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Based on the generalized non-Markovian equations obtained earlier for a nonequilibrium one-particle distri-
bution function and potential part of the averaged enthalpy density [Markiv B.B., Omelyan I.P, Tokarchuk M.V.,
Condens. Matter Phys., 2010, 13, 23005] a spectrum of collective excitations is investigated, where the potential
of interaction between particles is presented as a sum of the potential of hard spheres and a certain long-range
potential.
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1. Introduction

A number of investigations [1-10] were devoted to the problem of constructing a consistent descrip-
tion of kinetic and hydrodynamic processes in dense gases, liquids, and plasma. For instance, the im-
portance of taking into account the kinetic processes connected with irreversible collision processes at
the scale of short-ranged interparticle interactions was pointed out in [11]. Short-wavelength collective
modes in liquids were investigated therein based on the linearized kinetic equation of the revised Enskog
theory for the hard spheres model.

In this paper we investigate a spectrum of collective excitations within a consistent description of
kinetic and hydrodynamic processes in a system in which the potential of interaction between particles
consists of two parts: the hard spheres potential and a long-range part.

2. Transport equations

Using the ideas presented in papers [3,!4] the nonequilibrium statistical operator consistently describ-
ing the kinetic and hydrodynamic processes for a system of classical interacting particles was obtained
in [7, 8] by means of nonequilibrium statistical operator method. Using this operator, a set of kinetic
equations for the nonequilibrium one-particle distribution function f%( Pt = <ﬁ%(f9’))t and the potential
part of the averaged enthalpy density hg“(t) = (ﬁ%‘t) ! was obtained in the case of weakly nonequilibrium
processes:
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where iQ,;,(k; §) = <ﬁ%(ﬁ)izi_n£>oq>;}1(%) and iQy, (k;p) = [dp <hlm A_3(B))®;' (7', p) are the normal-
ized static correlation functions.
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(Ln (s P) To (2, ) TP (= K)o @1 (R,

(IMYE) To (8, 1) I (= K)o @), (K) ®)

onn(k; B t, 1)
onn(k; t, 1)

are the generalized transport kernels (memory functions) describing kinetic and hydrodynamic pro-
cesses. In [12], the inner structure of generalized transport kernels for a consistent description of ki-
netic and hydrodynamic processes was analyzed in detail. It was shown that they are expressed in
terms of time correlation functions related to the basic set of dynamical variables, phase density ﬁ%( )

and potential part of the enthalpy density flg‘t along with the transport kernels describing diffusive

and visco-thermal processes. Here, ﬁ%(fy’) =/ d?e‘ihﬁl (7, p) are the Fourier-components of microscopic
phase density of particles number, 71 (7, B) = X\, 6(5 — B8 (7 — 7)), flif‘t gint <£“‘t A_p)0S™ (k) are

the Fourier-components of the potential part of the enthalpy density, ?:L“‘ 3 Ly N /=1 (|7 j|)e‘1k’1 and

=yN =1 € e 171 are the Fourier-components of the potential energy and particle number densities, re-
spectively, k is the wave-vector. @Z}l(%) is the function inverse to the equilibrium correlation function
©pp(k) = (A0, (.00 = [dT ... 00(xN), where po is an equilibrium statistical operator. I, (k; ) =

(1= Po)iLyg(P) = (1 - Po)ﬁ%(ﬁ) and I;lm(ic’) - Po)lLtht (1- Po)hlnt are the generalized flows
in linear approximation, To(t, ') = e("=*)1-PoiLy jg the evolutlon operator with regard to projection.
Py is the linear approximation of the Mori pr0]ect10n operator constructed on the orthogonal dynamic
variables fig(B), M [€]: PoAg = £ p(Agh™)o@; (DA + X1 [dp [ AP/ (Agh_p(P)o®z' (B, ) Az(P). Tt
possesses the following properties: PoPy = Py, Po(1 — Pg) = 0, Poit(p) = ng(p), Po hmt hmt d)ql(p p)
is the function inverse to ®= (” p)= <nk(p)n k( Yo=nd(p-p)fop)+ nzfo(p)fo(p )hg(k). It is equal

2
to d)il B,p) = i(]’fo(lf,)) —ca(k), where n=N/V, fo(p) = (,6’/27rm)3/2 e~P%m is the Maxwellian distribution,

B =1/kgT is an inverse temperature and kg is Boltzmann constant. ¢, (k) is the direct correlation func-
tion related to the correlation function /s (k): ho (k) = c2(k)[1 — nca (k)7L S(k) = mkﬁ—E)O denotes the
static structure factor. It is important to note that dynamical variables fzi.];“ and 7z (p) are orthogonal in
the sense that (fl%“t A7.(P))o =0.

Projecting the set of equations (D, (Z) onto the first moments of the nonequilibrium one-particle dis-
tribution function W1 () = 1, ¥o(P) = V2pe/2kg T (Where a = x,,2), Y (p) = V2/3(p?/2mkg T —3/2),
one can obtain a set of equations for the averaged values of densities of particles number n%(t), momen-
tum ]’%(t) kinetic hkin(t) and potential him(t) parts of enthalpy [8], where the Fourier-components of

the kinetic part of enthalpy density deﬁned as hkm Akm (Akm

k)()(nk k>61 ﬁ%. For this purpose, we
introduce the projection operator constructed on the elgenfunctlons ¥, (p)) of the nonequilibrium one-
particle function such that 22|¥) = 23:1 W) (¥ |P). Here, (P|¥y) = [dp¥ (D) fo(p)Pv(P), while ¥, ()
satisfies the conditions (¥, |¥y) = 1) w and ), ['Wy)(¥y| = 1. Then, let us act by the projection operator &
onto the set of equation (1), (2). Repeat this operation acting by the operator 2 = 1 - complementary
to £2. Then, substituting the unknown quantity from the second equation into the first one we obtain

the necessary set of equations with separated contributions of kinetic and potential energies. Using the
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Laplace transform, let us represent it in a matrix form:
zaz(2) - £6(k; 2) ag(2) = —(ag(t=0))". @
ic(%; z) is the matrix of memory kernels
Sa(k; 2) = iQc (k) - 1(k; 2), 5)

where ag(z) = [ng(2), Jz.(2), hgn(z), h}cm(z)] is the column-vector.

F) iQn] 0 kin 0 int 00 0 kin 0 int
i06 (k) = ;Q]n 0 kin K , MKz = 0 Hﬁn Hﬁi};,kin Hiiilln,int (6)
iofin 0" o 0 ki prinkin rin
0 iQi;ll]t 0 0 0 Hi}?jt Hi;;'kin Hi}?}?im

are the frequency matrix and the matrix of transport kernels. The elements of the latter have the follow-
ing structure:

My (K5 2) = (Y ul g (K; 2) + 2(K; 2) 2121 - 25(K;2)2) ' 25 (K; 2)| ). @)

I denotes a unit matrix, @(12; z) is the matrix whose elements are the generalized transport kernels
Oun(k; B, B3 2), @in(&; B3 2), @un(k; B; 2), nn(k; 2) in the set of equations @), @, and £(k; z) = iQ (k) —
@(12; z). Here, iﬂ(%) is the matrix of static correlation functions ith(%; P, ith(%; p). For the sake of
simplicity the dependence of <i)(7€; z), i(ié; z) on P, p’ was omitted. As we can see from the structure of ele-
ments of the matrices iQG(%) and ﬁ(k?z), the contributions of kinetic and potential parts of enthalpy are
separated. Herewith, a question arises regarding the study of time correlation functions and collective
modes for liquids based on the set of transport equations @).

3. Spectrum of collective excitations

Let us consider the system of kinetic equations (@, @ in the case where the potential of interaction is
presented as follows:

D(|F;1) = O (171 + @ (17, ®)

where thS(I 7 j1) is the hard sphere interaction potential, and <1>1(| i 1) is the long-range potential. Taking
into account the features of the hard sphere model dynamics [4] and the results of investigations [11,13,
14], one can separate Enskog-Boltzmann collision integral from the function ¢ nn(fc; b, fa” i t,t'). Indeed, an
infinitesimal time of a collision 79 — +0 within an infinitesimal region o +Ary, Arg ~ |7ol|p2—p11/m — +0
being a feature of the hard sphere model dynamics (o is the hard sphere diameter). Taking this into ac-
count in the kinetic equation (1) we can obtain the kinetic equation of the revised Enskog theory for
the hard sphere model and the kinetic Enskog-Landau equation for the charged hard sphere model in a
pair collision approximation, respectively [4]. In the latter case, when dJl(IFi j1) is the Coulomb potential
of interaction, taking into account the features 79 — +0, Arg — +0 makes it possible to separate a colli-
sion integral of the revised Enskog theory and a Landau-like collision integral in the limits 7 — -0 and
T — —oo, respectively. In the case of potential (@), in the region of 79 — +0, Arg — +0, ¢ + Ary where
the main contribution to a dynamics is defined by pair collisions of hard spheres, the memory function
wnn(lz; b, ﬁ/ ;1,t') can be calculated by expanding it over the density (a pair collision approximation),
which was scrupulously done in papers by Mazenko [13-17].
Then, the kinetic equation (I) can be represented in the following form:

k’ — ]_é -
L o === Lnfyp)eab - g0 ®) [ 4B fi (70

0,
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- f dp' @ik, B, B fi (B 0) +iQun (K PYRI (1)

t t
- f dp’ f dt'e =gl (s p Bt ) fr (P 1)~ f dr'e® =,k B 1, YR, ©9)
—00

14001-3



B.B. Markiv, I.P. Omelyan, M.V. Tokarchuk

Here,

- PN
- - -0 A
[ a5 150 = ngo(10? [ a0, [ B e (5-15- )

K B0 - P 50 +e5% fi () 550 - o (50| a0

X

is the Enskog-Boltzmann collision integral, where cé’(ié) is the low-density limit of the direct correlation
function and gz (o) is the pair distribution function. The step function ®_(x) is unity for x <0 and van-
ishes otherwise. dQ), is the differential solid angle, G is unity vector. The precollision and postcollision
momenta of the colliding hard spheres are denoted as (7, §’) and (p*, p'*), respectively. (pln n(lz; pp;tt)
is the part of the transport kernel related to the long-range interaction potential <1>1(|'r’l- j1). Notably, the
presented equation contains the Enskog-Boltzmann collision integral describing short-time dynamics of
the hard sphere model. The collective effects related to the long-range interactions between particles are
described by the functions iQ,;, (k; ), ¢\, (k; B, B'; t, t'), @un(k; 1, ') and by the equation for hg“(t). Since
the collective modes for the Enskog-Boltzmann model are well studied [11], the investigation of time cor-
relation functions and collective modes for the system of particles interacting through the potential (8)
turns out to be of great interest. In the case of the hard spheres system, the set of kinetic equations (@), (3
reduces to the Enskog-Boltzmann kinetic equation [11].

a ]_(? - k’ -
B0+ =L fpin =-—Lnfo(p) [CZ(k)—gz(a)cg(k)]fdﬁ’f%(ﬁ’; )

P ‘—"» R
—ngg(a)azfdﬂgfdﬁ'WG)_ (Fr[ﬁ—ﬁ'])

W30 - o) fup' 0+ o) fo(B5 0 - R oy fB50|. an

X

Projecting the Enskog-Boltzmann equation (1) onto the first moments of the nonequilibrium one-particle
distribution function a spectrum of collective excitations for the hard sphere model was obtained in [11,
18]. Herewith, it is important to note that for the kinetic Enskog-Boltzmann equation we can consider two
typical limits: ko < 1 and ko > 1. In the hydrodynamic limit (ko <« 1) the spectrum includes: heat mode
zi1(k) = — D1pk?, where Drg is the thermal diffusivity coefficient in the Enskog transport theory [19]; two
sound modes with eigenvalues given by z. (k) = +ick — I'rk?, where I'g is the sound damping coefficient
and c is the sound velocity in the Enskog theory; two shear modes with eigenvalues given by z,, (k) =
Zy, (k) = zy (k) = —vg k2, vg is the kinematic viscosity in the Enskog dense gas theory. In the limit ko > 1
the Enskog-Boltzmann collision integral is transformed [11] into the Lorentz-Boltzmann collision
integral which has only one eigenfunction ¥, (p) = 1. Consequently, we obtain the diffusion mode only
with the eigenvalue zp(k) = —Dg k?, where Dg is the self-diffusion coefficient as given by the Enskog
dense gas theory.

Let us now project the system of equations (@), @ onto the first moments of the nonequilibrium
one-particle distribution function. Thereafter, we perform simple transformations consisting in the tran-
sition from the set of equations (@ for averages ni(z), jz.(2), hgn(z), hi.]g“(z) to the equations of general-

ized hydrodynamics for averages BE(Z) = [n;(2), fg(z), h%(z) = hgn(z) + h%“(z)]. This permits to correctly
define (see below) the generalized viscosity coefficient via the transport kernel and the heat con-
ductivity coefficient via the transport kernel I1;j(k, z). The averages b%(z) satisfy the set of equations

zb(2) - Sk 2) bi(2) = —(by(r = 0))". In the limit ko > 1, the latter reduces to a single equation of
diffusion for n%(z) in which the transport kernel ZG(I}; z)=(¥; |¢%;B(%)|T1) corresponds to the Lorentz-

Boltzmann collision integral (I0). In the opposite case, when ko <« 1, the matrix iG(E; z) is defined as
follows: 2 (k; 2) = Zx(k; 2) = iQu (k) — a(k; 2),

0 iQp; 0
Sz =| iQn (Yol W)~ 2, iQ)~I : a2
0 iQy, Iy, —(Wslps W3y —T0j,, (k,2)
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Here we use the notations

5jik2) = Tk 2) -z, )[ Shm k2| {ka(k)+1'[k’”’m(k,z) (13)
y 1nt1nt(k )] zlnt(k )} ka(k 2) [Z zlntmt(k )] th(k 2),
Hhh(k,Z) — klnkln(k Z)+Hkm 1nt(k )+H1ntk1n(k Z)+Hmtmt(k, 2), (14)
where zli(li}lll,kin(k, Z) = z - Hli(liilll,kin(k, Z), zi}?}tl,int(k’ Z) — 1nt 1nt(k ) + Hmt kln(k, Z) [zl}(li;l,kin(k’ Z) -

x Hl,;i;‘ nte 2, Zlm(lc z)= 1Qm‘(lc) +l'[lnt kin (g ) [Zl,f;"ki“(lc, z)] inzljr.l(lc). We can separate real and imag-
inary parts in memory funcuons (@3 and (@ as follows: X;;(k, z) = Z’j i (k,w) + iz}’j (k,w) and Iy, (k, z) =
IT n h(k, w) + il'[;:h(lc, ). Herewith, the contributions from the hard sphere dynamics with typical spatial-
temporal scale 7o — +0, Arp — +0 are separated in the transport kernel ¢, o p,p'st,t') only in the first
term in the right-hand side of elements (7) and hence in (I3). After these transformations we can ob-
tain a spectrum of collective excitations in the hydrodynamic limit ko < 1: heat mode z (k) = —Drk?,
where Dy is the thermal diffusivity coefficient for the system with the potential of interaction (8). It
has the following structure: Dt = Drg + DL, Dl is determined through the corresponding elements (7)

of matrix of transport kernels (6). DlT = ﬁ, Cp is a heat capacity at constant pressure, Al is the heat
conductivity coefficient in the hydrodynamic limit: Al = hmkﬂoyw_,o/l (k,w). /ll(k w) is the generalized
heat conductivity coefficient defined via elements of the matrix (@): /ll(k, w) = ?CV%‘; klz n” h(lc, w), where
cy (k) is the generalized heat capacity at constant volume dependent on the wave vector k, two sound
modes z. (k) = +ick — I'k?, where T is the sound damping and ¢ = W is the sound velocity in
the system with the potential of interaction (@), S(0) = S(k = 0), S(k) is a static structure factor of the
system with potential @. I = 3(c,/cv — 1)Dr + 30, where cv = cy(k = 0), n° = (3n* +1°) /mn is the
longitudinal viscosity defined via the bulk viscosity n® = n5 +nP and the shear viscosity n* = ng +ni-
coefficients. né is the shear viscosity in Enskog theory, and 171L is calculated in the hydrodynamic limit
nll = limg_g »—0 nll(lc, w). nll(k, w) is the generalized shear viscosity coefficient defined via elements

of the matrix (6) nll(k, w) = %éz}’}(k, ). ij(lc, z) is the transverse component of the generalized

transport kernel X ; j(k, z), where the wave vector k is directed along the 0Z axis. The longitudinal vis-
cosity coefficient 771L is calculated in the hydrodynamic limit 171L = limg_o,0—0 nlL(k, ), where nlL(k, w) is
the generalized longitudinal viscosity coefficient defined via longitudinal components of the generalized

transport kernel 2 ;;(k, z): nlL(k, W) = % klz Z”L(k w); two shear modes with the eigenvalues given by

zy(k) = —vk?. v = vg + v is the kinematic v1sc051ty v =n'/nm for the system with the potential of inter-
action (8. Here, v; is a contribution determined by the corresponding elements (@) of the matrix of trans-
port kernels (@). In the limit ko > 1, we obtain a diffusion mode, with the eigenvalue zp(k) = —Dg K2,
which is the same as in the Enskog theory.

As we can see from the above expressions, presence of the long-range part in the potential of in-
teraction entails a renormalization of all the damping coefficients in the collective modes spectrum. In
particular, contributions related to long-range potential appear in heat and sound modes as well as in
shear modes. Nevertheless, diffusion mode remains unchanged.

4. Conclusions

In this brief report within the framework of consistent description of kinetic and hydrodynamic pro-
cesses we considered a set of kinetic equations for the potential of interaction of the system presented by
the sum of hard spheres potential d)hs(l 7 j1) and a certain smooth one <D](| 7 i1)- In this case, we separated
the Enskog-Boltzmann collision integral describing a collision dynamics at short distances from the colli-
sion integral of the kinetic equation for the nonequilibrium distribution function. Applying the procedure
of projecting onto the moments of the nonequilibrium distribution function to the equations (2), (@ we
obtain a set of equations for hydrodynamic variables. Based on this set of equations a spectrum of collec-
tive excitations was obtained in the limits ko < 1 and ko > 1. We showed that, besides the contribution
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from the hard spheres potential, all hydrodynamic modes contain contributions from the long-range part
of potential. These contributions make the damping coefficients closer to the ones known from the hy-
drodynamic theory. Here, we formally presented the contribution from the long-ranged part of potential,
since the latter, for example the Coulomb one, will contribute into the transport kernels (3). Moreover, we
can separate the linearized Landau-like collision integral describing pair collisions in (pnn(lz; p,pstt),
while @, (K; Bt t), ©nn &; p; 1, 1), @pn(k; p; t,t') take into account collective Coulombic interactions.
Evidently, calculation of the elements (7) of matrix ﬁ(E; z) will depend on the model of time dependence
(exponential, Gaussian etc.) for transport kernels ). When a spectrum of collective excitations is known,
awhole set of time correlation functions can be investigated. In particular, it makes possible to investigate
the behaviour of the dynamic structure factor and, in the case of potential (8), to separate a contributions
from the hard spheres potential and the long-range part of potential in it.
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[0 npo6nemu y3roa>keHoro onmcy KiHeTUYHUX Ta
rigpoAMHamMiuyHMX NpoLeciB y rycTuX rasax Ta pignHax:
CNeKTP KONEeKTUBHUX 36yaKeHb

b.b. Mapkis, I.I. OmMenaH, M.B. Tokapuyk

IHCTUTYT di3nkn koHAeHcoBaHMX cucteM HAH YkpaiHw, Byn. I. CBeHuiubkoro, 1, 79011 JibBiB, YKpaiHa

Ha oCHOBI OTpMMaHUX paHille y3aralbHeHUX HeMapKiBCbKWUX PiBHAHb ANS HEPiBHOBAaXHOiI OAHOYACTUHKO-
BOi QYHKLii po3noginy Ta cepeHbOro 3Ha4eHHs TYCTVHW NOTeHLianbHOI YacTuHW eHTanbnii [Markiv B.B.,
Omelyan I.P, Tokarchuk M.V., Condens. Matter Phys., 2010, 13, 23005] A0CNiAXYETbCA CNeKTP KONEKTUBHUX 36Y-
[PKeHb, KON MoTeHLian B3aEMOZii MidX YaCTMHKaMU NpeACcTaBaeHo CYMOLO MoTeHLiany TBepAnx chep Ta AesKoro
JAaNeKoCsHKHOro noteHuiany.

KnrouoBi cnoBa: kiHeTvKa, rigpognHamika, KiHeTUYHi PiBHHHSA, QYHKLIT MamM’aTi, KONeKTUBHI MOAN
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