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The review of the theoretical study of the critical phonon scattering and
anomalous heat transport near the phase transition temperature T, is pre-
sented. An interpretation and quantitative approach to the description of
the anomalous temperature dependence of the thermal conductivity A(T')
near 7, are discussed.
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1. Introduction

The heat conductivity coefficient (HCC) A(T) of ferroelectric crystals shows a
sufficient change near the phase transition temperature 7t [1-3]. On the curve \(T')
may be observed:

(a) a broad minimum-negative peak,

(b) broken or cusp-like negative (positive) anomalies,

(c) step-like anomalies (jumps),

(d) a positive (negative) more or less symmetrical peak and
)

(e) a point gap of the second order at ' — T, £ 0.

In the theory [4-8] usually (a), (b) and (c)-type anomalies are connected with the
inelastic scattering of acoustic phonons by the critical ones (soft-TO-phonon mode)
or with the quasi-elastic scattering of thermal acoustic phonons by the central peak,
which reveals itself in the spectra of scattering light and critical neutron scattering
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at T'— T, [9,10]. On the whole four mechanisms are known for the critical phonon
scattering: (1) the inelastic scattering for I'y < w (where 'y is the critical damping
of the soft mode) [6]; (2) the relaxation mechanism actual for w < Ty [21,22]; (3) the
quasi-elastic scattering by the central peak (w — 0) [7]; (4) the interaction of the
critical fluctuations with defects [23,14]. In this paper the general theory of the most
actual mechanism (inelastic and quasi-elastic) of critical phonon scattering and the
peculiarities of lattice thermal conductivity for T' — T, is developed. The results of
the numerical model calculations are compared with the corresponding experimental
data.

The phonon Green functions of the ferroelectric crystals with hydrogen bonds
or in the ferroelectric ferromagnetics and in the crystal with paramagnet impurities
are described in Kobayashi’s model for the pseudospin and phonon systems of the
crystal [11-14]. The retarded Green function can be found in the hydrodynamics
approximation (wr < 1) and the heat conductivity is calculated in Kubo formalism
near the structural phase transition temperature 7.

The goal of this work is to show the possible approach to the explanation of the
pointed variety of the HCC temperature dependences near T, taking into account
the most realistic mechanisms of the phonon scattering.

2. The thermal conductivity of crystals

The general expression for the thermal conductivity A(7") in cubic crystal may
be written as Laplace integer [15,16] from heat current correlator

[e.e]

1
_ 1 —t . . L 1
0

AT)

here kg is the Boltzmann constant. It is shown in [16,17] that in the one-particle
approximation the thermal conductivity coefficient A(7) may be expressed by the
dynamical Green function G, (w), v = (k,s), k = k is the wave vector, and s is the
branch index of the phonon with the frequencies w.

The density heat current j (r,t) determined from the equation

OH(r, t)

BT +divj(r,t) =0, (2)

where local density energy (r = 1)
1 .
H(r) =Y HWO§(R —1) = —= Y H(g)e ™, (3)
1 vV q

V =V, N is the volume of the crystal (Vy = a*), [ is a numbers of the unit cells
(Il =1,2..N), R, = R(l), q is the quasi-momentum of the phonons. Taking into
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account a Heisenberg movement equation for H(q,t) the heat current operator can
be obtained as

S dudola) = 3 [H(g. 1), H), (W

where « is the Cartesian components, > H(r) is the Hamiltonian of the system.
Taking into account (1)-(4) and the fact that Im G, (w) has a maximum in the
vicinity of w? = w?, we obtain the usual gas formula or T-approximation (when the

transport relaxation time 7 for two-phonon excitement can be approximated by
one-phonon relaxation time 7) [17]

5Ny (n, + 1)
L@ ®)

(Vi)

where n,, is the phonon numbers occupation, n,(n, + 1)h*w?/kgT? = C(w,) is the
single mode specific heat, and T',(w) = 77!(w) is an inverse one phonon relaxation
time, Viw, is the group velocity of phonons.

3. The critical inelastic and quasi-elastic scattering

3.1. The critical inelastic scattering

The inverse relaxation time of acoustic phonons in a crystal with a weak cubic
anharmonicity ® (v, 1,2) can be written as [16]

L) = TS (@ (112l — ) - SHEZ2ZD m @) g

wwi n(w)

where mp,(w) = ImG,(w), G,(w) is the Green function of the crystal, 1 = v, =
(k1,81), 2 =19, n, = n(w,) = [exp(hfw,) — 1|71, 3 =1/kgT.

Near the structural phase transition temperature T¢ the soft mode (for ¢ =
k) wy(T) — wo(Tp) and the spectral density pe(w) for the critical (soft) branch
of vibration 2 = v, = (g, s) determined from a transport equation [8,17], can be
approximated as

o (W) — wl'o(T') 1 wylg)
Pol) = ey — 2R+ T3 T () P ) ")

Here W?(C]) = WS(T) — 0%(T), v(q) = 70012/53, b = 0(Tc), welg = 0,
T =Tc) =0, Ty # Tc, 7(q) is the line width of the central peak, and ~, ' is
the average lifetime of thermal phonons. Substituting (7) into (6) we get

7, (W, T) =7, (w, T) + 70 (w, T), (8)

v 1

where 7! is conditioned by inelastic, and 7! by quasi-elastic phonon scattering.
Inelastic scattering is more actual in the region of w < wy = wo(7T') and plays
an important role when the critical branch approaches the acoustic one and the
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degeneration of branches takes place. In this case ¢; — ¢ = ¢ and assuming that
w1 = wo(q1), we = wo(q2) = wo(q1 —q) and considering the fact that w, < wy < kT
we obtain
wolqr — q) —wol(q1) =~ rw, cos O,
where r = vg/v is the ratio of the mean velocities for critical and acoustic phonon
with w, = vq and © is the angle between ¢; and .
If we neglect the damping of the soft mode (I'y < w), then in accordance with
(8)-(6)
N (w) = m¢B <
B wo
where B is a numerical coefficient.
In the case Ty > w for 7;,'one obtains the relaxation formula

9)

1 TAw WTo

T (w) = . , 10

in ( ) ﬁwo 1+ (WT())2 ( )
The critical damping of the soft mode 'y = 7;' = To(7) was calculated in

microscopy theory [18] and was obtained in scaling form T'g(7) ~ 77*, where 7 =
|1-T/Tg| and A = v = 1/2 is the critical index of the correlation length &(7) ~ 771/2.

3.2. Quasi-elastic phonon scattering

AT — Te and ¢ — 0, w.(0,7¢) =0, w = w, = wy and quasi-elastic scattering
becomes actual in (7). In the vicinity of ¢ = 0 the dispersion of the soft branch
may be expressed in the form w,(T) = D(g? + ¢*), where D is a temperature-
independent constant, whereas gy depends on temperature and vanishes at T' = Tj.
Let w; = w(q¢—g2) and w,, belongs to some acoustic branch (s; = s). Then, expressing
the coupling coefficient |®(v, 1,2)|? in the form ®2w?, after some calculations we find

ald?  W? T 2 TA w?
T 1(w):W' wggg -@Jn(l—k?{:—’;) o 7'?1()'1“5(7)’ (11)
where p1 = 2Dvo /000, ¢ = T/a, A = a>®?/167%0?, £(7) = k™! is the correlation
length k? = c¢r, 7 = |1 — T/T¢|, c is the constant connected with the dispersion
parameter D.

Then we find from (10) and (9) that 7,/7. ~ In(7) and it is seen that the
quasi-elastic scattering becomes dominant at 7" — T¢.

The expressions (10), (11) for inverse relaxation time will be used for numerical
calculations of the temperature dependence of the thermal conductivity coefficient
A(T) for some types of ferroelectric crystals. Therefore, it is possible in principle to
compare this theory with the appropriate experimental data.

4. Some applications and discussion

It is well known that even approximate solution of the problem (the one-particle
T-approximation of transport relaxation time) is rather complicated. For quantita-
tive analysis one can use the simple model of the crystal with the Debye-like spectral

772



The critical phonon scattering

density p(w?) = 3w?/wd, wp = kgO/h, O is the Debye temperature. Let us consider,
for example, the most simple model of a crystal with a structural phase transition
and with only acoustic, hard optical and soft optical vibrational branches. One can
consider the heat flow as a sum of the heat flows carried by each separate mode.
Therefore the expression for A(T") according to (5) may be written as

N = i/ dw?C(w)v*(w)r(w)p(w?), (12)
where
C) = P o)) +1], n) = nfea), Vi =v(e), 7740) = 3 7740)

(13)
Here 7; is a single-phonon relaxation time related to i-th mechanism of the phonon
scattering [8,14], Vw, is the velocity of the acoustic phonons.

One can obtain the background (i.e. “normal”) temperature dependence of HCC
A(T) including in equations (12) and (13) the main “usual” phonon scattering mech-
anisms [5,8]: 771 = A;Tw? exp(—a/T) is the three-phonon colliding of acoustic
phonons, 7, ' = Ayw? is the point defect phonon scattering, 75 ' = As is the bound-
ary phonon scattering. Here Ay, Ay, A3, a are constants for a corresponding sample
of the crystals [5,8,13]. Therefore, for 77! (w) according to (13), (8) we obtain (14)

T w) =1 (W) + 7 (W), (14)

where, 7o' =1 A, = F ol

The difficulties of calculations using equations (12), (13), even for the simple
model under consideration, are well known [5,8,14].

The results obtained are applied in the numerical analysis of the temperature
behavior of the HCC near the structural phase transition T for Sr'TiO3 and KDP-
type crystals (figure 1). The parameters of the soft mode w,(T) = D(¢3 + ¢*), wi =
D?*¢¢ = r|T — To| in 79(Ay, A, Az, ), 7(® = & for T < Tc and & = P, for
T > T¢) are obtained [8] and compared with the experimental data [2,3]. The
numerical values of T¢, O, ® (P, Do), Ty(1}) for SrTiO3 and KDP-type crystals
are given in table 1. Here value T is determined according to (7) as wo(7p) = 0 and
wo(Tc) = 60, Ty < T, wo(Ty) =0 and T, > Te.

Table 1. The numerical values of T¢, ©, ®(®y, ®2), Tp(T) for SrTiO3 and KDP-
type crystals.

Crystal Te, K| Ty, K | Ty, K| ©, K | @3, MeV | @3, MeV
KH,PO, 122 118 126 | 325 0.082 0.204
KDyPO, 220 216 224 | 323 0.096 0.083
KH3As0, 96 92 100 298 0.162 0.356
SrTiO; 108 103 - 700 - 0.840
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Figure 1. Temperature dependence of HCC for KH2AsO4 (1), KHoPO4 (2),
KDyPOy4 (3) [2] and SrTiOg [3] crystals. Solid lines are the theory [8]. Pecu-
liarities of the C- and E-type.
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Figure 2. Temperature dependence of HCC for HgoCly crystal. Inset — the same
in the vicinity of the phase transition point [1]. Peculiarity of the D-type.
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The agreement with experiments can be obtained due to adaptation of parame-
ters Ay, Ay, Az, a, ® (figure 1). It is seen, that the results of calculations are in a
good accordance with the experimental data. Therefore, in the cases of Sr'TiO3 and
KDP-type crystals, the quasi-elastic scattering is dominant.

The D-type anomaly of temperature dependence of HCC is presented at figure 2.
This type of behavior is discussed in [19]. It may be shown that the peculiarities
of this type are connected with the interference effect of different mechanisms of
thermal resistance of a crystal. In the case of resonant mechanism of scattering
we have A(T') behavior similar to the phonon-spectrometer in a dielectric crystal
with paramagnetic ions [13]. The difficulties of HCC calculation, even for the simple
model under consideration for

T = Z 7w, k),

where 7; is a relaxation time of the i-th mechanism of the phonon scattering, are
evident. It is clear, that the comprehensive explanation of the all types of HCC
anomalies near T¢ is a matter of the future more detailed theoretical study.

5. Concluding remarks

A general formula is obtained for the critical scattering of phonon by soft-phonon
mode and central peak. It is shown that the quasi-elastic scattering becomes domi-
nant over the inelastic scattering at least for temperatures close to T. On the curve
of the thermal conductivity A(T") near T¢ (a), (b), (c), (d) and (e)-type anoma-
lies may be observed. In figures 1 and 2 the peculiarities (c), (d), and (e)-types in
comparison with the corresponding experiments are presented. The peculiarities of
another type and its classification on the whole, require more accurate consideration.
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KpuTunyHe po3ciaHHa POHOHIB i 0COONMBOCTI ABULL,
NepeHoCy B CerHeToeNneKTpu4yHOMy KpucTtani
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OtpumaHo 6 cepnHsa 2002p.

MpencrtaBneHo ornsa TEOPETUYHUX AOCAIAXEHb KPUTUYHOIO PO3CIisHHS
¢$OHOHIB | aHOMaNbLHOro NepeHocy Tenna Nnobnuay Temnepatypu paso-
Boro nepexony 7. . O6roBopoeTLCS iHTepnpeTaujs i KinbKicHWMI Nioxia oo
ONUCy aHOManbHOi TeMnepaTypHOi 3anexHocTi A(T) nobnmay T, .

Knio4oBi cnoBa: cerHeroenektpukm, ¢pa3oBi nepexoamn, KPUTUYHE
PO3CISHHSI POHOHIB, TEOPIS NEepPeHOoCy Teraa, M’ska OHOHHA MoAa,
LEeHTPAasIbHUN MK
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