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A model of quantum particles performing D -dimensional anharmonic os-
cillations around their equilibrium positions which form the d-dimensional
simple cubic lattice Z“ is considered. The model undergoes a structural
phase transition when the fluctuations of displacements of particles be-
come macroscopic. This phenomenon is described by susceptibilities de-
pending on Matsubara frequencies w,, n € Z. We prove two theorems
concerning the thermodynamic limits of these susceptibilities. The first the-
orem states that the susceptibilities with nonzero w,, remain bounded at all
temperatures, which means that the macroscopic fluctuations in the model
are always non-quantum. The second theorem gives a sufficient condition
for the static susceptibility (i.e. corresponding to w,, = 0) to be bounded
at all temperatures. This condition involves the particle mass, the anhar-
monicity parameters and the interaction intensity. The physical meaning of
this result is that, for all D and all values of the temperature, strong quan-
tum effects suppress critical points and the long range order. The proof
is performed in the approach where the susceptibilities are represented as
functional integrals. A brief description of the main features of this approach
is delivered.
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1. Introduction

We consider the following model of anharmonic crystal. To each point 1 of the
d-dimensional simple cubic lattice Z¢ there is attached a quantum particle of mass m
performing isotropic D-dimensional anharmonic oscillations in the crystalline field.
The Hamiltonian of our model has the form

H

H,

= % > dw(anar) + Y H, (1)

LVezd 1€z

1

k
- — % k>0
2m(p1, p1) + 5 (qi, 1) + V((ai,a1)), > U,

© Yu.Kozitsky

601



Yu.Kozitsky

where (...,...) stands for the scalar product in R” and dyy is a dynamical matrix
of the model. We shall suppose that dyy is:

e invariant under translations on Z¢;
e ferroelectric, which means dy < 0;

e such that ), _,.|dw| < cc.

def

These assumptions imply that there exists a function ¢ : R, — Ry 0, +00),

such that
dw = —¢(]1-11), (2)

where [1-1] = /(I — 1})2 + ...+ (l4 — I})? is the Euclidean distance on the lattice.
The anharmonicity potential V' is supposed to be of the following form

V(é):a§+b2£2++bp§py CLER, b27"’abp—1 207 bp>0 (3>

The simplest case of such a potential is where p = 2 [18,27,34]. If the parameter
a is negative and its absolute value is big enough, the equilibria at q = 0, 1 € Z¢
become unstable (a double-well profile for D = 1) and macroscopic displacements of
particles from these unstable positions may occur. Such objects have been studied for
many years as quite realistic models of crystalline substance undergoing structural
phase transitions [14-16,26,27,34,38]. They, and similar models, are also employed
as parts of the models describing strong electron-electron correlations caused by the
interaction of electrons with vibrating ions [18,35,36].

Starting from the pioneering paper [31], many efforts were made to show that
“the more quantum is the model, the less possible is the phase transition”. To confirm
this physical common wisdom, different methods and approaches were applied. The
first fully rigorous proof of the suppression of the long range order in models of
this type with one-dimensional oscillations was done in [40]. This effect was also
demonstrated on certain exactly solvable models of anharmonic crystals [29,39)].

In [4] it was shown (also for the scalar case) that not only the long range or-
der but any critical anomaly is suppressed if the model is strongly quantum. Later
in [22-24] his result was obtained for the vector case with arbitrary D € N. The
present paper gives an extended and complete presentation of the results announced
in the latter papers. In section 2 below we formulate two theorems. The physical
meaning of the first theorem is that the large fluctuations of displacements of parti-
cles, which appear at the critical point, are always non-quantum. This means that
the only static susceptibility may diverge. The second theorem states that also the
static susceptibility is bounded (i.e. non-quantum large fluctuations are suppressed
as well) at all temperatures if the model is strongly quantum. This occurs if either
the particles are light and /or the energy levels of the one-particle Hamiltonian of the
corresponding scalar model (see below) are sufficiently separated from each other.
Both these mechanisms are observed experimentally as isotopic effects (light par-
ticles) [1,38] and external hydrostatic pressure effects (big separation) [13,37]. The
proof of the second theorem is performed in the approach which employs functional

602



Quantum effects in an anharmonic crystal

integrals, briefly described in section 3. This approach, initiated in [2], now is well
elaborated in [3,8-11,20,25]. A complete description of this approach in application
to the model considered in the present paper and an extended related bibliography
are given in the review article [6]. In section 4 we discuss some consequences of our
theorems.

2. The results

The description of the Gibbs states of lattice models is performed with the help
of local Gibbs states, which are constructed by means of local Hamiltonians (see
[8,9,19,20]). For our purposes, it is enough to consider periodic states only. Let A
stand for a finite subset of the lattice Z%, which we may choose as a cubic box of
finite length. For such a box, we define the periodic dynamical matrix

diy = =¢([1=11), (4)

where the function ¢ is the same as in (2) and the periodic distance [1—1'| 4 is taken
on the torus which one obtains identifying the opposite walls of the cube A. The local
Hamiltonian H, corresponding to the periodic boundary conditions is constructed
according to (1) and has the following form

Hy= Y diy(qnar)+ Y _ H. (5)
LVeA leA

This Hamiltonian defines a density matriz

0.0 =exp (—BHy) /Zs,n, Zpa=traceexp(—FH,), (6)

where 7! is the temperature. For the Hamiltonian (5), a general theory of the
Schrodinger operators [12] implies that the latter trace exists. The local periodic
Gibbs state y3,4 in the box A is defined as

v5.4(A) = trace {Agg 4}, (7)

where A is an observable, which is a self-adjoint operator representing a certain
physical quantity. The state y3 4 maps the set of such observables into the real
numbers.

The physical properties of the system in A are described by Matsubara functions,
which, for the observables A;,..., A, and 7,...,7, € [0, 5], are defined as follows

rj’j“’An (T1y oo 7o) = V3,4 {Trh2 (A1) .. B2 (4,1, (8)

where
hl (Ar) = exp (=meHa) Apexp (Ha), k=1,2,...,n. (9)

is the Heisenberg representation of the operator Ay taken at the imaginary time
ty = it and T stands for the 7-ordering. By (8), each Matsubara function has the

property
8,4 _ nBA
FAl,...,An(Tl +0,...,m+0)= FAl,---,An(Tl’ o Ta), B €100, (10)
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where addition is understood to be of modulo (3. A significant role in the Euclidean
approach is played by multiplication operators. Let |A| be the number of lattice
points in the box A. By x4 we denote the vector x4 = (X1)1e4, which has |A] com-
ponents x), each of which is a D-dimensional vector. For a wave function v = ¥ (x,)
and for a continuous complex valued function A(x,), the corresponding multiplica-
tion operator, denoted also as A, acts

(AY)(x4) = A(xa)1(x4). (11)
Since such multiplication operators commute, the Matsubara functions constructed
with them are continuous as functions of 71, ..., 7, on the whole cube [0, 5]™.

In the model considered the phase transition is connected with the appearance
of the macroscopic displacements of particles breaking O(D)-symmetry, thus the
operator describing fluctuations of these displacements will play an important role
in our consideration. This operator is

(@) 1 (@)
W= q a=12,...,D. (12)
&

It is a multiplication operator. The Matsubara function (8) constructed with n = 2
and A; = Ay = Q(Aa) will be in the center of our study. To simplify notations we set

G(ﬁole(7—77',) déf F,@,A (a)(T7T/), o = 17277D (13)
A

(a)
A

By (10), this function depends on the distance |7—7'|3 o min{|r—7'|, 6—|T—7'|},

which makes it possible to write its Fourier transformation in the following form

@ 1 o iwn (T—7") Al
GEanT) = 5 3 e TIG wn), (14)

N ﬂ ' /
Ggl}l(wn) B / Ggﬁl(ﬂ e (=) dr|
0

where w,, = (27/8)n, n € Z are Matsubara’s frequencies. The Fourier coefficients
@gazl(wn) have direct physical meaning — they are susceptibilities of the system in
the box A at the temperature 371. For every box A and every (3, these quantities
are well defined. Let {A;};en be a sequence of boxes such that, for every I € N,

Ay C Ajyq and
Ja=2
leEN

In the sequel we deal with such sequences of boxes only, thus we shall assume that
every sequence {/;};en has the above properties.

The phase transition in the model considered may be detected as follows. If, for a
given (3 and an arbitrary sequence of boxes { 4, };en, all the sequences {Ggﬂl (wn) hiens
n € Z are bounded, then there is no symmetry breaking at this 5. One can show
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(see below) that all G(Aa)(T, 7') and all @gazl(wn) are nonnegative, thus by (14), one
has
Gihwn) < GE0), (15)

for all w,. This yields that all the sequences {Ggﬂl (wn) hien, m € Z are bounded if

{G’glzll (0) }1en is bounded. In this case one says that the fluctuations of displacements
of particles are normal. The abnormal fluctuations appear at the critical point of
the model or below it (with respect to the temperature, for more details see [39]),
they occur if some of the above sequences of susceptibilities become unbounded
(divergent). By (15), in all such cases the sequence {égﬂl(O)}leN should diverge.
Such divergent sequences may be made bounded by multiplying by elements of an
infinitely small sequence of numbers, e.g. by A\; = |4;|7%/2, § > 0. Suppose that, for

a divergent sequence {Ggﬂl (wn) }ien, n € N, one finds d,, > 0 and [y € N such that

{|Al|_6/2GA’£—;Of311 (wn)}l>lo - [av b]v (16)

with certain 0 < a < b < oo. Then the exponent ¢§,, > 0 gives the rate of divergence
of the sequence {G(Bagll (wn) }ien, and may be considered as a critical exponent. One
can show that the largest value of all such exponents is 6 = 1. If §o = 1, the
spontaneous O(D)-symmetry breaking occurs at this # and the long range order
appears. The smallest limiting point of the sequence (16) with w,, = 0 is treated
as an order parameter. A detailed discussion of phase transitions, order parameters
ete, in quantum spin models may be found in [17]. If, for a given 3, (16) holds with
n = 0 and a certain §y € (0, 1), the fluctuations are not strong enough to destroy the
symmetry but, being abnormal, they correspond to the critical point of the model
and such [ is the critical inverse temperature for this model. Thus, to prove that
the model considered undergoes a phase transition, connected with the appearance
of macroscopic displacements of particles, one has to show that (16) holds true (for
sufficiently large 3) with n = 0 and dy = 1. This was done, for models of the type
of (1), in a number of papers [10,11,16,21,27]. Here one has to remark that, for the
isotropic ferromagnetic Heisenberg model, the appearance of a long range order has
not been proven so far. Another remark is that the existence of the long range order
((16) with w,, = 0 and dy = 1) does not mean the existence of the critical point ((16)
with a certain w, and ¢, € (0,1)).

In this article we are going to show that, for the models considered: (a) (16)
never holds for w,, # 0 (quantum fluctuations are always normal); (b) (16) does not
hold for any f3, if the model is “strongly quantum”. To make the latter condition
more precise we have to introduce the scalar version of the model (1). Namely, let

H = % Z dll’QlQP"‘Zﬁla (17)

Ll'ezd 1€Zd
ﬁ[ _ 1 2 E 2 V(g2
1= 5h + 5 di +Via),

and the anharmonicity potential V' is given by (3). The one-particle Hamiltonian H,
has a pure point spectrum, each element of which €,, s € N is its non-degenerate
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eigenvalue (see e.g. [12]). We set
A =min{es 1 — € | s € N} (18)

One can expect that, for the double-well potentials, the above A is just the frequency
of the tunnelling motion between the wells. Since the model (17) in an evident way
is connected with the model (1), the parameter A determines the properties of the
latter. In what follows, we will say that the model (1) is strongly quantum if the
following condition is satisfied

mA? > = 3" dw =Y o(lll) = (19)

I'eZzd leZd

Its physical interpretation could be as follows: the total force acting on a given
quantum particle from all other particles is less than the energy of its quantum zero
oscillations (we use the units with h = 1).

Now we are at a position to formulate our results.

Theorem 1 For the model considered, the sequences {G’gazll (wn) Hen with w, # 0
are bounded at all temperatures.

Theorem 2 For the model considered, let the condition (19) be satisfied. Then, for

all d,D € N, for any 6 > 0, the sequence {Ggﬂl (0)}ien is bounded, which means
that the model has no critical points and no symmetry breaking at all temperatures.

The proof of the first theorem is quite simple and we give it right now. The proof of

the second one will be performed in the framework of the Euclidean approach based

on the representation of the Matsubara functions (8) as functional integrals.
Proof of theorem 1. In fact we are going to prove that, for an arbitrary box

A and for any [,

Ao 1
0< G (wn) < ——. W #0, (20)

where m is the particle mass. One can show that also the Hamiltonian (9) has a
pure point spectrum, but this time the eigenvalues &, s € N are degenerate due
to the O(D)-symmetry (and the corresponding parameter A would be zero in this
case). Let Uy, s € N be the corresponding eigenfunctions of H,. We set

st/ = <\DS‘Q§1Q)|\IJ$’>- (21)

Then by (8), (12)—(14), one has

A 1 Es—Ey
Gh(wn) = o— 2 —BEy) — exp(—BE,)].
,B,A(w ) Z[B,A 578/261\1 st (Ss _ (c;s/)z _'_wg [eXp( ﬁ ) eXp( ﬁ )]

This immediately yields C;’glzl(wn) > 0. Further, one may estimate the denominator
in the above expression
(Es—Eg)? + w2 > w2 >0,
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and obtain
- 1
G(a) Wn < 2 ’ 68 - gs’
i) < g 3 Q-6
X lexp(—pEy) — exp(—Es)]
1 1
_ () (a) _
_w_%%’/l{[@/l ’[HA’ A”}_mw%’
where [...,...] stands for commutator. O

3. Euclidean approach

The proof of our second theorem is not so elementary. To prove the boundedness
stated we have to have instruments for estimating Matsubara functions (8). These
instruments are provided by the Euclidean approach. Its basic element is the repre-
sentation of the functions (8) constructed with multiplication operators as functional
integrals. We begin the description of these integrals with introducing the sets of
functions on which we define them. Let W3 stand for the set of continuous functions
w = w(7) = (wV(7),...,wP) (7)) defined on [0, 3], taking values in R” and such
that w(0) = w((3). These functions are called periodic paths. The set of all vectors
w4 = (W1)iea, each component of which is a periodic path at the point 1 € A is
denoted by W3 4. Now we have to construct the measure on Ws 4 which will define
the functional integral. First we introduce the Gaussian measure dy s which we shall
use as a reference measure. This measure in determined by the first two terms in H,
(1) and describes a vector harmonic oscillator. Since our integration sets Ws, W 4
are infinite dimensional vector spaces, on which Lebesgue’s measure dw does not
exist, we cannot write our Gaussian measure in the way density x dw, as is usual
for the finite dimensional case. Nevertheless, the Gaussian measure is determined
by its Fourier transformation, which for our measure dy s reads

/W@ exp (i /OB(W(T),X(T))d7-> dys(w) =
:eXp{_ % /06 /05(5(77 T/)X(T),X(T'))dfdr’}, (22)

where

(S(r.m)x(r),x(r)) = Y §*(r, ) (r)a) (), (23)

a,a’=1
expl2o(6 — |7 — 7'|)] + exp[£2|T — 7'|]
exp({20) — 1 ’

and (2 = /k/m is the standard parameter of the harmonic oscillator. All proper-
ties of the measure dyg are known (see e.g. subsection 2.2 in [6]). By means of it

SO‘O‘/(T, ) = Oau o

(24)
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we construct the Gaussian measure which describes the system of non-interacting
harmonic oscillators located in A:

dxg.a(wa) = [ [ dxs(w). (25)

leA

Now we take into account the anharmonicity potential and the interaction between
the particles. It is performed using the Feynman-Kac formula, the detailed descrip-
tion of which the reader may find in [30] and [32]. In what follows, we introduce the
measure

B
s a(ws) = Lexp{—% S df /0 (i), wi (r))dr

leA

B
_Z/O V((WI(T),Wl(T))dT} dxsa(wa). (26)

This measure is called a periodic local Fuclidean Gibbs measure. As usual, the factor
in front of the exp is the normalization constant, which provides that the normal-
ization condition

/ dl/@A(W) = 1, (27)
Wsa. A

is satisfied. On the other hand, Zg 4 is the partition function of the system in the
box A and has the representation following from (27)

1 B
Zpa = [WB’A GXP{—§ > dﬁf/o (wi(7), wy(7))dT

LleA

B
_Z/O V((Wl(T),Wl(T))dT} dxs.a(wy). (28)

leA

Now we are at a position to write the main formula derived in [2]. It is
P () = [ Awatn)) - A, (29
Wﬁ,/\

where A;,..., A, are the multiplication operators by the functions A;(x,),...,
An(x,) respectively. This representation is employed to obtain information regard-
ing mathematical properties of the Matsubara functions and their sequences. It is
worth noting that representations of this kind may be used (and are used) as a base
in the study of such models by means of computer simulations (see e.g. [33] and the
references therein).

Obviously, the same construction may be also performed for the scalar Hamilto-
nian (17). This will yield the local Euclidean Gibbs measure dig 4(wg)

a 1 g
doga(wy) = ~—eXp{—§ Zdﬁ// wy(T)wy (7)dT

Ll’'eA 0
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— Z/ wl dT} dXﬂ A(w/]) (30)

leA

where the Gaussian measure dyg 4(w,) is defined by (25) with dxg(w;) replaced by
dxs(wr). The latter measure is defined by (22)-(24) with @ = o/ = 1. The corre-
sponding space of scalar paths will be denoted W@ 4. Accordingly, the Matsubara
functions given by the integrals (29) with v replaced by 7 will be written I

Let us consider the set of continuous real valued functions F 1 defined on the
set R = {2, = (2))1e4 | ;1 € R, 1€ A} which have the following properties. A
function A : R — R belongs to F if: (a) there exist 1 € A such that A depends on
a1 only; (b) this dependence is either odd monotone or even positive and monotone
on R . The basic element of the proof of theorem 2 is the following assertion, proved
in [23], see also [6], section 7.

Proposition 3 [Scalar Domination] Let the continuous functions Ay, ..., A, :
RPU — R have the followmg property: there exist « € {1,2,..., D} and the func-
tions Al,...,A € F, such that A; i(x4) = A; e (o )) j= 1,2,.. n. Then for arbi-
trary D € N and for all 7,...,1, € [0, ],

7/1 T ,A
0< T4 4, () STFY 5 (mye ). (31)
Let us stress that all A;, 7 = 1,...,n above are supposed to depend on their :csla)
with one and the same a. As a corollary of this statement we have
0< G (r,7") < Gpa(r, ), (32)

where the function G 4(7,7’) is defined by (13) but with lea) (12) replaced by
/1 Z qQ,
% |/1 e

and with the Matsubara function I" replaced by I. Thus, in order to prove the
boundedness of {G Ewe hen it is enough to prove it for {Gﬁ A, Hien. To this end we
introduce the followmg local Gibbs measure. For ¢ € [0, 1], we set

3 1 t A
dvy) (ws) = > exp{—§ > dih / wi(T)wy (7)dr

5,4(1) LVeA 0
B / (w?(r dT}dxﬁA(wA) (33)

where Z@ A(t) is the corresponding normalization constant defined by (27), which
may be written similarly to (28). By means of this measure we define (see (29), (13),

(12), (9))
éﬁ,A(T,th):/%A(M; )(m; )dyﬁA(wA) (34)
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Clearly _ N
G@A(T,T,H) :Gg,A(T,T/), (35)
and (see (8) and (7))
Gaa(r,7'0) = \/1| Z trace {ql exp <—(T — T/)ﬁl)
X g1 exp <_(5 —r+)i)} Yo, (36)

Here we have taken into account that the traces in the latter formula do not depend
on 1 due to the translation invariance of the one-particle Hamiltonian (17). We also
set

Rﬁ7é1314(T17T27 73, T4|t) =

:A;ww%m%m%mww>

w12 YW, 74)duﬁA(wA)

B8,A
—ﬁ,ww%@ / wny (), (r) ), )
Wg’/\

o BN
_/%A wh(ﬁ)wu(u)dﬁﬁ,/l(w/l) X /VNVB,A UJ]Q(TQ)’U]]S(Tg)th (wyp). (37)

One can show that all é@ 1 and Rg 4, as functions of ¢ € [0, 1], are differentiable on
t € (0,1) and continuous on t € [0, 1]. Furthermore,

Rlﬁl’llgl1314(71a7'277377'4|t) <0, (38)

for all values of its arguments. This estimate is known as Lebowitz’ inequality, its
validity for the measure (30) was proved in section 6 of [6]. Differentiating both sides
of (34) with respect to ¢ after some calculations we obtain

0 ~ 1
atGgA(Tl,7'2|t) = 3] Z 1112/ Rlﬂlbl314 (11, T, T, T|t)dT
11, 7146/1
( Zdn,> / Goa(m, TI)Gaa(r, R|t)dr.  (39)
leA

Here we have taken into account the translation invariance of the moments of the
measure (33), which is connected with the invariance of the dynamic matrix di},. The
above formula may be considered as an integro-differential equation with respect to
G 4 subject to the initial condition (36). By (15), which holds also for the scalar
model, to prove the boundedness we need it to be sufficient to control the sequences
of the following functions

s s _
gea(t) & / NGRA / Gs.4(0, 7[t)dr. (40)

0 0
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For this function, we obtain from (39) the following equation

o 1 B rB
ng(t) = —m Z dﬁlg/o /0 Rﬁ’jl213714(71772,7,T|t>d7’d7’1
Ii,..., 1ueAn
(X o m
leA

subject to the initial condition (see (36))

B
Gor(0) =u % /O U0, 7)dr. (42)

Taking into account the assumed properties of the dynamical matrix dy one con-
cludes that, for every box A,

<_ Zdﬁ,) < (— Z d]]/) =J>0. (43)

leA leZd
Let us consider the following differential equation

dz—(tt) =Jh®?,  telo,1],  h0)=u (44)
If the condition

uJ <1, (45)
is satisfied, it has a unique solution on ¢ € [0, 1], which has the form

h(t)

o
1 —tuJ’

(46)

Now let us compare the equations (44) and (41). By (38), the first term in (41) is
nonpositive since all df}, are nonpositive. Both our equations are subject to the same
initial condition. Applying standard comparison methods of the theory of differential
equations (see e.g. [41]) one obtains

0 dh(t)
A, t < T
a9 <~

for all ¢ € (0,1). This immediately yields gg a(t) < h(t), for ¢t € [0,1], in particular

u

B -
= 1) <hAl) = ——, 47
|| G077 = ga(v) < 1) = (47)
which holds for all boxes A. Here we have also taken into account (35).
Proof of theorem 2. By (14), (32) and (47), the sequence {G’Eﬂl(O)}leN is

bounded provided (45) holds. Thus, to complete the proof one has to show that the
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condition (19) does imply (45). To this end we employ the method already used in
the proof of our first theorem. By (42), (36) and (18), one has

1 B _ _
u = 7/ trace{qle_Tqule_(ﬂ_T)Hl}dT
Zg 0

]- efﬁﬁs _ e*ﬁes/
- Z [<¢S|QI|¢S >]2 ﬁ

Zﬁ s,s'eN s s
! 1 —pe —Beyr
75 O [Wdalva) [ — e e — e

ﬁ s,8’eN

1 trace ([ql, [f]b ql“ e*ﬁﬁl) 1 N

s A trace e=8H  mA2’ (48)

Here 95, s € N are the eigenfunctions of H, corresponding to the eigenvalues ¢,.
Above, in the sums ), the terms with coinciding s, s’ give zero contribution be-
cause of the corresponding matrix elements of ¢, vanishing. In deriving the above
estimate we have taken into account that the eigenvalues €, are simple, which is not
the case for D > 1. The latter fact gives the reason why we use our scalar domination
arguments.

Since the right-hand side in (47) is a monotone function of u, we apply there the
latter estimate and obtain

b 1
A(a)
G5.4(0) </0 Gp(0,7)dT < ———,
which completes the proof. a

4. Discussion

First let us turn to the estimate (20). Since w,, = (27/8)n, n € Z, the series

S G (19)

neZ\{0}

converges for any box A and for every g > 0. This fact has a deep mathematical
consequence — by Ascoli’s theorem (see e.g. [28], p. 72), the sequences of Matsub-
ara functions {Fﬁl/l’ 4, hen (for all multiplication operators A, ..., Ay, for which

they make sense) converge uniformly on [0, 5]™ provided the sequence {@gﬂl (0) hen
is bounded. This convergence of the Matsubara functions imply in turn that the
limiting Gibbs measure, which describes the equilibrium state of the whole anhar-
monic crystal, exists in this case. It is called periodic Fuclidean Gibbs measure (see
[9]). The boundedness of the sequence {Ggﬂl (0)}1en means the absence of abnor-
mal fluctuations, it may be obtained by satisfying the condition (19), as follows
from theorem 2. The above fact, however, does not imply that there exists the only
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one limiting Gibbs measure (the latter would mean that there exists just one phase
and no phase transitions may occur). In fact, the uniqueness of the limiting Gibbs
measures may be proved based on the more sophisticated methods. Here one has to
mention that such a uniqueness was proved in [5] to hold for D =1 and for the val-
ues of the particle mass from the interval (0, m.(3)), where the bound m.(/3) tended
to zero as f — —+oc. In a very recent paper [7] it is stated that the uniqueness of the
limiting Gibbs measures (again for D = 1 only) may be guaranteed by a condition
similar to (19), which holds for m € (0, m,), where m, is independent of . In the
vector case D > 1, no uniqueness results have been obtained so far.

Now, let us say some words about the condition (19). In the harmonic case V' = 0,
A = (), thus mA? = k and this condition means k > .J. For the potential V' given
by (3), one can show that there exists C' > 0 such that mA? ~ Cm~(P~D/F+1) 55
m — 0, which means that the condition (19) is satisfied for m € (0, m.), where the
bound m, depends on the parameters J and a, by, ..., b, only.
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KBaHTOBi epeKkTn B aHrapMOHiYHOMY KpUucTani

0. Ko3unupkui

[HCTUTYT MaTemaTtuku, yHiepcuteT iM. Mapii Kiopi-CknogoBCeKOi
Monblua, 20-031 Jlo6niH

Otpumano 30 cepnHsa 2002 p.

Po3rnapaeTbca Moae b KBAHTOBMX YACTUHOK, SIKi BAKOHYIOTb D -BUMIPHI
KOJIMBaHHSA LOBKOJA X NONOXEHb PIBHOBArM, WO YTBOPIOKOTb d -BUMIPHY
npocTy KyBiuHy rpaTky Z? . Lia Mogens 3a3Hae ¢pasoBoro nepexomy, Ko-
nn onykTyauii 3MilleHb YaCTUHOK CTaloTb MakpOCKONIYHUMU. Take aBU-
e ONMUCYETBLCS CNPURHATANBOCTAMUN, 3aNeXHUMU Big, MauybapiBCbKNX
4acToT wy , n € Z . Mn goBOAMMO ABi TEOPEMMU, L0 ONUCYIOTb TEPMO-
ONHaMIYHi BNaCTMBOCTI LMX CNPUNHATAMBOCTEN. NepLua Teopema CTBeEpP-
IKYE, LLLO CNPUNHATAMBOCTI 3 HEHYNLOBUMU w,, 3aNULIAIOTLCS OOMexe-
HVYMUW NpU BCiX TeMMepaTypax, a Lie 03Ha4yae, Lo MakKpOCKonivyHi pnykTy-
auji B AaHiv Mogeni € 3aBXay HeKBaHTOBI. [lpyra Teopema nae ooCTaTHIO
YMOBY Ha Te, Wo0 i cTaTuyHa CNPURHATAMBICTD (Ka BianoBigae w, = 0)
Tex Oyna o6mexeHoto Npu BCix TeMnepaTtypax. Lia ymosa Bk/toyae B ce-
6€e Macy YaCTUHKMW, MapaMeTpy aHrapMOHiI3MY Ta IHTEHCUBHICTb B3aEMO-
nii. Di3anYHUIA ceHe LbOoro pesynkTaTy Nnosiarae B TOMy, LU0 Ans BCiX D i
N5 BCiX 3Ha4Y€eHb TEMNEPATYPU CUIIBHI KBAHTOBI €peKkTN YHEMOXITNBIIO-
IOTb BUHUKHEHHSA KPUTUYHUX TOYOK i Janekoro nopsaky. JoseneHHs npo-
BOOUTBLCHA B pamMkax nigaxoay, y AKOMY CNpUNHATAMBOCTI NPeACTaBNATb-
CS 32 4OMNOMOrol GyHKLUIOHaNbHUX iHTerpanis. JaeTbCsa KOPOTKMIA ONnC
rONOBHMX aCMeKTIB LUbOro niaxony.

Knio4oBi cnoBa: 3MmiLLeHHs, CTRYKTYPHWUI pa3oBuii nepexid, KpUTndHa
TOYKa

PACS: 05.50.-d, 64.60.-i

616



