi cnoBa: KiHeTnyHe piBHsIHHS, MeToa YenmeHa-EHckora,
rioripaBska Apyroro rnopsaky

PACS: 05.20.Dd, 05.60.-k, 52.25.Fi
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