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The non-linear way the anomalous dimension parameter has been introduced in the historic first version of
the exact renormalization group equation is compared to current practice. A simple expression for the exactly
marginal redundant operator proceeds from this non-linearity, whereas in the linear case, first order differ-
ential equations must be solved to get it. The role of this operator in the construction of the flow equation is
highlighted.
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1. Introduction

The Wilson renormalization group (RG) ideas [143] have formalized and clarified the notions of scal-
ing and of universality attached to critical behavior. As several modern subjects in physics, critical phe-
nomena cannot be studied by pure perturbative methods. The development of nonperturbative methods
is thus very important. As is well demonstrated by the work of M. Kozlovskii (see, e.g., [4-8]), the collec-
tive variables method [9], close to the early ideas of Kadanoff [10], is one of the RG-like nonperturbative
methods allowing one to investigate the critical point, starting with a microscopic Hamiltonian — thus
allowing one to calculate nonuniversal quantities such as the critical temperature [4]. The subject of the
present article is another expression of the nonperturbative RG framework, called the exact RG equation
(ERGE) — see in [1] section 11, equations (11.14, 11.15), and for reviews see, e.g., [11419]. Though one
could also calculate nonuniversal quantities with an ERGE (see, e.g., [20-22]), our purpose is presently
limited to the close vicinity of a RG fixed point with a view to discuss the particular issue of the way one
may account for the anomalous dimension of the field (the critical exponent 1) within an ERGE.

Among an infinite variety of equivalent ERGE, only those based on an effective cutoff function asso-
ciated with a bilinear kinetic term are currently used [23]. Despite this limited number of usual variants
(a priori close to each other), they show differences sufficient to make it sometimes difficult to clearly
display (or even understand) their relationships. Of course, several authors have addressed this issue in
general [24-30] but, in contrast to [31-34], the anomalous dimension parameter n was not included in
their considerations. For example, it is known that the Wilson historic first version [1] is made equivalent
to the Polchinski version [35], provided there is a choice of an exponential cutoff function and after a spe-
cific field redefinition [28,31], but the parameter 17 was not explicitly considered in this relation except
in [31].

Recently Osborn and Twigg [33] and Rosten [32,34] have independently established the relation be-
tween a version of the Polchinski ERGE — “modified” to include the anomalous dimension [36] — and
a “fixed-point equation” for the effective average action [28]. This relation appears to be rather compli-
cated: it “involves solving some first order differential equations” [33]. O’Dwyer and Osborn [37] had
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previously encountered similar first order differential equations in the process of constructing the (ex-
actly) marginal, redundant “operator’ﬂ O (EMRO) associated with the change of normalization of the field
by a constant factor but they did not discuss the effect of the way n had been accounted for in the ERGE
on this complexity. Yet, it is a well known fact that the EMRO of the Wilson version [1] takes on a simple
form — e.g., see equation (24) of [12] or equation (2.35) of [38]. The object of the present article is to com-
pare the main ways of introducing 7 in an ERGE encountered in the literature. We show, in particular,
that the simplicity of the form of the EMRO is maintained in the Wilson version of the ERGE extended to
an arbitrary cutoff function [31]. The role of the EMRO in the construction of an ERGE is also highlighted.
Alarger discussion is left to an upcoming detailed publication [39].

2. The RG steps

2.1. Reminder

Basically, a RG transformation of a cutoffed action S[¢, ¢] of a scalar field ¢ involves three steps.
Having chosen a fixed arbitrary momentum scale of reference Ay, and having defined the RG-scale
parameter £ = A/Ag < 1, these three steps are:

Step 1: an integration of the high momentum components of the field generating an effective action
with a reduced cutoff A’ = (1-d?¢/¢) A.

Step 2: arescaling of the momenta back to the initial value of the cutoff: |g| — (1 - d¢/¢)|q|. This step
is accounted for by a simple dimensional analysis such as defining a dimensionless momentum
as q =q/A and a dimensionless field (/3;, = A‘dd’(pq [see also equation (2].

Step 3: a renormalization of the field (/3;, — {0 —-db) (Z);,, with { (¢) = ¢? and @ related to 7, e.g., see
equation (I9). This step is required to keep constant (i.e., independent of ¢) one term of S in
order to set up the system of scale of reference.

Having defined the RG-time f as:

A
t:—lnéz—ln(—), 1
Ao
the combined effect of the above three steps on the action S may be expressed as:
S[(ZS, e_t] = %ira (S) + Yail (S, d(/)) +%ren (S), (2)
in which:
Sip,e”!] = iS[<,i> e”’] ®3)
) dt ) ("b )
Gl (S, dg) = ff)-aiﬁ—d(ﬁ‘s—s @
dil |9 e ) Of) oPp 6(ﬁﬁ .

The expression of %, (S) in @), depends on the way the above step 1 is realized. In any case, for a
complete action S, it corresponds to a (quasi local) field redefinition which leaves the partition function
unchanged and, consequently, must have the form [2,13]:

Yra(S) = EI[SV¥], (5

5%,
215, Y] f(wqif—J), (6)
: dpg 09

in which ¥ is some functional of ¢.

1 Actually @ is not an operator but represents a direction in the space of actions {S}.
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As for the expression of %y, (S), it is the object of the present article to discuss its various forms
encountered in the literature. It is related to the expression of dy in @; if dy is the dimension of ¢ (x),
dy is that of its Fourier transformed ¢y, if D is the spatial dimension, they are related through:

dy=dy—D. @)
In the following we use two Kkinds of d: a “classical” family d(f,f):

D
(o _ =2 _
in which? ng is related to the behavior of the cutoff function at small momenta [see equations (16} [17)
where ny =0 or ng = 1], and the fixed-point-value dimension:
D-2+n

¥ =———, 9

in which 7 is the usual critical exponent.

2.2. Main ways of introducing n

Though it gave the name to the theory, step 3 is currently skipped in the modern constructions of an
ERGE. A perfect example of this fact is the original Polchinski ERGE [35] a version of which — including
1 as proposed in [36] — has been called the “modified” Polchinski version [32, 134] or the Polchinski
version “extended to include the parameter 17” [33]. In modern approaches, the renormalization step
3 is currently avoided and 7 is merely included in the rescaling step 2 via some ad hoc “anomalous”
dimensional analysis [28,|40]. There is nothing wrong with such a procedure: the large freedom that is
offered in the construction of an ERGE makes it well acceptable. It remains no less true that it is fair to
ask whether or not there are important consequences of doing this or that.

Essentially, two ways of introducing i are encountered in the literature:

1. via the explicit renormalisation step 3 associated with %ep (S). In that case the dimension dy in
Yail (S, d¢) is classical, given by (8). This is the original and most general procedure but it is not
currently used.

2. via some “anomalous” dimensional analysis as proposed, e.g., by Morris [28]. In that case %en (S) =
0 and dy is given by @. In fact, this procedure, or some equivalent variant, is generally used in the
current versions of the ERGE (see also, e.g., Berges et al [13], Ball et al [36] etc. ...). It is a correct
procedure in case of the proximity of a fixed point.

In addition, one may observe that the effective contribution of n within the ERGE is either purely
linear or not (w.r.t. S). For example, the procedure of Ball et al [36] is linear whereas the Wilson [1],
Morris [28] and Wetterich [13] procedures are non-linear. These differences, although well allowed, have
some consequences in the relations between the main versions of the ERGE. In the following sections we
examine the non-linear Wilson procedure in greater detail than previously done in [31] and compare it
with the linear and non-linear procedures of, respectively, Ball et al [36] and Morris [28].

3. The extended Wilson ERGE

3.1. Presentation

Let us consider the extended Wilson ERGE (i.e., the flow equation of S with an arbitrary cutoff func-
tion), as obtained in [31]. For convenience, we adopt the notations of Osborn and Twigg [33] and write

2The value of dg:) depends on which term is chosen to set the standard of the scale of reference. Usually one refers to the kinetic

term and d((pc] = % (np = 1). Wilson has chosen a pure quadratic term and, for him d((pc] = % (ng =0).
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the flow equation under the form of (2) with (notice the change in %y;):

Gira (S) = f[ ( 'S 85 85 )+H(c72)(/3~—s (10)
e 5Pi6¢-5 06¢;06¢_g T6¢s |
%ren(s) = (D@’(S,P), (11)
Gail (S, dp) = %dil(sydf;))y (12)
where:
- 528 6S 68 - 68
0(S,P) = quz( — —— — )+</>~—~ , (13)
; ( )5</>zi5¢>—c7 863 6¢-) " 0%
52 K'(3%)
G(G*) = -G*P(g —=, (14)
(@) ke
i K'(4%)
H(§%) = -2 (15)
@) K(g%)
Compared to [31], the cutoff function P (g?, A) has been given the (regular) dimension dim [P] = —2ny
so that:
P(g*0hg) = NS0 PMB(57), (16)
50 K(4%)
P(q° = a7
( ) (qz)no

where K is dimensionless — this is to permit comparison with the current uses where ny = 1 whereas
np =01in [31].
It is useful to recall the following points:

* the general form of an ERGE involves an additive field independent term which will be sytemati-
cally neglected in the following;

the establishment of the extended Wilson ERGE is based on the relation of the complete action S to
a partial action Siy; by extracting a quadratic form involving the arbitrary cutoff function P:

1
519) =5 [ 0P @ E009- + S 9] as)
q

in its original version [35] Polchinski expresses the flow of Si,¢ under a change of ¢ — instead of S
for the Wilson ERGE;

« the factorized £2®-term in was not part of Polchinski’s assumptions. This kind of /-dependency

in front of the cutoff function is a convenient artefact to introduce i non-linearly in the ERGE. This
is not unusual since Morris [28] already used it when he gave the cutoff function an anomalous
dimension (see section [4.2). We shall show that the recourse to the EMRO enables us to get rid of
this artefact;

 in order to specify the nature of the renormalization step, one must make reference to the right
power law behavior at large distances of the critical two point correlation function and this implies
that [31]:

n
D=1-ny——. 19
no 2 (19)

[In the case of anomalous dimensional analysis, this step is not required since the field has a priori
been given the “right” fixed point dimension dg’) defined by @];
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* it is easy to verify that for ny = 0 and @ given by ({9, Q-7 gives the historic first version of the
ERGE [1] with the choice P(§?%) = e~2@  and the redefinition of the field [31]:

dq— VPG ds; (20)

« the writing of equations @M-(I5) suggests that @ (S, P) plays the role of the redundant “operator”
O (S,1) which is associated with an infinitesimal renormalization of the field by a constant factor
[38,141]. It is, actually, via & (S, 1) that n was introduced in the historic first versiorﬁ.

Instead of assuming the presence of the factor #2? in (1), we could as well have implemented step 3
using 0 (S,1) in place of O (S, P) in (T1), but then this would have destroyed the currently admitted equiv-
alence [23,128] [under the change 20)] between Polchinski’s and Wilson’s ERGE. This is merely because,
given a fixed point S* [characterized by $* = 0], @(S*,1) is not an EMRO for the extended Wilson ERGE
whereas @(S*, P) is. It is the object of the next section to discuss this issue.

3.2. The exactly marginal redundant “operator”

In this section, we apply the procedure described in appendix D of [37] to the complete action S (see
also [19]) and we demonstrate that @ (S, P) defined by with S = S*, corresponds to an EMRO for the
ERGE given by @), (I0)-(12), and that it may be used to implement the RG step 3.

It is easy to see that @(S, P) is a redundant “operator” since it may be written under the form of the
r.h.s. of (6 with:

- - 0S
v\ =45 P(7) T

(21)

We then proceed in two stages, showing successively that:
Stage 1: whatever the functions G(§?) and H (G%):

(a) there exists a function B (g?) — solution of a first order differential equation — such that
O (S*, B) is exactly marginal for the ERGE without renormalization (i.e., with %en (S) =0
and an arbitrary dimension parameter dy),

(b) ©(S*,B) is again exactly marginal for the ERGE translated by a@ (S,B) [i.e., with
%ren (S) = a0 (S, B)] with « an arbitrary constant.

Stage 2: B(q?) identifies with P (§?) in the case of (@, (5).

Let us consider the ERGE linearized about a fixed point S* and its associated eigenvalue equation for
some eigenfunctional ©;[¢]:

@Giz/li@i- (22)

For the ERGE given by @), ®-(2), without the renormalisation part %, (S) and for arbitrary d,

3Via a scale dependent factor @ (¢) in front of @ (S,1) instead of a constant @ as in (II), @ (¢) coincides with @ in the vicinity of a
fixed point.
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we have:
@ = @1+@2+@3+@4,
N a(ﬁp - . 0
@ = f ~'—,_—d 7 )
1 J p 3 o Pp 535
p
N 5?
ZI fG(ﬁz) —,
J 6ppddp-p
p
N )
@3 = fH(pZ)([)ﬁ—~,
J 6dp
p
A 6S* 6
&y = - f 6(7) 2
6dp 6

Considering a general redundant “operator” Z[S,P] as defined by (6), it is not very complicated to
verify that the general property [2,13] of the redundant “operators” to form a closed subspace under the
flow in the vicinity of a fixed-point takes on the form:

DE(S*, W) =E[S", D, V), 23)
with: ;
DY 1) = @+d¢—G(672)—f1~6—q Wl (24)

Following the procedure of [37], we try to build up the EMRO [i.e., a solution ©¢ of (22) with 1 = 0]
from equations 23), 24) with a function p® [¢] similar to (1) and find that B (x) must be the solution
of the following first order differential equation (with initial value):

G(x)—a)gB(x)—H(x)B(x)—xB’ (x)=0, (25)
G(0)
B(0)=——, (26)
Og
in which: _
de+d,
Dg=- ""; 2. @7)

Assuming an explicit solution of B (x) [see equations (31), (32)] this closes stage 1a.
The quantity @ (S, B) , similar to (I3), is thus redundant and exactly marginal at the fixed point S*. Let
us consider a new ERGE with:
%ren(S)=a0 (S,B) . (28)

We easily see that this modification amounts to merely having performed the following translations
in the flow equation:
Gx) — Gx)+aB, (29)
og — 0g+ta, (30)
which keep equation unchanged. Consequently, stage 1b is also verified. It is clear that this would

not be the case using @ (S, 1) in 28).
The solution of the differential equations @3), is:

B(x) = (l)a)g 1 fx”g‘lc( YCo () d if @,>0 (31)
xX) = P Co(x)ou u)Co (u)du, i g=0,
X
H(u) .
Co(x) = exp{f ” du}, if H(0) =0. (32)
0
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Using an integration by parts, one may verify that B (x), as given by (31), satisfies the initial condition
(26), provided that @¢ = 0.
In the case where the functions G and H are defined by (14), (I5), equation simplifies to give:

Bx)=P (), (33)

so that with @¢ = @, as given by (19, the quantity @ @'(S, P) corresponds to the effective non-linear real-
ization of the field renormalization adapted to the ERGE under consideration (QED).

In order to discuss the linear implementation of 7, it is useful to first consider the relation back to the
original Polchinski version of the ERGE.

4. From Wilson to Polchinski

In this section we scrupulously look at the relation between the Wilson and the Polchinski ERGE
considering successively the linear (Ball et al [36]) and non-linear (Wilson [1, [31], Morris [28]) ways of
introducing 7.

The Polchinski equation for Sin; [35] is originally limited to the implementation of the RG step 1 via
the variation of Sip¢ under the change of A introduced by a bilinear term in S [as shown in (I8)]. It reads:

0
tﬁ& Sint

6281m _ 6Sint 6Sint
5g0p-q g 6d—g

(39

== [ ¢==P(g%¢A0)
o 2] o ‘

From this incomplete expression of the RG flow, the shift to S is easily implemented via the following
functional derivatives of (18):

0 Sint 0S

= —-Plop_,, (35)
5q dpq #-a
2 Q. 2
%S _ 528 p 36)
5pg0p_g 5hg0p_g

from which we get (up to an additive field-independent term):

(37

0 1 0 528 6S 0S8
—=S|¢ ‘ =—= fﬁ—P g%, 0 Ao [ -—
o¢ (] ® 2 J o¢ ( ) gLobgbd-q bdgbp—q
Then, depending on the procedure chosen for introducing 7, the implementation of the RG steps 2
and 3 may be easier to get a hand on according to whether one considers (34) or (37). In the linear case
of Ball et al [36] this does not matter, however.

4.1. Linear introduction of

The cumulative account from Ay to A = £ Ag which has been conveniently included as an explicit
¢-factor within the cutoff function [as displayed in (I6)] is not necessary to the construction of an ERGE .
Actually, only the reduction of the degrees of freedom in the infinitesimal range [A, (1 - %) A] is obliga-
tory. In other terms: the renormalization step 3 may be implemented linearly only. This is the procedure
adopted by Ball et al [36] when they introduced 7. However, there is a supplementary freedom.

The role of the renormalization step 3 is to compensate the modification of one term of S induced by
the implementation of the RG step 1. Instead of explicitly renormalizing the field, one may as well view
this modification as an integral part of ¢ so that it may be absorbed in the rescaling step 2 by assuming
that ¢ has the (anomalous) dimension (3 — notice that this implies ng = 1. Ball et al [36] have chosen that
possibility. For both S and Sjn¢, RG steps 2 and 3 are then implemented by a mere dimensional analysis
that readily provides the final flow equations. In terms of ¢ defined in () we get:
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+ the flow equation for S under the form @) with %en (S) = 0, 9ai (S, dg) = Gau (S, dé,,a)) and Yira ()
given by (@0, @@, @5;

* the flow equation for S, as:

Sint = %ua (Sint) + Yail (Sint, d([ba)) ) (38)

2 Q. X .
f [G(E/Z) (6§~§1£1t -— isjrit §§lni)
: $ba0¢-5 0dg 0b-4

(39)

(gtra (Sint)

with G(G?) given by @D.

However, since the anomalous dimension attributed to ¢ is not compensated by an anomalous di-
mension of the cutoff function in the bilinear term of S, the relation between the two flow equations is
altered and we have:

$=Sim+d f $aP () b-g. (40)
q

with @ given by in which ny = 1. This implies that the two flow equations do not have equivalent
fixed points.

Equation has induced the notion of “modified” Polchinski flow equation [32-34] which refers
to the flow equation for S (expressed in terms of Sjy) rather than to equations (38), as it would be
normally. It is worth to underline, however, that the latter flow equation for Sj, is perfectly valid and
may be studied for its own sake.

Another consequence of the linear introduction of 1 is the complicated expression of the EMRO. In-
deed, the linear introduction of 77 is not compatible with the translation @9), 30) and the solution of @5),
must actually be considered with @ = 1-17/2 so that, for the choice (4, and with P([]Z) given
by in which @ is formally set equal to 0, we get, provided 1 < 2:

1—1]/2 x K/ (u)
= 2 -n/2
B(x) (x) (K (x)] Ofu [K(u)]zdu’ (41)

which cannot be reduced to the simple form of @3), for arbitrary K. The result (1) is equivalent to that
obtained in appendix D of [37] for the EMRO constructed in terms of Sip.

4.2. Non-linear introduction of

In this section we compare two non-linear ways of introducing 7n: the Morris version [28] which is
based on an “anomalous” dimensional analysis and the Wilson version extended to an arbitrary cutoff
described in section [3] We show that the two versions are formally very close to each other but yield
different RG flow equations.

In [28], Morris has a priori given the field ¢ the dimension d((b“) [given by (@] with an anomalous part
that is compensated by a cutoff function anomalously dimensioned. Applied to our present matter, the
direct consequence (the easiest to grasp) of the Morris procedure is the modification of into:

S = Sint, (42)

that expresses the interesting property of the flow equations for S and Sj,¢ to have equivalent fixed points.
It is important to notice that this property is also true with the Wilson version extended to an arbitrary
cutoff function since, by construction, the renormalization of the field exactly compensates the extra ¢-
dependency of the cutoff function displayed in (16).

To get the Morris version of the flow equations for S and Sj,¢, one must first come back to the deriva-
tion of the Polchinski-like equation (34) where the derivative w.r.t. £ is performed at a fixed dimensioned
field (RG step 1). This time, P (qz, ¢\o) is not given by but, for dimensional reason, by
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P(g*, 0 No) = AP 022D (G%), 43)

with @ given by (19 in which ny is equal to zero to avoid singularities at |q| = 0. Consequently, after
the rescaling step 2, it comes a flow equation for Sj, of the form (38), but with an effective G([;Z)
translated by the constant term —® compared to (I4) so that this flow equation may finally be written
under the form:

Sint = (gtra (Sint) + (gdil(sint’ d((bC)) - ‘D@(Sint, 15) ) (44)

in which @(Sint, P) is the expression in terms of Si of the redundant “operator” obtained from (I3) using
35, (up to a field independent term):

_ - 528 8Sint 85 - 65
O (Sint, P) = f P (672) ( z H~lt _ ~1nt ~1nt ) _ (Pt? ~1m . 45)
J 6¢g0¢-5  0pg -4 6¢g
The Morris-like flow equation for S is then readily obtained under the form:
§=Gura () + Gt (S, dy) = Gren (S), (46)

in which the three terms are defined by equations (I0)-(d2). Notice the negative sign in front of %en (S)
which is opposite to that of Wilson as described in section () — one would observe the same change
of sign in front of @ in @4) compared to its Wilson-like version. This difference is due to the fact that
some aspects have formally been reversed. On the one hand, (Wilson) one lets the coefficients of S vary
under the change of scale and then renormalizes the field. On the other hand, the “renormalization step”
is anticipated and included within the cutoff function because the (useful) variation of the coefficients
of S has been arbitrarily incorporated in the scaling property of the field. Notice that in both cases the
procedure amounts to keeping the same term of the action constant.

The two versions provide well allowed forms of ERGE, but it is worth underlining the unusual expres-
sion of that may have consequences in practical calculations. The discussion of that issue — as well as
of the consequences of other considerations presented in this article — is left to another publication [39].

5. Summary and conclusion

Three different ways of introducing the anomalous dimension parameter 7 in an ERGE have been
considered explicitly. The non-linear procedure of the historic first version [1] (extended to an arbitrary
cutoff function in [31]) has been compared to the linear and non-linear versions associated with the
“anomalous” dimensional analysis procedure of respectively the “modified” Polchinski version [32-34,
36] and the Morris version [28]. Their differences in essence have been emphasized, as well as the reasons
why the non-linear versions should provide simpler calculational frameworks. The role of the exactly
marginal redundant operator in the construction of an ERGE has also been underlined.
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PiBHSIHHA TOYHOI peHOpManisauiiiHoi rpynun BinbcoHa
i napameTp aHOMa/IbHOI BUMIPHOCTI

K. bepBinbe

JNlabopatopia matemaTuku i TeopeTnyHoi ¢ismkn, UMR 7350 (CNRS), YHiBepcuTeT ®PpaHcya Pabne,
37200 Typ, PpaHuis

MapameTp aHOManbHOI BUMIPHOCTI, BBEAEHWIA B HeNiHIHWIA cnoci6 y nepLuili icTOPUYHIA Bepcii piBHAHHSA To-
YHOI peHopManisaLiiHoT rpyny, NOPiBHIOETLCA 3 CYYaCHO MeTOAMKOL. MpocTuii BUPa3 A1t TOYHO rPaHNYHO-
ro (MapriHanbHOro) Hag/MLLIKOBOrO onepaTtopa C/iAYe 3 L€l HeMiHIMHOCTI, TOAI AK A1 TOro, W06 oTpumaTu Lei
pe3ynbTaT Yy NiHiiHOMY BUMaAKY HeobxiAHO po3B'A3aTy AndepeHLianbHi PIBHAHHA NepLIoro Nopsaky. Bucsi-
TNeHO Po/ib LibOro onepaTopa B NO6YAOBI PiBHAHHS MOTOKY.
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