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Within the proton ordering model with taking into account the short-range
and long-range interactions as well as tunnelling effects, in the framework
of the cluster approximation, we study the thermodynamic and static dielec-
tric properties of the KH,PO, type ferroelectrics. Theoretical results are
compared with the corresponding experimental data and with the results
of theoretical calculations of other sources. We show that under the prop-
er choice of the theory parameters, a very good quantitative description
of the available experimental data is obtained for the temperature depen-
dence of spontaneous polarization, specific heat, longitudinal and trans-
verse static dielectric permittivities, as well for the Curie-Weiss temperature
and constant.

Suitability of the model for the description of experimental data for the crys-
tals KH,POy4, RbH,PO,, KH;AsO,, RbH,AsO4 without taking into account
striction, fluctuations, and other effects is discussed.
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1. Introduction

Since the discovery of the ferroelectric properties of the KH,PO4 (KDP), this
and isomorphic crystals attract a considerable interest of both theorists and experi-
mentalists, mainly because of their relatively simple structure and special properties
related to the system of hydrogen bonds. A noticeable peculiarity in the develop-
ment of the physics of these crystals is a strong connection between theory and
experiment which enabled a remarkable progress in understanding the microscopic
properties of the crystals and in developing their theoretical models.

A proton ordering model for the theoretical description of the KDP type crystals
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was proposed by Blinc [1]. He considered a model based on the assumptions that
protons move on hydrogen bonds in double well potential, and that the tunnelling
effects are present. From these assumptions, de Gennes [2] proposed a pseudospin
model that takes into account a quantum motion of protons on hydrogen bonds.
This model has been later developed in a series of publications. Tokunaga and Mat-
subara [3] obtained the basic Hamiltonian from rather general principles, whereas
Kobayashi [4] developed an adequate dynamic description of the phase transition.
At the same time, Blinc and Svetina [5], taking into account the proton tunnelling
and, partially, the proton-lattice interaction, developed the cluster approximation
for the free energy in the short-range interactions, with taking into account the
long-range interactions within the mean field approximation. The authors reduced
its calculation to numerical solution of a system of transcendent equations. Studies
of the influence of the tunnelling integral and the other model parameters on po-
larization, specific heat, transition entropy, as well as on the order and temperature
of the phase transition have shown that taking tunnelling into account improves an
agreement between the theory and the experiment, as compared to a classical ver-
sion of the model. Later [6], possible types of proton ordering were found, conditions
for their realization were formulated, and a key role of the long-range interactions
in establishing an antipolarized state in the ND4DyPO, type antiferroelectrics was
shown.

Vaks and Zinenko [7] attempted to analytically calculate the free energy obtained
in the cluster approximation by Blinc and Svetina, restricting themselves to the first
order expansion of eigenvalues in small parameters and making some approximations
when solving the transcendent equations for the cluster parameters. However, such a
method yielded a too large error (even near the transition temperature it was about
10% [8]). Therefore, a poor agreement of the theoretical results with experimental
data followed. Let us note that an important point in this paper is to discuss an
unphysical behaviour of the tunnelling model at low temperatures [5]. Later in the
paper [9] all crystals of the KDP type were studied using the previous results [7].

Especially we would like to point to the paper by Vaks et al [8], where a nu-
merical investigation of the dependences of the thermodynamic characteristics of
the KDP family ferroelectrics on the model parameters was performed within the
cluster approximation. However, even though this paper was a certain summing up
of the active studies of the proton model initiated by Blinc and Svetina, it does not
give a comprehensive answer regarding all the resources of the model in describing
the experimental data for the KDP type crystals. The same applies to the paper
[10], where the parameters obtained in [8] were corrected in order to improve a
description of the experimental data for polarization in these crystals.

Expansion of the pseudospin model for the theoretical investigation of the trans-
verse dielectric properties of the KDP type crystals was proposed by Havlin et al.
in [11-14]. It was shown that the mean field approximation does not provide a
good agreement of the theoretically calculated transverse permittivity with the ex-
perimental one at temperatures below the transition point [11], whereas a cluster
approximation for the classical version of the pseudospin model (without tunnelling)
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yields fair results for describing of the dielectric properties of deuterated KD PO,
type crystals [13] but is not quite suitable for undeuterated KH5PO, type crys-
tals [12] where the tunnelling effects should be taken into account. An attempt to
take into account the tunnelling within the cluster approximation was made in [14],
where the transverse dielectric permittivity was calculated numerically from the
self-consistency equations; however, the description of the experimental data was
not satisfactory.

We should separately mention the papers [15-19] where it was shown that ther-
modynamic and dynamics properties of the KH,PO, (KDP), RbH,PO, (RDP),
KH3AsO4 (KDA), RbH2AsO, (RDA) crystals can be satisfactorily described within
a classical version of the proton model, which corresponds to deuterated crystals.

Hence, it is generally accepted that the phase transition in the KDP type crys-
tals is strongly related to proton ordering in double well potentials. Until the middle
80-ies, the proton model was an established basis for a description of the phase
transition in the KDP. Doubts in its validity were raised by Raman scattering ex-
periments in these crystals, because the soft mode coupled to proton motion was
not revealed (see [20-22]). In 1984 Tokunaga [23] proposed a new model of the
phase transitions in the KDP crystals, according to which the ferroelectric transi-
tion results from ordering of the HoPO,4 dipoles. However, the elaboration level of
this model is very low. Thus, it is still unclear whether it permits to quantitatively
describe the peculiarities of static and dynamic characteristics of the crystals. Here
it should be noted that in practical realization of such a model some complications
arise, related to breaking the “ice rule” in the ordered phase (see [24]). The data of
[25] also do not support the idea about ordering of the HoPO,4 groups but rather give
evidence for the proton ordering. Therefore, a model other than the proton model,
which would agree with the light scattering experiments, pressure effects, and some
other experimental facts, does not exist at the moment.

Our goal is a theoretical study and comparison with the experimental data of
thermodynamic and static dielectric properties of undeuterated KDP type crystals
within the proton ordering model with tunnelling and cluster approximation for the
free energy. For this purpose, we use the theoretical results of our previous work [26]
where the static dielectric susceptibility tensor was obtained theoretically for the
first time, as well as the numerical method of an unambiguous setting of optimal
values of the model parameters proposed therein.

2. The Hamiltonian. Four-particle cluster approximation

Let us consider a system of protons in KHyPO, type ferroelectrics, moving on
the O-H...O-bonds that link PO, tetrahedra. The primitive cell of Bravais lattice
consists of two neighbouring tetrahedra PO, along with four hydrogen bonds at-
tached to one of them. The bonds attached to the other tetrahedron belong to the
four nearest structural elements surrounding it (see figure 1). An effective Hamil-
tonian of proton subsystem of the KDP type ferroelectrics that takes into account
short-range and long-range interactions as well as the effects of proton tunnelling
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has the following form [3,5,6]:

~ Ap 1 ANz Az
H=— QQZSf(n) -3 Z Z It (01, m1) S5, (n1) S5, (n2)
n.f

ninz fif2

1 N N A A ~ A
35D Vi 55 (10) 85, m2) + 55 (1) 85 (12) 55 (ma) S5 () }

ik
X {5n1 , T2 57&1 3 57&1 N2 + 5n1+r2 N2 57&1 +7r3,n3 57&1 +7ra,my } : (2 1)

Here the first term describes proton tunnelling on the O-H...O-bonds; the second
one corresponds to the long-range interactions between protons including an effective
lattice mediated interaction as well; the third term is the short-range configurational
correlations between protons around a PO, group; SJ‘?‘(n) is the a-component (o =

x, z) of the pseudospin operator S #(n) which characterises the state of a proton
on the f-th bond (f = 1,2,3,4) in the n-th cell: the eigenvalues of the operator
g}(n) = :i:% correspond to two equilibrium proton sites on a bond; 7 is radius-
vector of a relative position of the hydrogen bond in a primitive cell.

@D, @, ®, @ nume-
rate hydrogen bonds; 1,
2 are equilibrium pro-

x ton sites on a bond. One
of possible ferroelectric
proton configurations is

shown.

Figure 1. Primitive cell of the KDP type crystal.

Within the four-particle cluster approximation for the short-range interactions
and the mean field approximation for the long-range interactions, the free energy
of a proton subsystem of the KHyPO, type ferroelectrics per primitive cell reads
[5,6,26]:

1
f=—25" (1n Zi—2In Z{) + 5P, (2.2)
where BA = (k;BT)_l, kg is the Boltzmann constant; 7" is the absolute temperature;
P = (257(n)) is the parameter of hydrogen ordering; v, is constant of the long-range
interactions (dipole-dipole and lattice mediated); Z, = Sp e*5ﬁ4, Z{ = Sp e B are

four-particle and single particle partition functions; the four-particle cluster Hamil-
tonian H, and single-particle Hamiltonians HY read [26]

4
Hy =21 57+ V(885 + 555 + 855; + S7.5%)
f=1

4
+ U(S7S5 + 8557) + ®S; 855555 + C> 57, (2.3)
f=1
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4

Y

' Qx 1 Gz
o =202I + Q)S§ +2(C + =P, =1

where the constant of interactions is related to the Slater—Takagi energies as [3,5,6]:

1
V:V12:\/23:V34:V41:—§w1,

1
U:V13:V24:—8+§w1, <I>:45—8w+2w1
The fields I" and C are

i 1
1 2"
The cluster parameters n and A are to be found from the free energy minimum
condition [5-7]

or _or
oy OA 7

which for the first order of cluster approximation is nothing but the condition of
self-consistency [5,6,26]: the pseudospin mean values calculated with the cluster
Hamiltonian and with the single-particle Hamiltonian

~ ~

@S5, = (255(n),, = X. y
j ), = P 24

should coincide.

For subsequent calculations we need to find the eigenvalues of the Hamiltonians
(2.3). For the single-particle Hamiltonian this task can be easily soft by rotation of
quasispin operators

2= 20(VE), K =(C+ PP+ (20 + Q) (2.5)

To find the eigenvalues of the four-particle Hamiltonian is a more complicated task.
We should, first, perform a unitary transformation, taking into account the fact that
its symmetry group is isomorphic to the point group Dy in the ferroelectric phase
and to Dy, in the paraelectric phase. After that, subtracting a constant, we obtain
a matrix of the Hamiltonian Hy in the following form:

H4:Bl@BQ@BQ@B3@B47

—2C 0 0 2r 0 0

0 20 0 0 or 0

0 0 e 2r or 0
Bi=1 9or 0 or w—C 0 Vver |

0 2r' 2r 0 w+C V2
0 0 0 VoI Vo wy
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€ V2L V2T
By=| VoI w-C 0 ., By=c¢,
Vor 0 w+C

w—C 0 Veor
By = 0 w+C V2r (2.6)
VoI V2l wy

in the ferroelectric phase and
HY =BY® BY® B, ® B ® B, ® B ® Bl ¢ B ® B},

0 0 o 0
0 e 22 0
o 2v2I' w 2T |’
0 0 o wy

0 2 e 2
Bg:(Zl" w)’ Bg:(Zl" w)’

Bl =w, Bl=c¢, Bé’:(é”rl 25) (2.7)

in the high-temperature phase (C' = 0). Matrices (2.6) coincide with their analogs
given in [7,27] and are equivalent to the matrices found in [5] (coincide with those
after a unitary transformation). The eigenvalues of the H, and H} matrices are
obtained in the following form

B =

E;, i=1,6 —roots of the equation
ES 4+ Eky + E'ky + E3ks + E?ky + Eky + ko = 0;
E;=E; 35, i=71T,9—roots of the equation
E? + E®ly + Ely + 1y = 0;
FEi3=¢; E;, i=14,15,16 — roots of the equation
E? + E?my 4+ Emy +my =0 (2.8)

in the ferroelectric phase and

E,, i=1,4—roots of the equation
E* + B3 (—e —w —wy) + E*(ew + ew; + ww; — 16I'?)
+ E((8e + 12w )T? — cww;) — 4ew I? = 0;

1
Ep5,6 = 5(’(1] :|: V U}2 —+ 16F2),

1
Eyg = 5(w +e4+/(w—e)? +16I2),

1
Ep10711 = §<w + & + \/(’UJ — 5)2 + 16F2),
Ep = Ep2 = Epie = w, Epz =c¢,
1
Ep14715 = 5(71} -+ wq + \/(’UJ — w1)2 + 16F2) (29)
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in the high-temperature phase. Here we used the notations:

ko= — 4C?*cw w? + 4C*w e + 16T w e + 16I%C% (we + 2ww, — cwy ),

k1 =4C?(w*(wy + €) + 2wywe) — 1602C? (3w + wy) — 4C*(e + wy)
—16I* (3w + 2¢) + 8wy we,

koy=w?we — C*(8w(wy + €) + 5wie + 4w?) + 32I2C? + 4C*
—AT% (2w € + 3we + 4w w) + 640,

k3= — w?(w; + €) — 2w we + C*(8w + 5wy + 5¢)
+4T%(3e + 4w, + bw),

ky=2w(w; +¢) + w? 4 wye — 5C? — 2012,

ks= — 2w —wy — ¢,

lo= — w?e + C%c 4+ 4w, L=w? + 2we — C? — 4T,
lo=— 2w — e, my= — w?w, + C*wy + 4T %w,
mi=w? + 2ww, — C? —4T?, my= — w; — 2w.

Hence, in this section we presented the Hamiltonian of the proton subsystem
of the KHyPO, type ferroelectrics and the free energy, obtained in the first order
of the cluster approximation for the short-range interactions and in the mean field
approximation for the long-range interactions. We show that the calculation of the
free energy in this approximation is reduced to the calculation of eigenvalues of the
quasidiagonal matrices (2.6) and (2.7) or to the solution of algebraic equations (2.8)
and (2.9). This fact will be used in numerical calculations.

3. Thermodynamics of the KDP type ferroelectrics

Let us consider now thermodynamic characteristics of the system. The free en-
ergy of the proton subsystem of the KHyPOy type ferroelectrics (2.2), with taking
into account (2.5) and (2.8), can be written as

16
1
f==28""InZ,—2InZ;) + §VZP2, Zy=) exp(—BE)). (3.1)
i=1
Differentiating the free energy, we obtain the entropy of proton subsystem
S——tpy P2+21§: ( /3E>E+4\/Et h(BVK) (3.2)
=—= —, —— Y exp(—LE)E + = an : :
7! " or T2, 4P T

Unknown fields I' and C', entering these expressions and containing the cluster fields
A and 7, as well as the proton ordering parameter P, can be found from the following
system of equations for X and P, obtained from the self-consistency condition and
after the change of variables reduced to

16
P =5 > exp(—BE;) Eic,
T (3.3)
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where
P 1— 1
C=——In—F—-v,P,
260 " 1+Q 47
X 1 1-Q Q
-~ In -
480 1+0Q 2

Q=vVP2+ X2
Here we used the following notations

Elkyo + E2ksc + E?kac + Eikic + koo

Eic = — 7
© " 6EP +5E ks + 4Bk, + 3E%ks + 2Bk, + ky

koo = —8Cw*w e + 16C%w, e + 32I*C (we + 2w w — swy),
k1o = 8C(w? (wy+¢)+2w we) 32 C (3w+w,; ) —16C3 (w; +¢),

koo = —2C0(8w(w; + €) + bwie + dw?) + 64%C + 16C°,
ksc = 2C(8w + bwy + 5e), kye = —10C, i=1,6;

iC = , =7,12; Fi30 =0;
CT3E2 2Bl + 1 13¢

Eic = , — 14,15, 16;
¢ 3E22 + 2Elm2 + my !

B — Elkar + E3ksr + E2kor + Eikir + kor
ir = —

6E> + 5E ks + 4E3ky + 3E2ks + 2E:ky + ky
kor = —641%w;e + 32IC*(we + 2wiw — ewy),

kir = —320C% (3w + wy) — 641° (3w, + 2¢) + 16w, we,
kor = —8I'(2wie + 3we + dww) + 64T C? 4 25612,

ksr = 8T'(3e + 4wy + 5w), kg = —40T, i=1,6;

= . i=T12 Eur =0
T SEP 1 2B, 11, &
O C el IV T T

(3.4)

The derived expression for the specific heat is too cumbersome to be presented here.
In numerical calculations it was obtained by numerical differentiation of entropy

with respect to temperature.

It is known [28] that ferroelectric polarization of a KH,PO, type crystal is related

to the proton ordering parameter P as

4
iz iz
P =

(3.5)

where v is the primitive cell volume, and x, is an effective dipole moment along the

ferroelectric axis z per hydrogen bond.
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The condition of continuity of the free energy at the first order phase transi-
tion and the above system of equations (3.3) yield the system of equations for the
transition temperature 7T:

fP, X, Te) = f(0, X, T¢),
P:ﬁzexﬂ ﬁc z) iCH (36)

X:ﬁZeXp( /BC z) il

where all quantities are taken at T' = T..

Hence, in this section we obtain the major thermodynamic characteristics of the
KH5POy type ferroelectrics. To calculate these characteristics, one has to solve the
system of two equations with unknown X and P and simultaneously to find the
eigenvalues of the four-particle cluster Hamiltonian using one of the methods shown
in the previous section.

4. Static dielectric permittivity

In this section we shall study the static dielectric properties of a proton subsystem
of a ferroelectric KHoPOy type crystals. Details of the calculations are given in [26];
in this paper we shall only consider the main ideas of the calculations and present
the final results. Hence, let us place the crystal in a weak constant electric field
E = (E,, E,, E,). Hamiltonian of the proton subsystem then reads

Hy=H+V,

where V is the interaction of protons with the electric field E. Here H is the known
Hamiltonian (2.1), whereas V' describes interaction of protons with the electric field:

V= =3 (1E)Si(n).
n,f

Here p; = (%, M?Ji, 1) is the effective dipole moment of the f-th bond of a primitive
cell. Its components obey the following relations

Gl el P e A T
pi = py = py = py =0, pi=ps=p3=pi=p,

which result from the symmetry of the system of hydrogen bonds and from the
character of proton ordering in the electric field [11-14]. Taking into account the
structure of the mean values of pseudospins in a macroscopic electric field

(29i(m)) = P+ Py, (255(n)) = X + X;,

Pfle=0 =0, Xjle=0=0, f=1,4,
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we obtain the following cluster and single-particle Hamiltonians:

4 4
I:I4E = f{4 + Z?]fgjg + Z Cfgjc,
f=1 F=1

A A 1 1 1 .
f x z
lil(E) = 2<2F+Q+7]f)5f+2 (C"—Zyzp‘i‘Cf—'—Z fg Jffl (0)Pf1+§“’fE> Sf’
1

where H, is the known Hamiltonian (2.3),
1
Cr=2r—5 > JinPr — wiE,
f1
whereas 7y and Ay are field induced cluster fields; hence

We suppose the polarization P = (P,,P,, P.) of a crystal is related to the mean
values of the pseudospins as [11-14,26]:

4
o Ity .
Pom Gl R o= R P Pam oS

Hence, to find tensor of static dielectric susceptibility

(0% = a? = x? 7Z Y

Xor = 98, | (0,8 =1,y,2)

we need to find the derivatives Pr, = jgf ,a=umx,9, 2z, f=14. According to
o |E=0

[26], from the self-consistency condition (2.4) we obtain a system of equation for
cluster fields 1y and A; which we reduce to the form (3.3), where the fields are
explicitly expressed via the unknown X, and P;. The obtained system of equations
is differentiated with respect to the field components E,; then the limit E — 0 is

performed. We get the following linear system of equations for the sought derivatives
P far

4 4
Pro = > Ry Cria+ Y. Mypnpa,
fljl f1:41
Xja= 22 My Cria+ 37 Neplifia
fi=1 fi=1
where

4
1 1
Cra = APra + A1 Xfa — 7 > Ji(0)Pra — SHT
Jf1=1
Nfa = A12Pfa + AQXfom f = m (41)
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Here we use the notations

X _ de _ dCf n _ d’l]f
T B, gy’ 7Y dBalpy’ YT dEalpl,’
16 (1) (1) 2 1(2)
2 OE:" OF. 0°F; 1
R - __~ —BE; 2 ) q . ) - P2
= "3z, ;e <6 ac; ac; " acfacﬁ) o
16 (1) (1) 2 (2)
2 OE;" OF; 0°F; 1
M - __“ —BE; 2 ) q o ) ZBPX
h =Tz, ;e <6 ac; o, ﬁacfanﬁ) TP
16 (1) (1) 2 17(2)
2 OE;" OF, 0°F; 1
N = e BEi 62 i i i + _6X2>
ez, ; < Ong Ong  Ongony, ) 2
X2 1-Q p?
Al = 3 In — 5 oN
2607 1+Q  BRA(1-Q?)
P2 1-Q X?
Ag = 7 In T 302 2\’
26 1+Q  BR*(1-@?)
PX  1-Q PX
A12 -

T MY PR Q)

where Ei(l) and Ei(z) are the first and second order (in the fields 7y and Cy) corrections
to the eigenvalues F;, calculated within the perturbation theory. After solving this
system of equations, we obtain the static dielectric susceptibility tensor [26]:

2
Ma(l + 5az) 5&6
XaB = 2v —(1-MaA12)?+NaAa+RaNa A12 A 1 (4.2)
Ra(1—No Az)+ M2 Az + A1 = 7Va

where 0,4 are the Cronecker symbols, o, 8 = x,y, 2; the following notations are
introduced:

R, =Ry +2Ris + Rz, R,=Ry= Ry — Ry3,

M.=M + 2M5 + My3, M,=M,=M;; — M3,

N, = Ny +2Nip + Nz, N, =N, = Ny; — Nys,

ve=v,=J11(0) — J13(0), v, = J11(0) + 2J12(0) + J13(0),
Trn(0) = Y Jpp(n,m).

n—ni

In the high-temperature phase, the susceptibility tensor has a simpler form [26]:

2
= :uoz(l +5CVZ) 5C¥6
@ p— — — 3 4:3
Xop 20 —1/Ry+ A — 1, (43)
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where
8 8
_ 1 (V2Us;Uz; + Us;Us; )? —BEp;
R,=R,=— ~PEp AU e BE;
Y Z4p Z € Z Ep_] Epz + Z €
7=1 1= J=7
y Ug n 2U%; " (\/§U2iU7j + Us;Us;)?
BEpj = Epy  Epj — Epis - = Epj — Ep;
_'_ i efﬁEP]' U62_] 8 e_ﬂEp132U$i _'_ 15 efﬁEPj U125‘7
By~ By i Eps— Ep o By~ Epo
6 8 15
Uz Uz U%,
_'_efﬁEpg 61 + 81 + 1517 ’
1 [« % (2U,Us; + Us;Ug;)?
D o - —BEp; 1] 51 3] 67
=[S (3 O i)
j=1 1=5
6 4 8 —BE,TT2
2U1,Usj + UsUs;)? e PEn U2,
—BEp; ( 1:Y 55 3tV 6) 92 8j
2 (Z E,; — By )+ ZEM—EP9
7j=5 =1 7=7
+2i e UG g © ﬁE”Uls Z _6EPQU125
— [0 — E, Ey
1=7 :14
_ 1 1 —
Al =Allpo= —=—=In—— =
1= ilp-o = 555 Il1+X Z
In their turn, U;; are components of the matrix H} eigenvectors
QF(Epz — 6)(Epi — wl) 2\/_P ( wl)
Uli — ; U2i ’
(I)(Epi) (I)(Em)
Uy, = ZoilBpi —e)(Epi —wn) -, 2T Epi( By — )
q)(Epi) (I)(Epi>
O(Eyi) = (4% (Epi — ) (Epi — w1)? + EL (8T (Ep — wy)?
H(EBpi — €)*(Bpi — wn)? + AT (Bpi —2)*)'?, i =14
2T E,;
Usi = —5——5175° Usi = mog—m51750 | = 9,65
(412 + E2)Y/2 (412 + E2)V/2
2T E,—e¢
U- i ) U i - ) 7’ 8’
A B T U (B )
2T E,—
Uigi= pi W1 1= 14, 15.

U i = )
AT+ (Ep—wn)?) V27 7 (AT (B —wy)?) 1/
Now we can easily obtain the static dielectric susceptibility tensor

€ap = €a(00,T)00p + 4TX0ap, «,B =1y, 2. (4.4)
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Here €,(00,T') is the high-frequency contribution to the susceptibility.
From (4.3) an equation for the Curie-Weiss temperature 7| follows:

———— +R.=0. (4.5)

Expanding (47Y..)"! in series in temperature near Ty up to the linear terms, we

obtain the Curie-Weiss constant C', of the high-temperature phase:

1z 1
v (/_11 _iyz)zd%<;+}_gz)

_Al‘f'%l/z

(4.6)

T=Tpy

Analytical calculations and thorough analysis performed in [26] show that our results
for the Curie-Weiss temperature and constant are correct and do not agree with the
results of [8], perhaps because of mistakes or misprints in [8].

In the limit Q@ — 0, the obtained in [26] and presented here results for the
components of static dielectric susceptibility tensor yield the corresponding formulas
for the KDoPO, type crystals

() arh  aems
Xas = 20p Do [ﬁ +5;5} . (4.7)

where
D = 4e PchBC + 277 4+ e 1 4 ch2pC,

Fo=F,=e P e PchfC, F,=e ""chfC + ch25C — P?D.

The longitudinal susceptibility x 2 accords with the results of [14-16], whereas the
transverse components x| Xfy accord with the results of [18]. In addition, the
transverse components do agree at T' > T, with the calculations of [29] but do not
agree at T' < T, because of the neglected in [29] intercluster correlations. Neglecting
v, and v, from (4.7) we obtain the results of [12-15] for the transverse susceptibility.

Hence, to calculate the components of static dielectric susceptibility tensor we
need to find numerically the eigenvalues and eigenfunctions of the matrix (2.6), find
corrections Ei(l) and Ei(Q), calculate the coefficients Ry, My, Nyys,, and, finally,
to calculate the tensor components, using the results of numerical solution of the
system of equations for X and P.

5. Discussion

In this section we shall verify how the presented theory describes experimental
data for thermodynamic and static dielectric characteristics of the KDP type fer-
roelectrics. Our main task is, using the fitting procedure proposed by us in [26],
to determine optimal values of the theory parameters for the RbHoPOy, KHyAsOy,
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RbH3AsOy crystals, which would provide a good quantitative agreement with the
experiment, as we did in [26] for a KHyPO, crystal. We use the experimental data
presented in table 1, as well as those shown in the figures below. For comparison,
we also calculate the corresponding physical characteristics of the studied crystals
using the values of the theory parameters given in other papers. The obtained opti-
mal values of the theory parameters as well as those of other authors are presented
in table 2. We would like to remind that the entire set of the model parameters
- Q, e, w, v, for each crystal was chosen such that the best agreement of theo-
retical and experimental results for the Curie 7. and Curie-Weiss Tj temperatures,
temperature dependence of polarization P(T), polarization jump P. = P(T.), and
saturation polarization Py = P(T;) was obtained. Finally, from the found sets of
the parameters we selected those providing the best fit to experimental temperature
dependence of the proton contribution to the specific heat AC(T"), considering also
an agreement with the experimental values of the transition entropy S. = S(7¢. + 0)
and entropy jump at the transition point AS. = S(T. + 0) — S(T. — 0). The above
quantities were calculated from equations (3.2), (3.3), (3.5), (3.6) and (4.5), whereas
the specific heat was found by numerical differentiation of entropy (3.2) with respect
to temperature. Then, the static dielectric characteristics were calculated with the
thus obtained parameters. Experimental temperature dependence of the primitive
cell volume of the crystals was approximated by the formula

o(T) =v0(T. — T) +00(T — Tp),

where 6(7T) is the step function, whereas v and v are the cell volumes in the fer-
roelectric and paraelectric phases, presented in table 1. Such an approximation of
the dependence v(T') is rather good because of a weak temperature dependence of
the lattice constants in these crystals [57,59]. Due to the absence of the required
experimental data, for KHyAsO, and RbHyAsO,4 we take v = 0.

It should be noted that the fitting procedures in order to describe the phase
transition and behaviour of the physical characteristics of the KDP type crystals
were performed in several papers, two of which [8] and [10] are the most noteworthy.
In the first one, a criterion for setting the theory parameters was to obtain an agree-
ment of the theoretical values of \/AS(7)/S. (S. = S(T. 4+ 0), AS(7) = S. — S(71),
T =1—T/T,) and the values for these quantities calculated from the experimental
data for the specific heat. The utmost attention was paid to the temperature in-
terval near T, (7 < 0.005), where the error in the quantity /AS(7)/S. calculated
from the experimental data for the specific heat is the smallest. Experimental data
for temperature dependences of other physical characteristics of the KH,PO, family
crystals in [8] were not studied. Later we shall estimate the efficiency of such an
approach. In [10] some of the values of the theory parameters found in [8] were cor-
rected in order to obtain a better theoretical description of polarization. The results
of [10] will be also discussed later.

The efficiency of the approach to setting the theory parameters [26] used in the
present paper is seen in figures 2, 3, 6, and tables 1, 2. As one can see, the set of
the model parameters for the KH,PO, crystal [26] (number 1 in table 2) provides
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Table 1. Experimental data for the KDP type crystals.

KH2P04 RbHQPO4 KHQASO4 R,bHQASO4
122.88 [30] |146.8 [31] [95.57 [32] |109.75[33]
T., K 122.7 [34] 147 [35]  |96.15 [36] |109.9 [32]
122.25 [37] |147.1 [32] ]96.2 [38]  |110.0 [39]
123 [40]  |147.7 [41] |96.26 [42] |110.25 [42]
0.05 [13,34] 1.9 [36] 0.04[42]
T, — Ty, K ]0.06 [43,44] |- 2.6 [42] 0.05 [39]
0.07 [45] 0.2 [46]
0.026 [47]
P, 1.8 [44] 1.6 [48] 4.5 [39] 3.8 [39]
1072 C/m? |1.87 [49] 3.7 [46]
P., 5.0 [37] - 5.25[39] |5.4[33
1072 C/m? |5.1 [50] 5.0 [39]
0.39 [34]  ]0.358 [31] |0.506 [36] |0.502 [33]
S., molec.~1(0.40 [51]  |0.488[9]  |0.509 [39] |0.468 [39]
0.422 [52] |0.50 [g] 0.53 [g]
AS,, 0.0456 [51] |- 0.129 [36] [0.2702 [39]
molec.”!  0.0469 [53] 0.377 [39)]
2856 [10] (2924 [41]  |2350 [39]  |2580 [42]
Cow, K 2925 [37]  |3020 [54] |2700 [42] |2732 [46]
3000 [40]  |3060 [35] 3100 [39]
3200 [34]  [3200 [55]
v, 10739 m3 |189.635 [56]|208.674 [57]|— -
7, 10730 m3 |191.127 [58]|208.724 [57](205.249 [59]|223.592 [59]
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Table 2. The found sets of the model parameters €, ¢, w, v,, v, etc. for the KDP
type crystals along with the data of other sources and the physical characteristics

calculated with these parameters.

N |w | & | Q| v, T.., |T.~Tp, | P./P,
K| K | K K K K

lxpp | 600 | 55 |138|109.22 | 122.751 | 0.042 | 0.360
208 | 550 | 61 | 74 | 68 | 122.178 | 0.021 | 0.37
3[8) | 570 | 64 | 81 | 64 | 123414 | 0 0
4714] | 750 | 50 | 250 | 202.4 | 121.966 | 0.063 | 0.339
5(14] | 952 | 52 | 300 | 213.6 | 122.053 | 0.074 | 0.357
6[10] | 558 | 62 | 97 | 744 | 122617 | 0O 0
Trop | 565 | 60.85 | 145 | 154.81 | 147.103 | 0.030 | 0.30
8[8] | 550 | 72 | 77 | 88 | 145218 | 0O 0.01
o[10] | 675 | 75 | 121 | 90 | 147476 | O 0
10xps | 420 | 33 | 55 | 89.2 | 96.194 | 1.611 | 0.852
11[8] | 490 | 44 | 33 | 52 95.098 | 0.716 | 0.869
12[10] | 449 | 41 | 38 | 652 | 97.067 | 0.883 | 0.842
13rpa | 415 | 39.5 | 56 | 102.3 | 110.004 | 0.964 | 0.751
148 | 500 | 52 | 48 | 64 | 110.728 | 0.306 | 0.695

a very good description of the chosen experimental data, much better than the sets
found in other papers.

Choosing the values of the theory parameters for the RbH,PO, crystal, we took
into account the experimental data of [9] (P./Ps = 0.30) and described the phase
transition of the first but very close to the second order, using the experimental
data for polarization [15]. Unfortunately, the experimental data for T, — Tj for this
crystal are not available; therefore, we can say nothing about the agreement with the
experiment for this quantity. The results of the fitting procedure for the RbH,PO,
crystal are shown in figures 2, 4 and in tables 1, 2. As one can see, the obtained set 7
provides a very good quantitative description of experimental data, overall better
than the sets 8 and 9, even though the set 9 provides a fair agreement with the
experimental specific heat as well.
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Table 2. The found sets of the model parameters for the KDP type crystals

(continuation).
N | s, AS., | P.-10% | Po-10% | po - 105, | [, - 10%,
molec. ™! | molec.”' | C/m? C/m? C-m C-m
1 | 04571 | 0.0576 1.824 5.069 5.017 5.856
2 0.4877 0.0634 1.876 5.069 4.853 -
3 0.4784 0 0 5.069 4.860 -
4 0.2726 0.0287 1.718 5.069 6.112 -
D 0.1883 0.0234 1.810 5.069 6.622 -
6 0.4844 0 0 4.902 4.734 -
7 | 0.5289 | 0.0438 1.510 5.015 5.481 6.449
8 0.5560 0 0.062 4.776 5.033 -
9 0.4821 0 0 4.808 5.117 -
10 | 0.5057 | 0.3474 4.463 5.238 5.422 5.979
11 | 0.4440 0.3257 4.479 5.155 5.301 -
12 | 0.4793 0.3243 4.369 5.189 5.343 -
13 | 0.5618 | 0.2890 3.868 5.15 5.809 6.509
14 | 0.4854 0.2219 3.528 5.076 5.702 -
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Table 2. The found sets of the model parameters for the KDP type crystals
(continuation).

N | vy, | pte - 10%, | g4(00) | Ex(0) | T4,
K C-m K

1 40| 13.078 126 | 26.5 | 62.56

210 13.672 13 25 61.09

410 15.475 2.5 20.2 | 76.91

510 16.320 0 176 | 83.73

7 160 | 14171 15.4 21.8 | 72.03

910 15.934 16.5 18.2 | 72.81

10 | 30 | 16.950 | 14.5 22 49.38

121 0 19.074 15 15 50.16

Figures 2, 5 illustrate the obtained theoretical description of the KH5AsO, and
RbH3AsOy crystals. A disagreement between the experimental data of [33,39] for
polarization P(7T) of RbHyAsOycrystal takes place, because of the very different
values of saturation polarization Py (see table 1). Since the saturation polarization
in RbH,PO, is smaller than that in KHoPO,, we took for Py of RbHyAsO, the
data of [39] and removed, thereby, the disagreement. As one should expect, for the
obtained sets of the theory parameters 10 and 13 we have a very good agreement
of theoretical and experimental results. It should be noted that the theoretical data
obtained for the sets 11 and 12 provide a much worse description of experimental
specific heat of KHyAsO4 than the set 10. The theoretical curves calculated with the
set 14 for the RbHyAsOy crystal accord with experiment fairly well, but worse than
the results obtained with the set 13. We would like to mention that these values of
the model parameters for the KHy;AsO, and RbH3AsOy crystals were found using
the experimental data for polarization, obtained in [33,36,39] from the approximate
formula P(T)/Ps = /AS(T)/S. that corresponds to the Landau expansion of the
free energy with only quadratic in polarization terms taken into account. Since here
the clear first order phase transition takes place, we have some doubts about a
high precision of these experimental data. Values of polarization obtained from the
hysteresis loops or electrocaloric measurements would be more valuable.

Let us verify how the found values of the theory parameters in the present paper
describe the quantity y/AS(7)/S. — the criterion used in the fitting procedure pro-
posed in [8]. As seen in figure 6, for the KHyPO, and RbHyAsO, crystals the sets 1
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Figure 2. Temperature dependence of spontaneous polarization of the KHyPOy
(a), RbHoPOy4 (b), KH2AsO4 (c), RbH2AsOy4(d) crystals. Lines are theoretical
results for the sets of the model parameters: 1-6 (a), 7-9 (b), 10-12 (c), 13, 14
(d), given in table 2. Points are experimental data taken from o — [37], O — [60],
v - [49], & — [43], x — [15] (a); @ — [15], A — [31] (b); ¥ — [15], m — [36] (c); & —
[39], 8 — [33] (d).
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AC, J/(mol-K)

300 -

200

100

Figure 3. Temperature dependence of the proton contribution to the specific heat
of the KHsPOy crystals. Lines are theoretical results for the sets 1-6 of the theory
parameters given in table 2. Points are experimental data taken from 0O — [30], A

~[34], x - [52].
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AC, J/(mol-K)

250

200
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100
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Figure 4. Temperature dependence of the proton contribution to the specific heat
of the RbHoP Oy crystal. Lines are theoretical results for the sets 7-9 of the theory
parameters given in table 2. Points are experimental data taken from e — [41], A
- [31].
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AC, J/(mol-K)

(a) T—TC‘ , K

AC, J/(mol-K)

(b) 0 | 10 T-T, , K

Figure 5. Temperature dependence of the proton contribution to the specific heat
of the KH2AsOy4 (a) and RbH2AsOy4 (b) crystals. Lines are theoretical results for
the sets of the theory parameters 10-12 (a) and 13, 14 (b) given in table 2. Points
are experimental data taken from m — [36], o — [39], B — [33].
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(C) 1-T/T, (d) 1-TIT

Figure 6. Temperature dependence of entropy change (AS/S.)'/2 (AS = S(T) —
S(T.+0), S. = S(T.+0)) for the crystals KHoPOy4 (a), RbHaPO4 (b), KHaAsOy
(c), and RbH2AsOy (d). Lines are theoretical results for the sets 1-3 (a); 7, 8 (b);
10, 11 (c); and 13, 14 (d) of the model parameters given in table 2. o, e, l, A are
data taken from [8].
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Figure 7. Temperature dependence of the inverse static dielectric permittivity
of the KHoPOy4 (a), RbHoPOy4 (b), KH2As04 (c), and RbH2AsOy4 (d) crystals.
Lines are theoretical results for the sets of the model parameters of table 2: the
set 1 with €,(00) = 6.7, £,(c0) = 9 (a); the set 7 with £,(c0) = &,(c0) = 7 (b);
the set 10 with £,(c0) = &,(0c0) = 5 (c); the set 13 with €,(c0) = &,(c0) = 5.6
(d). Points are experimental data taken from o — [37], O — [62], v — [63], A — [34],
x — [64], o — [65] (a); A — [35], ¥ — [63], m — [66], @ — [54] (b); 8 — [63], ©@ — [57]
(); + - [42], 5 - [63] (d).
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Figure 8. Temperature dependence of the static transverse dielectric permittivity
of the KHoPOy (a), RbHoPOy (b), and KH2AsOy4 (c) crystals. Lines are theo-
retical results for the sets: 1 (a); 7, 9 (b); 10, 12 (c) given in table 2. Points are
experimental data taken from o — [12], O - [62], A — [67], X, e, ® — [15].
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and 13 of the model parameters found in this paper provide a better agreement with
the experiment than the sets 2, 3, 14 (taken from [8]) exactly in the required region.
Our parameters 7 for the RbHyPO, crystal obey this criterion a little worse — a
good agreement is obtained at 0.01 < 7 < 0.05 (see figure 6); whereas for KHyAsOy
parameters 10 do not obey the criterion at all (see figure 6). Taking into account the
above facts and the presented results of theoretical calculations, we may conclude
that the approach accepted in the present paper which uses direct experimental data
is the most efficient and consistent approach that permits to find an optimal set of
the model parameters.

Let us now explore the theoretical dependences of the dielectric characteristics
of the crystals (4.4) using the above chosen values of the model parameters. For the
high-frequency contribution to the permittivity, which as indicated by the results
obtained in [16,18,61] is nearly temperature independent, we use a simple approxi-
mation

£a(00,T) = €4(00)0(T. —T) + £4(00)0(T — Tv.),

whereas the values of ,(00) and &,(c0) were determined by fitting the theoretical
results to the experimental data for the permittivity. The longitudinal effective dipole
moment i, of the crystals was determined from the formula (4.6) for the Curie-
Weiss constant (the temperature derivatives were evaluated numerically as G(Ty +
10 K)/10 K). Using the experimental values of the Curie-Weiss constant, though very
different in different sources (see table 1), to set i, we took the following values: in
KHQPO4 — 2920 K, in RbH2P04 — 3010 K, in KHQASO4 — 2550 K, in RngASO4 -
2700 K. The constant high-frequency contribution &, (cc0) was determined by fitting
to the experimental data for €,(0,7) in a wide temperature interval above the Tt;
for the KHoPO,4 we used the data of [62] only. As one can see in figure 7, a very good
theoretical description of the experimental permittivity of the RbH,PO,4, KHyAsOy,
RbH,AsOy, crystals is obtained. For the low-temperature region we present only the
theoretical results, because of the absence of reliable experimental data for single-
domain samples.

Figure 8 shows the theoretical description of experimental data for the trans-
verse dielectric permittivity e,(0, 7). Values of p,, €,(00), and &,(c0) for each set
of the model parameters (see table 2) were chosen such as to obtain the best fit
to the experiment. There is also the parameter v,, the increase of which raises up
£:(0,T. 4+ 0) (see [26]) and this fact was taken into account. From the figures we see
that the error in the description of the experimental data does not exceed 2% at all
temperatures except for the dome-shaped region near 7., where the error reaches 8%.
The experimental data of [67] for the transverse permittivity of KHoPO,4 above the
Curie temperature, for unknown reasons lie much lower than the data of [12,15,62].
Therefore, to obtain a good fit to the points of [67], we need to use the values of p,
and ,(o0) rather smaller than those chosen before. For the crystals RbH,PO,4 and
KH3AsOy, the values of the model parameters of [10] also provide a good agreement
with the experiment. This proves that the dielectric characteristics cannot be a crite-
rion for setting the model parameters €0, e, w, v,. Data for the transverse permittivity
of RbH3AsQO, are not available; therefore we did not study it theoretically.
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As mentioned in [5,7,68], the cluster approximation for the proton model yields
the unphysical behaviour of polarization and specific heat at low temperatures. The
character of the low temperature behaviour of these and of dielectric characteristics
was studied in [26,69], where we noted that with the increase of the tunnelling in-
tegral €2, the unphysical behaviour emerges at higher temperatures. On decreasing
the temperature, the unphysical behaviour manifests first in the free energy and
entropy, then in polarization, specific heat and dielectric permittivity. At large tun-
nelling, the unphysical behaviour appears at 1-2 K above the temperature at which
entropy changes its sign to a negative. In addition, the unphysical behaviour itself
can have a character of the phase transition (see [69]). As far as the unphysical
behaviour of thermodynamic and dielectric characteristics for the other sets of the
model parameters €, e, w, v, v, presented in table 2 is concerned, for polarization it
appears below the temperature T of polarization saturation (see table 2), whereas
for the free energy and entropy it appears at 15-25 K higher [69]. We can assuredly
maintain that for the found sets of the model parameters the region of physically
incorrect behaviour of the system emerges at temperatures not higher than 40 K
below the Curie temperature.

6. Conclusions

In this paper, the proton ordering model with tunnelling is used for a descrip-
tion of experimental thermodynamic and dielectric characteristics of ferroelectric
KH,PO,4, RbHyPOy4, KHyAsO4, RbH2AsO, crystals. The proposed in [26] numeri-
cal method of an unambiguous setting of optimal values of the model parameters
Q, e, w, v, is applied for a theoretical investigation of the physical characteristics
of all the KDP type crystals. The values of the model parameters, found using the
experimental data for temperature dependences of polarization and specific heat,
Curie and Curie-Weiss temperatures, transition entropy and entropy jump at the
transition point, provide a good quantitative description of the longitudinal and
transverse components of dielectric permittivity.

We obtained that for all the crystals, the model yields a very good quantitative
agreement between experimental data and theoretical results. Therefore, we may
conclude that the role of striction, correlations and other effects is not that essential
as maintained in [7,8]. The obtained results suggest that the tunnelling effects in
the KHoPO, and RbHyPO, crystals are much more significant than in KHyAsO,
or RbHyAsOy. Therefore, without taking into account tunnelling, the description of
experimental data for KHyPO, and RbH,PO,4 cannot be very good.

Undoubtedly, it is interesting and necessary to expand the proton ordering model
with tunnelling in order to describe the influence of lattice deformations, external
fields, and other effects in undeuterated KDP type crystals, as it was done in [70-72]
for deuterated DKDP type ferroelectrics. This will be a subject of our forthcoming
studies.
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TepmoauHamika Ta AienekTpuyHi BNacTUBOCTI
cerHetoenektpukis KH,PO,, RbH,PO,, KH;AsO,,
RszASO4

P.P.Jlesnubkuinn, 6.M.Jlichnin, O.P.bapaH

IHCTUTYT @i3nkn koHaeHcoBaHux cuctem HAH YkpaiHu,
79011 JlbBiB, ByN. CBEHLjLBKOrO, 1

OTtpumaHo 28 TpasHa 2001 p.

B pamkax moaeni NpOTOHHOr O BNOPSAAKYBaHHS 3 BpaxyBaHHAM KOPOTKO-
CSDKHUX | aneKoCs>KHUX BBAEMOLiN Ta TYHENIOBAHHS NPOTOHIB HA BOAHE-
BUX 3B’A3KaX JOCNIAKYIOTbCHA B HAONMXKXEHHI YOTUPMHACTUHKOBOIO Kilac-
Tepa TEPMOANHAMIYHI Ta CTaTUYHI OieNeKTPUYHi BAACTUBOCTI CErHeTo-
enekTpukis Tny KHoPO,. NMpoBeaeHo KiNbKicHE NOPIBHAHHS pe3ynbTaTiB
TEOPETUYHOro PO3pPaxyHKy 3 BiANOBIAHMWN eKCNepuMeHTallbHUMK aa-
HUMW Ta 3 pe3ynbTaTtamMm PO3pPaxyHKIB iHWKX aBTopiB. [lokasaHo, Lo npu
HanexHomy BMOOpiI NapameTpiB Teopii Mae MicLe ayxe [obpuii Kinbkic-
HUN ONUC HasiBHUX EKCNEPUMEHTaNbHUX JaHWX ONS TEMNePaTypHUX 3a-
JNIEXXHOCTEN CMOHTaHHOI Nongpuaadii, TenA0EMHOCTI, MO3A0BXHbLOI i NO-
MepeYHOi CTaTUYHNX AieNeKTPUYHMX NPOHUKHOCTEN, a TakoX A5 TeMne-
patypu Ta KoHcTaHTu Kiopi-Benca.

O6roBopOETLCA NpuaaTHiCTb Mozeni go onucy kpuctaniB KHoPOy,
RbH;PO,4, KH3AsO,4, RbH>AsO, 6e3 BpaxyBaHHs CTPUKLIi, dnykTyauin Ta
iHLWNX edekTiB.

KniouvoBi cnoBa: kiacrepHe HabsxeHHsl, KDP, TyHeoBaHHs,
pazoBuii nepexia, Aies1eKTpuYHa CripuiHATINBICTb, TeMreparypa
Kropi-Bevica, koHcTaHTa Kiopi-Berica

PACS: 77.22.Ch, 77.80.Bh, 77.84.Fa
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