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Ñ èñïîëüçîâàíèåì ÷èñëåííûõ ìåòîäîâ èçó÷åíà íåëèíåéíàÿ äèíàìèêà ÿäåðíîé íàìàãíè÷åí-
íîñòè â ôåððîìàãíåòèêàõ. Ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ äëÿ íåëèíåéíûõ óðàâíåíèé äâè-
æåíèÿ. Ïîêàçàíî, ÷òî ïðè áîëüøîì çíà÷åíèè äèíàìè÷åñêîãî ñäâèãà ÷àñòîòû ìîæåò ïðîèçîéòè
ïåðåêðûâàíèå íåëèíåéíûõ ðåçîíàíñîâ è õàîòèçàöèÿ ÿäåðíîé ñïèíîâîé ñèñòåìû.

Ç âèêîðèñòàííÿì ÷èñåëüíèõ ìåòîä³â âèâ÷åíî íåë³í³éíó äèíàì³êó ÿäåðíî¿ íàìàãí³÷åíîñò³ ó
ôåðîìàãíåòèêàõ. Îäåðæàíî àíàë³òè÷í³ ð³øåííÿ äëÿ íåë³í³éíèõ ð³âíÿíü ðóõó. Ïîêàçàíî, ùî
ïðè âåëèêîìó çíà÷åíí³ äèíàì³÷íîãî çñóâó ÷àñòîòè ìîæå â³äáóòèñÿ ïåðåêðèâàííÿ íåë³í³éíèõ ðå-
çîíàíñ³â òà õàîòèçàö³ÿ ÿäåðíî¿ ñï³íîâî¿ ñèñòåìè.

PACS: 76.60.–k

Õîðîøî èçâåñòíî, ÷òî îñîáåííîñòüþ ÿäåðíîãî
ìàãíèòíîãî ðåçîíàíñà (ßÌÐ) â ôåððîìàãíåòèêàõ
ÿâëÿþòñÿ áîëüøèå çíà÷åíèÿ äèíàìè÷åñêîãî ñäâèãà
÷àñòîòû ßÌÐ, ïðèâîäÿùèå ê íåëèíåéíîñòÿì â
óðàâíåíèÿõ, îïèñûâàþùèõ äèíàìèêó ÿäåðíîé íà-
ìàãíè÷åííîñòè [1,2]. Âñëåäñòâèå ýòîãî â ÿäåðíîé
ñïèíîâîé ñèñòåìå ìîæåò âîçíèêíóòü ñèòóàöèÿ, õà-
ðàêòåðíàÿ äëÿ íåëèíåéíîãî ðåçîíàíñà [3,4], êîãäà
â óñëîâèÿõ íåïðåðûâíîé íàêà÷êè â ðåçóëüòàòå èç-
ìåíåíèÿ z-ïðîåêöèè ÿäåðíîé íàìàãíè÷åííîñòè mz
ïðîèñõîäèò ðàññòðîéêà ðåçîíàíñíîãî ñîîòíîøåíèÿ
ìåæäó ÷àñòîòîé ßÌÐ è ÷àñòîòîé âíåøíåãî âîçäåé-
ñòâèÿ. Ñ äðóãîé ñòîðîíû, åñëè âìåñòî ìîíîõðîìà-
òè÷åñêîé íàêà÷êè èñïîëüçîâàòü ïåðèîäè÷åñêóþ ñå-
ðèþ èìïóëüñîâ, òî òàêîå çàòðóäíåíèå íå âîçíèêàåò.
Äåéñòâèòåëüíî, âñëåäñòâèå íàëè÷èÿ â ñïåêòðå ñå-
ðèè èìïóëüñîâ áîëüøîãî ÷èñëà ãàðìîíèê ñ ÷àñòîòà-
ìè, êðàòíûìè ÷àñòîòå ôàçîâûõ êîëåáàíèé �, è
íåëèíåéíîãî õàðàêòåðà äâèæåíèÿ ìîæåò îñóùåñò-
âèòüñÿ ïåðåêðûòèå ðåçîíàíñîâ [4], ÿâëÿþùååñÿ
êðèòåðèåì âîçíèêíîâåíèÿ äèíàìè÷åñêîé ñòîõàñ-
òè÷íîñòè â êëàññè÷åñêèõ ãàìèëüòîíîâûõ ñèñòåìàõ
[5,6]. Ïðè âûïîëíåíèè ýòîãî êðèòåðèÿ âîçíèêàåò
âîçìîæíîñòü îáîñíîâàíèÿ ïåðåõîäà îò äèíàìè÷å-
ñêîãî ãàìèëüòîíîâîãî îïèñàíèÿ ê ñòîõàñòè÷åñêîìó
è èññëåäîâàíèÿ ïîâåäåíèÿ ñèñòåìû ñ ïîìîùüþ ñòà-
òèñòè÷åñêèõ ñðåäíèõ. Èçó÷åíèå ýòîãî âîïðîñà ïðî-

âåäåíî â ðàáîòàõ [7,8] ïðè ðàññìîòðåíèè ñòîõàñòè-
÷åñêîãî íàñûùåíèÿ ÿäåðíîé ñïèíîâîé ñèñòåìû è
ïîëó÷åíî âûðàæåíèå äëÿ êîýôôèöèåíòà ñòîõàñòè÷-
íîñòè:
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ãäå � ��1 � nh, � — êîýôôèöèåíò óñèëåíèÿ, � n —
ãèðîìàãíèòíîå îòíîøåíèå äëÿ ÿäåðíûõ ñïèíîâ, h
— àìïëèòóäà ïåðåìåííîãî ïîëÿ; �p — äèíàìè÷å-
ñêèé ñäâèã ÷àñòîòû (ÄÑ×); m0 — âåëè÷èíà ÿäåð-
íîé íàìàãíè÷åííîñòè; mz — z-ïðîåêöèÿ íàìàãíè-
÷åííîñòè; � — äëèòåëüíîñòü èìïóëüñîâ; T —
ïåðèîä ïîâòîðåíèÿ [7,8]. Êàê èçâåñòíî, ñòîõàñòè÷-
íîñòü â ñèñòåìå âîçíèêàåò ïðè k 	 1 [4–6].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ÷èñëåííîå ìî-
äåëèðîâàíèå óðàâíåíèé, îïèñûâàþùèõ ïîâåäåíèå
ÿäåðíîé íàìàãíè÷åííîñòè â ôåððîìàãíåòèêàõ ïðè
áîëüøèõ çíà÷åíèÿõ ÄÑ× â ñëó÷àÿõ k 	 1 è k < 1.

Ðàññìîòðèì âíà÷àëå ñëó÷àé ìîíîõðîìàòè÷åñêîé
íàêà÷êè. Ñèñòåìà óðàâíåíèé äëÿ ÿäåðíîé íàìàãíè-
÷åííîñòè m äëÿ èíòåðâàëîâ âðåìåíè t T T

 
2 1
(ãäå T1 è T2 — âðåìåíà ïðîäîëüíîé è ïîïåðå÷íîé
ðåëàêñàöèè) èìååò âèä
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�n — ÷àñòîòà ßÌÐ, � — ÷àñòîòà ïåðåìåííîãî ïîëÿ [1].
Ðàññìîòðèì ñëåäóþùèå íà÷àëüíûå óñëîâèÿ:

m mz ( )0 0� , m mx y( ) ( )0 0 0� � , � � �
n p� �

�� � �n n pm( )0 � � .

Ïðè ýòèõ óñëîâèÿõ ñèñòåìà  (1) ïðèíèìàåò âèä
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Ó÷èòûâàÿ íàëè÷èå äâóõ èíòåãðàëîâ äâèæåíèÿ
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ãäå E m /n n� 0� � , èç ñèñòåìû (2) ìîæíî ïîëó-
÷èòü çàìêíóòîå óðàâíåíèå äëÿ mz :
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Óðàâíåíèå (3) ìîæåò áûòü ïðîèíòåãðèðîâàíî àíàëè-
òè÷åñêèì îáðàçîì. Äëÿ ýòîãî ââåäåì îáîçíà÷åíèÿ
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âû÷èñëåíèé ïîëó÷èì
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Çäåñü F (...) — ýëëèïòè÷åñêèé èíòåãðàë ïåðâîãî
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Âûðàæåíèå (5) ñîäåðæèò ðåøåíèå äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ (3) m tz ( ) ïîä çíàêîì àðãó-
ìåíòà ýëëèïòè÷åñêîé ôóíêöèè ïåðâîãî ðîäà. Äëÿ
ïîëó÷åíèÿ ðåøåíèÿ â ÿâíîì âèäå íåîáõîäèìî
ïðîèçâåñòè îáðàùåíèå (5). Ïîñëå ñòàíäàðòíûõ
ïðåîáðàçîâàíèé ïîëó÷èì
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Âûðàæåíèå (6) ÿâëÿåòñÿ íàèáîëåå îáùèì àíàëè-
òè÷åñêèì ðåøåíèåì, íî ïðè ÷èñëåííîì àíàëèçå ëåã÷å
âîñïîëüçîâàòüñÿ ÷èñëåííûì èíòåãðèðîâàíèåì (3).

Êàê óæå óïîìèíàëîñü, âñëåäñòâèå èçìåíåíèÿ m tz ( )
ïðîèñõîäèò ðàññòðîéêà ðåçîíàíñíîãî ñîîòíîøåíèÿ ìå-
æäó � �n p zm t /m� ( ) 0 è ÷àñòîòîé ïåðåìåííîãî ïîëÿ
�, ÷òî ïðèâîäèò ê îãðàíè÷åíèþ îòêëîíåíèÿ m îò îñè z.
Ìàêñèìàëüíûé óãîë îòêëîíåíèÿ, îïðåäåëÿåìûé êà÷å-
ñòâåííûìè ñîîáðàæåíèÿìè, èìååò âèä [1]
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Íà ðèñ. 1 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî èíòåã-
ðèðîâàíèÿ óðàâíåíèÿ (3) ïðè ñëåäóþùèõ çíà÷åíè-
ÿõ ïàðàìåòðîâ: m0 1! , �p ! �108 1c , �1

6 110! �c .
Êàê âèäíî íà ðèñ.1, êîìïîíåíòà m tz ( ) ñîâåðøà-
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ôîðìå:
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Ïîñëå èñïîëüçîâàíèÿ âûðàæåíèÿ äëÿ ýëëèïòè÷å-
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ìîæíî ïîëó÷èòü:

m t m /
/ t /

t /
z p

p

p

( )
| ( ; )|

( ; )
� �

�

�

�
�0 1

1

1

1 2
2 1 2

1 2
� �

� �

� �

sn

dn

�

�

�
�
,(10)

çäåñü dn(...) — àìïëèòóäà ßêîáè [10]. Èç (10) âèä-
íî, ÷òî àìïëèòóäà îòêëîíåíèÿ m îò îñè z îïðåäåëÿ-
åòñÿ îòíîøåíèåì 2 1� �/ p . Ñ äðóãîé ñòîðîíû, ðåøå-
íèå (10) ñïðàâåäëèâî, åñëè âûïîëíÿåòñÿ óñëîâèå
(8). Èç (8) ëåãêî ìîæíî óâèäåòü, ÷òî ýòî óñëîâèå
çàâèñèò îò îòíîøåíèé m /mz 0 è � �p/ 1. Ðàññìàòðè-
âàÿ (8) êàê ôóíêöèþ îò äâóõ ïåðåìåííûõ
G m /m /z p( ; )0 1� � , ìîæíî îïðåäåëèòü îáëàñòü ïðè-
ìåíèìîñòè ðåøåíèÿ (10) (ñì. ðèñ. 2):

0 0 95
0


 

m

m
z , ,

�

�
p

1
300" . (11)
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êàçàíî íèæå, ìîæíî ïîëó÷èòü òîëüêî ïîñëå ïîëèõðî-
ìàòè÷åñêîé íàêà÷êè. Èíûìè ñëîâàìè, ðåøåíèå (10)
ñîîòâåòñòâóåò ñëó÷àþ, êîãäà ïîñëå âîçäåéñòâèÿ ïîëè-
õðîìàòè÷åñêîé íàêà÷êè è äîñòèæåíèÿ äîñòàòî÷íûõ
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Ðèñ. 1. Ðàñ÷åò mz ÷èñëåííûì èíòåãðèðîâàíèåì óðàâíå-
íèÿ (3) ïðè çíà÷åíèÿõ ïàðàìåòðîâ �1

6 110! �c , m0 1! ,
�p ! �108 1c â ñëó÷àå ìîíîõðîìàòè÷åñêîãî âîçäåéñòâèÿ.
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Ðèñ. 2. Íåðàâåíñòâî (8) êàê ôóíêöèÿ äâóõ ïåðåìåííûõ
G m /m /z p( ; )0 1� � .



îòêëîíåíèé m îò îñè z íà ñèñòåìó â äàëüíåéøåì âîç-
äåéñòâóåò ìîíîõðîìàòè÷åñêîå ïîëå.

Ðåøåíèå (10) â âèäå ôóíêöèè, çàâèñÿùåé îò ïà-
ðàìåòðà � �p/ 1 è ïåðåìåííîé �1t, ïðåäñòàâëåíî íà
ðèñ. 3.

Èíàÿ ñèòóàöèÿ âîçíèêàåò â ñëó÷àå ïîëèõðîìàòè-
÷åñêîé íàêà÷êè, ò.å. ïðè âîçäåéñòâèè íà ñèñòåìó ïå-
ðèîäè÷åñêîé ïîñëåäîâàòåëüíîñòè èìïóëüñîâ äëè-
òåëüíîñòüþ � è ïåðèîäîì ïîâòîðåíèÿ T. Â ýòîì
ñëó÷àå ñèñòåìà óðàâíåíèé (2) ïðèìåò âèä [7,8]:
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Èíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé (12) ìîæíî
ïðîèçâåñòè òîëüêî ÷èñëåííûìè ìåòîäàìè. Ðåçóëü-
òàòû ÷èñëåííîãî èíòåãðèðîâàíèÿ äëÿ çíà÷åíèé ïà-
ðàìåòðà ñòîõàñòè÷íîñòè k < 1 è k > 1 ïðèâåäåíû
íà ðèñ. 4 è 5.

Ïîäáèðàÿ õàðàêòåðíûå äëÿ ôåððîìàãíåòèêîâ
çíà÷åíèÿ ïàðàìåòðîâ �� ! & �

1
5 12 10 c , �p ! �108 1c ,

m /mz ( ) ,0 0 990 ! , T ! �10 6 c, ïîëó÷àåì k ! 2 8, , â
äðóãîì ïðåäåëüíîì ñëó÷àå � ! & ��' 5 104 1c , �p !
! & �2 107 1c ïîëó÷èì k ! 014, .

Êàê âèäíî íà ðèñ. 4 è 5, ïðè k 
 1 ïîëèõðîìàòè-
÷åñêîå âîçäåéñòâèå êà÷åñòâåííî íå îòëè÷àåòñÿ îò
ìîíîõðîìàòè÷åñêîãî, à ïðè k " 1 â ñïèíîâîé ñèñòåìå
âñëåäñòâèå ïåðåêðûòèÿ ðåçîíàíñîâ âîçíèêàåò äèíà-
ìè÷åñêàÿ ñòîõàñòè÷íîñòü.
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Ðèñ. 3. Ðåøåíèå (10) êàê ôóíêöèÿ äâóõ ïåðåìåííûõ
� �p/ 1 è �1t.
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Ðèñ. 4. Ðåçóëüòàòû ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâ-
íåíèé (12) ïðè çíà÷åíèÿõ ïàðàìåòðîâ �� ! & �

1
4 15 10 c ,

�p ! & �2 107 1c , m /mz( ) ,0 0990 ! , T ! �10 6 c, k ! 014, â ñëó-
÷àå ïîëèõðîìà-òè÷åñêîãî  âîçäåéñòâèÿ.
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Ðèñ. 5. Ðåçóëüòàòû ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé
(12) ïðè çíà÷åíèÿõ ïàðàìåòðîâ �� ! & �

1
5 12 10 c , �p ! �108 1c ,

m /mz( ) ,0 0990 ! , T ! �10 6 c, k ! 28, â ñëó÷àå ïîëèõðî-
ìàòè÷åñêîãî âîçäåéñòâèÿ.
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Stochastic dynamics of nuclear
magnetization in ferromagnetics

L.L. Chotorlishvili and V.M. Ckhvaradze

The nonlinear dynamics of nuclear magneti-
zation in ferromagnetics is studied by using the
numerical methods. An analytical solution of the
nonlinear equations of motion is obtained. It is
shown that for a high dynamic frequency shift
an overlapping of nonlinear resonances and a nu-
clear spin system chaotization may occur.
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