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We calculate microscopically the properties of *He impurity atoms in 3He-
4He mixtures, including the spectrum of a single particle and the Fermi—
Liguid interaction between 3He atoms. From these, we determine the pres-
sure and concentration dependence of the effective mass and the magnetic
susceptibility. The long wavelength limit of the single—particle spectrum de-
fines the hydrodynamic effective mass. When k& > 1.7A~! the motion of the
impurity is damped due to the decay into a roton and a low energy impurity
mode. The calculations of the Fermi-Liquid interaction are based on cor-
related basis functions (CBF) perturbation theory; the relevant matrix ele-
ments are determined by the Fermi hypernetted—chain summation method.
Our theoretical effective masses agree well with recent measurements [1,2]
but our analysis suggests a new extrapolation to the zero-concentration
limit. With that effective mass we also find a good agreement with the mea-
sured [3] Landau parameter F.
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Ground state properties like the energetics, local structure, and stability of the

pure *He and “He,

as well as the 3He-*He mixtures are well understood from the

microscopic point of view [4]. Microscopic many-body theory postulates an empirical
Hamiltonian that contains only a phenomenological two-body interaction [5] and the

(© K.Schorkhuber, E.Krotscheck, J.Paaso, M.Saarela, R.Zillich 319



K.Schorkhuber et al.

masses of the particles,
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ZZ— Pat s ZZV @ ). (1)

One uses the Feenberg ansatz [6,7] for the ground state wave function,

a Li7(fp(®) 3
Uo({r”}) = ez Da ((rP) (2)
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®o({r'¥}) is a Slater determinant of plane waves ensuring the antisymmetry of the
Fermion component of the mixture. The superscripts «, 3, ... refer to the type of
particles; the prime on the summation symbol in equations (1), (2) indicates that
no two pairs (i, @), (4,3) can be the same. The correlation functions u®*(r;, r;) and
u“?(r;,r;,1;) are determined by the functional minimization of the ground state
energy [7,4]. The theory reproduces the experimental equation of state of *He-*He
mixtures [8] typically within 0.01 K.

2. Single impurity spectrum

The properties of single *He atoms moving in liquid *He are dominated by hydro-
dynamic backflow [9,10] of the *He liquid. To deal with a moving *He impurity, one
must allow for time-dependent correlations between a single impurity and the *He
host liquid; in other words the variational wave function of a moving *He impurity
with coordinate rg is

UG (rg, 1y, ...TN; 1)
V(EO[) | ¥O(1))
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W(g)(ro,rl,...rN;t) = 82[u " iz o o \1183)(1'0,1'1,...,1']\7) .

—iEN+1t/ﬁ

(I)(I'(), ry,..Iry; t) = ¢

, (3)

Here, Eny; is the variational ground state energy of the N + 1 particle system.
The time—-dependent components of the wave function are determined by an action
principle, searching for a stationary value of the action integral

S = 5/& |H@+U®@m)—m%@@»:0, (4)

where H®) is the Hamiltonian of the impurity-background system, obtained from
equation (1) for N3 = 1, and U (ro; t) a weak external potential driving the impu-
rity motion. Linearization of the resulting equations of motion leads to an implicit
equation for the excitation spectrum of the form

hew = ta(k) + S(k, w) . (5)
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Figure 1. The left figure shows the excitation spectrum of a *He impurity. The
solid curve is our theoretical result. It is compared with the data of [11-13]
and the phonon-roton spectrum [14] (dotted line). The right figure shows the
dynamic structure function at indicated momentum transfers where the spectrum
is broadened.

Here t3(k) = h%k*/2ms and the self-energy Y (k, w) describes the interaction with the
background, which is due to hydrodynamic backflow. [10,15] For 0 < k < 1.7 A1
the spectrum is sharp and defines a weakly momentum—dependent hydrodynamic
effective mass my (k). Theory and experiments in this regime agree quite satisfacto-
rily, cf. figure 1. At shorter wavelengths, the impurity couples to the roton and thus
the spectrum broadens.

3. Microscopic Fermi liquid theory

The interaction between pairs of *He impurities causes a concentration depen-
dence of the effective mass [1,2] and the magnetic susceptibility [3]. When the *He
atoms are close to the Fermi surface, these interactions are described by Landau’s
Fermi liquid theory. The single particle spectrum and the quasiparticle interaction
at the Fermi surface are obtained from the variations

e® (k) = 6Ey/ony, (6)

and

3’ E, A
N((O) ——M— = 00 kk/ FS . /FaPk_k/ 7
ST YRt sRIRER) 0

evaluated for the ground state ng)). N(0) = Q m* kp/m? h? is the density of states

at the Fermi surface. Equation (7) defines Landau’s Fermi-liquid parameters F' Z(S’a).

Within the framework of the wave function (2), quasiparticle properties are cal-
culated by variation with respect to the occupation n, of orbitals in the Slater
determinant ®(. The techniques of the (Fermi)-hypernetted chain ((F)HNC) theory
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[4] are used for calculating the relevant diagrams. For the dilute *He component, the
spectrum has the simple Hartree—Fock form

P (k) = ts(k) + u(k) + Uy, u(k) =— / (2:)% N|q—k|,o We(q) , (8)

where Weg(q) is a local effective potential giving rise to the average field u(k), and U,
is a constant. The quasiparticle interaction is the antisymmetrized matrix element
of the same effective potential Weg(q).

Fermi liquid parameters derived from the wave function (2) do not agree well with
experiments. The cure for the problem is correlated-basis functions (CBF) theory
[6] to infinite order [16]. The method uses the correlations u,(ry, ..., r,) to generate
a basis of the Hilbert space which is then used for perturbation theory; it can be
mapped on a Green’s function approach in terms of effective interactions that are
provided by the variational theory.

In CBF theory, the single particle properties are again described by a complex
self-energy 3(k, F'); and the single particle spectrum is obtained from an equation
of type (5). If only one-phonon coupling processes are considered, (k, E) is given
by the so-called GOW-approximation [17]

S(k, F) = /%ka a7~ w)Vialg. ). (9)
GOkw) = GOk, w)+ GOk, w) (10)

B 1 . 0) 1 1
T hw—t(k) +ip F k) —hw —in (k) — hw + i1

is the free single-particle Green’s function and

Ver(q,w) = V&, ( ZV?’“ 0)Xap (@, )V (q) (11)

The particle-hole irreducible interactions \~/pa_ﬁ .(q) are provided by the variational
ground state theory; x.s(q,w) is the density-density response matrix.

The Green’s function has been written in the form (10) to separate the “hydro-
dynamic” and the “fermionic” part. Correspondingly, we write the the self-energy
as X(k, FE) = Xu(k, E) + Xp(k, E) . The “hydrodynamic” part Xp(k, E) of the self-
energy is an approximation to the one used in section 2, and

Sk, B) = - [ L9 07k = q, (2 = to(a)) /1) (12)

(27)3p3

The difference to the static theory is the energy dependence of f/eff(q, w). Indeed, the
expression (8) can be derived from equation (12) using the same “average-energy”
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Figure 2. Theoretical and experimental effective mass ratio m*(P,z)/m as a
function of the concentration. The full curve is the fully self-consistent result,
the dotted curve is the result without retardation effects, the short dashed curve
represents the static approximation. Symbols with error bars refer to the data of
[2] in the left figure and [1] in the right figure.

procedure that has been employed to establish the connection between the parquet-
diagram theory and the optimized HNC theory [18]. However, the quasiparticle
interaction should be calculated for w = 0.

Three calculations have been carried out to determine the Fermi liquid contri-
butions to the effective mass of the 3He component as a function of concentration
and pressure. The first calculation applied the simple FHNC/EL theory and the
static effective interaction (8). To account for the hydrodynamic backflow, one must
supplement the Fermion contribution (6) by the hydrodynamic contribution Awy(k);
then the spectrum has the form

e® (k) = hwn(k) +u(k) + Uy , (13)

where the Fermi correction u(k) is given in equation (8). When treated this way,
the concentration dependence of the effective mass derived from the spectrum (13)
is visibly steeper than the experimental one, as seen in figure 2.

In the next step, we calculate the effective mass using Vg (k,0) as quasiparticle—
interaction. This form of the self-energy relaxes the approximations made by the
FHNC theory since it takes the effective interaction at the Fermi surface and not
at an average energy. We see in figure 2 that the agreement with the experiment is
indeed improved; the approximation recovers about half of the discrepancy between
the FHNC approximation and the experiments.

Finally, we have carried out self-consistent calculations of the effective mass.
It is sufficient for that purpose to assume a single-particle spectrum of the form
t® (k) = h?k?/2m* in the Green’s function (10) and, consequently, in equation (12);
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Figure 3. The figure shows the theoretical (thick full and dashed curves) and
experimental (circles [1] and boxes [2] with error bars) effective mass ratio
m*(P,xz)/m as a function of pressure P (in atm) and concentration z. Also shown
is the static approximation (short dashed curves.)

note that the hydrodynamic mass is included in the Green’s function. This effective
mass is then determined self-consistently by requiring that the spectrum e® (k)
determined by
) () — ( h_’ﬁz)
e (k) = hwu(k) + XF | k, (14)
2m*

can be fitted by the same effective mass that has been used in the self-energy. This
calculation provides a very good agreement with the experimental data as seen in
figure 2. The agreement is worst for the pressure 10 atm and the data of [2]; but
we note that there is a non-monotonic behaviour of the slope of the data as a
function of pressure, and it might be interesting to re-examine this pressure regime
experimentally.

Although the results of section 2 for the hydrodynamic effective mass are quite
satisfactory we have allowed the hydrodynamic mass to be a free parameter in the
further calculations in order to eliminate any uncertainty. We have calculated the
concentration dependence of the effective mass from the Fermi-liquid contributions
and then made a single parameter fit to the experiments of [1] and [2] to optimize
the overall agreement. Extrapolating this fit to zero concentration, we arrived at the
interpolation formulas

@) — 2184 2437 + 26712 — 11743 (15)
ms

or

%) =215 +2.167 + 4.47 12 (16)
mg
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Table 1. Pressure dependence of the coefficients of the expansion (17) for the
concentration dependence of the effective mass. The expansion coefficients a, b,
¢, and d are from [19].

P (atm) a b c d
0 149 139 182 36.7
S 1.07 3.00 -22.6 40.2
10 0.789 448 -28.2 504
15 0.501 6.17 -36.1 66.8
20 0.310 7.41 -42.1 80.1

for the hydrodynamic mass of [1] and [2], respectively. Here, r = p4/po — 1, p4 is the
“He density and py = 0.02183 A~3 is its value at saturation.

The results for the hydrodynamic mass from both extrapolations as well as our
theoretical calculations of section 2 are shown in figure 3. Typically, the discrepancy
between the two different extrapolations is 0.03, the theoretical values are 0.05-0.1
below those.

Since the calculations were done for fixed densities at each concentration and
the experiments were done for a fixed pressure, we have used the experimental
pressure-density relation of [8] to make the conversion. Our calculations predict, at
low concentration, a visible curvature of the effective mass as a function of con-
centration. Hence, we are not convinced that linear extrapolations are a legitimate
means to determine the hydrodynamic mass unless concentrations are used that are
significantly lower than those examined in [2]. Such a curvature is implicit to the
Fermi functions. Already the simple approximation (13) would lead to a behaviour

m*(z) = mjy + ax®® 4+ bx + cx®? +da"P (17)

The numerical coefficients a ... d can be calculated from the moments of the poten-
tial, but such an expansion provides valid results only for very small concentrations
and thus a global fit of the form (17) to the calculated data is more accurate. In
table 1 we list their values for different pressures obtained from the least square fit
to the fully self-consistent solution of equation (14).

Table 2. Pressure dependence of the parameters of the fit (19) of the un-
normalized Fermi liquid parameter (m/m*)Fg as obtained from the dynamic

calculation.
P (atm) a b c d
0 0.447 -4.371 14.67 -22.35
5 0.394 -3.710 10.82 -14.73

10 0.362 -3.319 8.410 -9.660
15 0.344 -3.012 6.336 -4.927
20 0.326 -2.733 4.383 -0.349
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Figure 4. The figure shows a comparison between experimental (diamonds, from
figure 1 of [3]) and theoretical magnetic susceptibilities. The theoretical results
were scaled to generate the best overall fit to the data at 0.27% and 1.33%
concentration. The solid lines are the results of the full microscopic calculation
and the long dashed lines are the results from using the static interaction Weg(q).
The static results for 8.8 % concentration are off-scale.

The same effective interaction and the corresponding effective masses were used
to compute the magnetic susceptibility

Nideat _ M) 4 oy (18)
X m

We show in figure 4 a comparison between theoretical and experimental results.
Again, it is seen that the dynamic CBF theory reproduced the experiments quite
well, whereas the static FHNC result is generally worse than the “non-interacting”
result where the Landau parameter F¢ is simply omitted. Similar to the fit (17) for
the effective mass, one can make a concentration expansion for the antisymmetric
Landau parameter. Since the definition of the Landau parameters suggest a natural
factorization into an effective mass ratio and an interaction term, we expand

m

m*

Fir)=axP+ba+ca®®+da™?. (19)

The density—dependent parameters entering this fit are given in table 2.

In concluding we find satisfactory agreement with the measured effective mass
and magnetic susceptibility of the *He component of a 3He-*He mixture within a
unified theoretical picture. We have also demonstrated that the naive application
of variational wave functions leads to unsatisfactory results and have shown that
this shortcoming is due to the effective interaction taken at the incorrect energy.

326



Fermi liquid properties of 3He —*He mixtures

Furthermore, retardation effects have a notable influence on the effective mass of
the fermion component.

Acknowledgements

The work was supported, in part, by the Austrian Science Fund under project
P11098-PHY, and the Academy of Finland.

References

1. Yorozu S., Fukuyama H., Ishimoto H. Isochoric pressure and *He quasiparticle effective
mass in a *He-*He mixture under pressure. // Phys. Rev B, 1993, vol. 48, p. 9660.

2. Simons R., Mueller R.M. Specific heat of 3He-*He-mixtures at low temperatures and
high 3He concentration. // Czekoslowak Journal of Physics Suppl., 1996, vol. 46,
p- 201.

3. Ahonen A.L, Paalanen M.A., Richardson R.C., Takano Y. The magnetic susceptibility
of dilute mixtures of 3He in liquid *He. // J. Low Temp. Phys., 1976, vol. 25, p. 733.

4. Krotscheck E., Saarela M. Theory of 3He-*He mixtures: energetics, structure, and
stability. // Phys. Rep., 1993, vol. 232, p. 1.

5. Aziz R.A. et. al. An accurate intermolecular potential for helium. // J. Chem. Phys.,
1979, vol. 70, p. 4330.

6. Feenberg E. Theory of Quantum Fluids. New York, Academic, 1969.

7. Campbell C.E. Progress in Liquid Physics. London, Wiley, 1977.

8. de Bruyn Ouboter R., Yang C.N. The thermodynamic properties of liquid *He-*He
mixtures between 0 and 20 atm in the limit of absolute zero temperature. // Physica,
1986, vol. 144B, p. 127.

9. Landau L.D., Pomeranchuk I. On the Motion of Foreign Particles in Helium II. In:
Collected Papers of L. D. Landau. New York, Gordon and Breach, 1967.

10. Feynman R.P., Cohen M. Energy spectrum of the excitations in liquid helium. //
Phys. Rev., 1956, vol. 102, p. 1189.

11. Greywall D.S. Experimental determination of the 3He-quasiparticle excitation spec-
trum for dilute solutions of 3He in superfluid *He. // Phys. Rev. B, 1979, vol 20,
p- 2643.

12. Fak B. et al. Elementary excitations in superfluid *He-*He mixtures: Pressure and
temperature dependence. // Phys. Rev. B, 1990, vol. 41, p. 8732.

13. Owers-Bradley J.R., Main P.C., Bowley R.M., Batey G.J., Church R.J. // J. Low
Temp. Phys., 1988, vol. 72, p. 201.

14. Cowley R.A., Woods A.D.B. Inelastic scattering of thermal neutrons from liquid he-
lium. // Can. J. Phys., 1971, vol. 49, p. 177.

15. Owen J.C. Microscopic calculation of the low-temperature properties of 3He-*He mix-
tures. // Phys. Rev. B, 1981, vol. 23, p. 5815.

16. Krotscheck E. Effective interactions, linear response, and correlated rings: A study of
chain diagrams in correlated basis functions. // Phys. Rev. A, 1982, vol. 26, p. 3536.

17. Hedin L. New method for calculating the one-particle Green’s function with applica-
tion to the electron-gas problem. // Phys. Rev. A, 1965, vol. 139, p. 796.

327



K.Schorkhuber et al.

18. Jackson A.D., Lande A., Smith R.A. Plenar theory made variational. // Phys. Rev.
Lett., 1985, vol. 54, p. 1469.

19. Krotscheck E., Saarela M., Schérkhuber K., Zillich R. Concentration dependence of
the effective mass of *He atoms in *He-*He mixtures. // Phys. Rev. Lett, 1997, vol. 80,

p. 4709.

depmi pianHHi BnactTusocTi cymiwein > He —* He

K.LLompkxy6ep ', E.Kpouek ', Ox.Maaco?, M.Caapena?,
P.Llinnix

IHCTUTYT TeopeTu4HOi disnku, yHisepcuteT Morana Kennepa
4040 NiHu, ABCTpia

dakynbTeT GisNYHMX HayK, Bigain TeopeTU4Hoi Gisnkn
yHiBepcuTeT Oyny, FIN-90570 Oyny, ®iHnaHais

OTpumaHo 29 yepeHsa 1998 p.

MpoBegeHO MIKPOCKONIYHE AOO0CHIOXKEHHS BNACTUBOCTEN OO0MILLKOBUX
atomis 2He y cymiwax *He-*He, 3okpema, po3paxoBaHO 04HO4ACTUHKO-
BUI cnekTp Ta Depmi pianHHy B3aemogijio on1a atomis 3He. Ha Lili ocHOBI
3HaNAEHi 3aNeXHOCTi ePEKTUBHOI MaCK i MarHiTHOT CMPUNHATINBOCTI Bif,
TUCKY | KOHUeHTpauii. NapoanHamivyHa epekTMBHA Maca BU3HA4Ya€ETbCA 3
DOBroxBumiibOBOI rPaHnLi 0gHO4YaCTUHKOBOIo cnekTpy. Ana k > 1.7 A1
PYX AOMILLIKM B CUAY PO3naay Ha POTOH Ta HNU3bKOEHEPTETUYHE LOMILLKO-
Be 30yKeHHS € yTpyaHeHun. PodpaxyHkn Pepmi piguHHOI B3aemogii 6a-
3yBanmcs Ha Teopii 30ypeHb 3 KOpesiboBaHUMWN Ba3UCHUMKU DYHKLLIAMU;
BiAMNOBIAHI MaTPUYHiI eNeMEeHTN PO3PaxoByBa/IMCA METOO0M (MEepPMiOH-
HOIO rinepnaHLUoXKOBOro CyMyBaHHSA. TEOPETUYHO OTPUMaHi eDEeKTUBHI
Macu fobpe y3roaxyloTbCs 3 HeflaBHiMU BUMiptoBaHHsaMK [1,2], BogHO-
Yac NpoBeaEHN aHani3 4O3BOMB 3aMPONOHYBaTN HOBY EKCTPAaNONSALIN-
Hy dopMyny Ans rpaHunLi HyIbOBOI KOHUEHTpAaLi. [Mpu uboMy 3HaANOEHO
Takox Jobpe y3rogkeHHs 3 napameTpom Jlangay F§, BumipsHim B [3].

Kniouogi cnoBa: cymitui >He-*He, mikpockoniyHa Teopisi, B3aeMOAis B
pepmi-pianHi

PACS: 67.40.Db, 67.60.-g, 67.70.Hr
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