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Stationary Josephson current I, between d-wave superconductors was calculated for superconductor—
insulator—superconductor structures with various rotations of crystals relatively to each other and the junction
plane. The directionality of tunneling was taken into account. It was demonstrated that the temperature, T, de-
pendences of I, can become nonmonotonic for certain electrode orientations due to the T-dependent ratio be-
tween the contributions of positive and negative 1, components. This model gives an explanation to the effect
observed in junctions involving cuprates and is an alternative to the well-known scenario that makes allowance

for Andreev—Saint—-James zero-energy levels.
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1. Introduction

The study of the coherent current associated with
Cooper-pair tunneling between superconducting electrodes
started [1,2] in the framework of tunneling-Hamiltonian
approach [3]; the latter turned out to be quite satisfactory
for the S—I-S junctions with wide insulating interlayers |
[4,5]. Here, S denotes a superconductor. In the tunnel-
Hamiltonian approach, when the junction transparency
factor D is low, the relationship between the stationary
Josephson current |; and the difference ¢ between su-
perconducting order parameter phases on both sides of the
junction is sinusoidal [1,2,6,7],

I3 (M) =1c(M)sino, M)

where 1, is the critical current magnitude and T is the

temperature. Equation (1) holds true for isotropic s-wave
superconductors, whereas the situation for nonconventio-
nal ones is much more involved, especially when the order
parameter changes its sign over the Fermi surface (FS)
[5,8]. This is believed to happen, e.g., in high-T. oxides,

where dX2 yZ-Wave superconductivity manifests itself

both in phase-insensitive [9] and phase-sensitive experi-
ments [7,8,10].
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It should be noted that the relation 15 () is no longer si-
nusoidal for various weak-link junctions such as constrictions
or S-N-S structures (N is the normal metal) even in the s-
wave case [4,5,11-15]. Moreover, | (p) may change with T.

The influence of Andreev—Saint-James (ASJ) reflection
at the S-N boundary (boundaries) [5,7,8,16-22] constitutes
the physical background of possible peculiarities in the
quasiparticle-current phase dependence, as well as devia-
tions from the Ambegaokar—Baratoff behavior of the Jo-
sephson current component [1,2]. The latter is characterized
by Eq. (1) in which 1.(T) is a monotonic convex curve. For
instance, if the boundary influence on the approaching elec-
tron is modeled by a repulsive potential H3(x), where X is
the boundary position, the barrier strength is described by a
dimensionless Blonder-Tinkham-Klapwijk (BTK) parame-
ter Z = H/hvg, where 7 is Planck's constant and vg the
electron Fermi velocity [18]. For Z >>1, the standard
quasiparticle current-voltage characteristics of tunneling
between isotropic superconductors [23] are restored. The
situation with the Josephson current is more involved. In-
deed, the very Ambegaokar—Baratoff expression can be in-
terpreted as a consequence of the existing ASJ bound states,
which have ¢-independent energies +A in the symmetric
junction. Here, A is the superconducting energy gap.
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In the d-wave superconductors, the midgap surface
states at the Fermi energy level are formed at particular
orientations of crystallographic axes with respect to the
normal n to the junction plane [5,8,20,24]. For tunnel
junctions, those surface states may exist at both interfaces
between the superconductor S and the normal interlayer,
and effectively influence the Josephson current 1y (o)
flowing across the junction. The relation 1j(¢) is known
to depend strongly on the orientations of both electrodes
[8,20]. In particular, when the orientation angles of the
superconducting order parameter lobes are y==/4 and
y' = +mn/4 (hereafter, primed quantities are associated with
the right hand side electrode), thermal depopulation of the
upper ASJ surface levels leads to the enhancement of the
Josephson current 1; at low temperatures, which can be
considered as the smoking gun of surface states [25-27]. A
detailed account of the Josephson current flowing between
d-wave superconductors and a comprensive lists of further
references can be found in the literature [5,7,8,20,28,29].

It is worth noting that, in the simple case of normal-
incidence tunneling, i.e when the tunneling occurs along
the vector n only [25,30-38], the ASJ might be neglected
and the current is proportional to the simple product
cos 2ycos 2y’ [39]. The phenomenological model [39] can
be considered as a useful reference point for more involved
approaches and was shown to work better for diffusive
electron scattering at superconducting surfaces [40].

It is important to make sure that an elegant theory pro-
posed for normal and Josephson currents between d-wave
superconductors with smooth boundaries [5,7,8,20] re-
mains valid for rough and dirty boundaries, which is espe-
cially crucial for thick low-transparent tunnel junctions. In
particular, it was theoretically shown earlier [25,27,41-43]
that the low-T anomaly is rapidly suppressed as the so-
called Ovchinnikov’s control parameter d/l increases
[44]. Here, d is the thickness of dirty layers coating the
electrodes, and | the quasiparticle mean free path. A simi-
lar model was studied by another group [45], with the same
conclusions being made. If the roughness is weak, the in-
terplay between the proximity effect at the boundary with
the normal-state diffusive layer and the midgap resonance
states may lead to a nonmonotonic 1;(T) dependence
[26,42,43,46-49]. Such a possibility was also obtained in
the opposite limiting case d/l >>1 when the current I
itself becomes extremely small [42].

To summarize, the theory that takes into account
midgap states predicts a low-T anomaly in the Josephson
current at some orientations of the specular reflecting d-wave
superconducting electrodes. If the electrode surfaces are
rough, the effect drastically diminishes. At the same time, the
nonmonotonic behavior of 1;(T) survives in certain cases
even if the ASJ levels ultimately die out. Since one expects
that cuprate superconducting order parameter or at least its
dominant component has a d-wave symmetry, those effects
should be observed for corresponding tunnel junctions.
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The experimental picture seems to be rather ambiguous
as well. For our purposes, it is worthwhile to point out only
typical features. Relevant experiments were made for vari-
ous types of junctions involving only YBa,CuzO;_g elec-
trodes [50-56]. It turned out that a steep increase of 1 (T)
at T — 0 predicted for clean junctions with the ASJ midgap
states is not observed. Tunneling in YBa,Cu307_s-based
edge junctions [50] is the only studied case where this
phenomenon is suspected to be observed. However, its
connection to the electrode orientation remained obscure. An
extremely weak honmonotonic behavior resembling the tran-
sition between the clean and rough limits in the ASJ scenario
was found in grain-boundary YBa,Cu30;_s junctions
[53,56]. Other studies of symmetric (S—1-S or S-N-S) junc-
tions [51,52,55] and nonsymmetric (Nb—Au-YBa,Cu307_s)
ones [54] demonstrated monotonic 15 (T) curves for any
relative orientations of the crystals involved and their ori-
entations with respect to the junction plane.

It seems that the midgap levels inherentto d , ,-wave
superconductors either do not exist or are supprxesggd by the
surface roughness or impurity scattering. A question arises:
Can one still explain the nonmonotonic behavior of 15 (T)
for certain angular configurations, at least in S—1-S sandwich-
es, if the ASJ phenomenon is switched off? Below, we show
that the answer is positive. The dependence 1;(T) may be
nonmonotonic owing to the well-known tunnel directionality
[25,30-38], with the influence of the latter varying as the in-
terlayer thickness changes. Our model predicts that the
I;(T) dependences can be either monotonic or weakly non-
monotonic, without any rise of 1;(T) at T — 0. Both kinds
of curves are really observed, and this qualitative agreement
between the theory and the experiment may testify that (i) the
midgap states in cuprate junctions are effectively wiped out
by the diffusive scattering, so that the problem of Andreev
scattering may be of academic interest for actual boundaries,
or (ii) the superconducting order parameter includes such a
subdominant component [54,57] that the nodes in the overall
superconducting energy gap are absent. We note that wide
enough pseudogaps (being most probably, of charge- or spin-
density-wave origin) can also, in principle, occupy the node
areas, thus affecting the angular and temperature dependences
of Josephson current [58,59].

Our approach is similar to that developed in Ref. 31.
However, the cited authors overlooked the possibility
of nonmonotonic 1;(T) behavior induced by tunnel di-
rectionality.

2. Formulation

In the tunnel Hamiltonian approximation [3,60,61], the
stationary Josephson critical current is given by the formu-
la[7,62,63]

1.(T) = 46T Y [Tog|* S F* (Pioon)F(@i-on). ()
Pq ®Op
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Here, 'qu are the tunnel Hamiltonian matrix elements,
p and g are the transferred momenta; e >0 is the ele-
mentary electrical charge, and F(p;®,) and F'(g;-o,)
are Gor’kov Green’s functions for d-wave superconductors
to the left and right, respectively, from the tunnel barrier
(as was indicated above, all primed quantities are associat-
ed with the right hand side electrode). The internal summa-
tion is carried out over the discrete fermionic “frequencies”
op =(2n+)xT, n=0, £1, £2,....

Bearing in mind an almost two-dimensional character
of the FS in high-T, oxides, we restrict the consideration to
the two-dimensional picture of tunneling, with the c-axes
of electrodes being oriented in parallel to each other and
to the junction plane. For further simplicity, only symmet-
ric Sq—I-Sy junctions are considered, where Sy stands
for the d-wave superconductor. In the general case (see
Fig. 1), the positive lobe of the left-electrode superconduct-
ing order parameter A is oriented at the angle y with re-
spect to the normal n to the junction plane. Then, the or-
der parameter “profile” in the momentum space can be
presented in the factorized form A(T,0) = A(T) f, (8),
where A(T) is the T-dependent magnitude, the angular
factors f, (0) looks like

fA(6) =cos[2(6-7)], 3

and vy is the tilt angle of the positive lobe bisectrix reckoned
counterclockwise from the normal n. A similar supercon-
ductor to the right from the junction can be oriented at a
different angle " with respect to the normal n, so that

R(T,0) = A(T) £4(6) = A(T)cos[2(0-7)].  (4)

Hereafter, we excluded from consideration an important
ingredient of pseudogapping, which is present at almost all
dopings [58,59], to study Josephson tunneling between d -
wave superconductors just as it is.

Tunnel directionality plays one of the key roles in the
proposed theory. Really, in the case when the tunnel matrix
elements Tpq in formula (2) are angular-independent, the
summation even over the FS section of either electrode
will produce an exact zero owing to the cosine dependence
(3) or (4). This is so because Green’s function in Eq. (2)

Fig. 1. (Color online) Geometry of the Josephson junction. Both
electrodes are d-wave superconductors. The crystals are rotated at
the angles y and v, respectively, in relation to the normal n to
the junction plane.
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depend on the signed superconducting order parameter.
Therefore, when integrating over the FS, we include a cer-
tain FS section described by the angle 6 and, inevitably, a
section described by the angle 6+ (rn/2), for which the
corresponding values of the order parameter “profile func-
tion” f,(0) —or f4(6) — differ only by sign, so that the
relevant contributions are mutually compensated. Thus, the
introduction of tunnel directionality in the case of d-wave
superconductors becomes mandatory.

While tunneling, quasiparticles and Cooper pairs
demonstrate the directionality of three types. First, the

quantities |vg,nd-n| and |vgyd-n| appear [25,33,36],
where Vg g =VEy and vy 4 =VEy are the normal-

state quasiparticle group velocities for proper FS sections.
Those terms can be factorized into cos6, where 6 is the

angle at which the pair/quasiparticle transmits through the
barrier, and a factor that can be incorporated into the junc-
tion normal-state resistance Ry [20,64-68]. Second, the

tunnel matrix elements 'qu in (2) become momentum-

dependent [25,31-38,58,59,69]. In the case of isotropic
superconductors (the corresponding function f,(0) =1),
all gap-dependent multipliers can be taken outside the in-
tegral over 0; the latter remaining hence a certain constant.
This constant can also be included into the expression for
Ry, which allows the directionality of this kind to be disre-
garded [1,2]. The third factor (the so-called coherent tunnel-
ing) inherent to the model of directional tunneling adopted
here consists in that only current contributions from FS
sections described by the same angle 6 in both electrodes

are taken into account [31,32,70]. In this case, the “A-sign
neutralization” in the “overlapping” FS sections takes place,
and the calculation results demonstrate the experimantally
observed cosinusoidal dependence of the tunnel current 1.

on the electrode misorientation angle y—y".

In our calculations, we made allowance for every of
those factors. In particular, the barrier-associated direc-
tionality was simulated by the phenomenological function

2
w(0) = exp _(t;nﬁe ] In2 |, (5)

0

so that the effective opening of relevant tunnel angles
equaled 26,. The barrier transparency was normalized by
the maximum value obtained for the normal tunneling with
respect to the junction plane and included into the junction
resistance Ry. Hence, w(6=0)=1. The multiplier In2

in (5) was selected to ensure w(0 =0,) = % We neglected

a possible Andreev—Saint-James reflection influence on the
Josephson current, because, as was indicated in Introduction,
this effect is very sensitive to the interface roughness and,
according to the experimental data, does not govern the Jo-
sephson flow behavior in cuprate-based junctions.
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The expression for anomalous Gor’kov Green’s function
for d-wave superconductors, which enter Eq. (2), can be
found elsewhere (see, e.g., [59]). As a result, a standard —
for the adopted case of coherent tunneling [31,32,70] —
procedure [62,63] leads to the following formula for the dc
Josephson current across the tunnel junction:

1.(T,y,y) =
(M7 Y) 2eRNX
1 /2
x = I cos®w(B) P(T,0,y,y)de, (6)
n—n/Z
where [71,72]
L max{A,A'} tanh - dx
P(T,0,7,7) = AA Al ()

minf.x) V(2 ~A2)(37 - 1)

Here, for brevity, we omitted the arguments in the depend-
ences A(T,0—v) and A'(T,0—v'). Integration over @ is

carried out within the interval —ggesg, i.e. over the

“FS hemicircle” turned towards the junction plane. If the
directionality is so strict that w(6=0) = and zero oth-
erwise, i.e. the Dirac delta-function, the integration over 6
is elementary and the pure factors f, and f. determine

the overall angular dependence, i.e. one arrives at the ref-
erence Sigrist-Rice “normal-incidence” model [73].

3. Calculations and discussion

The following dimensionless variables were used to
present the results of calculations: the normalized tempera-
ture t=T/T,, where Ay is A(T =0), and the reduced
energy gap amplitude &(t) = A(T)/Ay. Besides, we nor-
malized the Josephson current amplitude I either in the
conventional manner, namely i. (T) = 1. (T)eRy/Aq, or as
ico(t) = Ic(T)/||c(0)|-

The results of calculations of the i (t) dependence ob-
tained in the framework of the proposed theoty for some
orientations of the electrodes with respect to each other
and to the junction plane are depicted in Fig. 2 by solid
curves. The curve shown in panel (a) demonstrates a
standard monotonic behavior within the whole tempera-
ture interval 0<T <T.. The sign of the current is gov-
erned by the orientation angles y and y'. It can be either
positive or negative, the latter case coined as the m-
junction [5,8,74]. At the same time, the curves i.(t) in
other panels turn out nonmonotonic (panel (b)) and even
sign-changing (panel (c)), although the superconducting
order parameter in both electrodes varies with the tem-
perature monotonically in the conventional manner (and
identically?!) in all three illustrated cases.

To analyze this strange situation, we should recall that
the overall current between d-wave superconductors is a
sum of components corresponding to tunneling connecting
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Fig. 2. (Color online) Monotonic (a), nonmonotonic (b), and
sign-changing (c) dependences of the normalized stationary Jo-
sephson currents i; = 1.eRy /Ag and their positive i¢ and nega-
tive i; components on the dimensionless temperature t=T/T
for various orientations y and vy’ of identical d-wave supercon-
ducting electrodes with respect to the normal n to the junction
plane (see Fig. 1). Here e is the elementary positive charge, Ry
the normal-state resistance of the tunnel junction, Aq the super-
conducting order parameter amplitude at T =0, and T, the criti-
cal temperature of the superconducting transition. The direction-
ality parameter 6y =10° for all panels.

the signed order-parameter lobes that are effectively inside
the angular opening 26, and consider separately the posi-
tive, ic*, and negative, i;, contribution to the total current
i (see Fig. 2). Those components are determined by the
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overlapping of co- and contra-signed, respectively, super-
conducting lobes in the momentun space (of course, if one
angular “A-rose” in Fig. 1 is superposed on the other). If
the orientations of identical (!) electrodes are fixed, the
map of overlapping sectors does not change with the tem-
perature. Tunnel directionality assigns a specific (and also
fixed!) weight for every sector with the same or the oppo-
site A-signs, and, at the first glance, nothing can lead to the
nonmonotonic current behavior. Those speculations seem
to be supported by the fact that each of the components
ig (t) and i (t) is strictly monotonic, also in all consid-
ered cases. But panels (b) and (c) testify that this is not so.
Addressing once more the basic calculation formulas
(6) and (7), we arrive at the conclusion that, in addition to
directionality, it is the temperature-dependent integrand
factor tanh (x/2T) in Eq. (7) describing the temperature-
induced redistribution of fermions over the energy levels
that makes this effect possible. Against the large back-
ground of each current component, the corresponding “dis-
tortion” of the temperature dependence is not conspicuous.
However, tunnel directionality mixes (subtracts!) the com-
ponents with different weights. When the corresponding
weighted contributions become comparable, an almost
complete mutual compensation of large terms makes those
“distortions” observable. As a result, the situation may
change drastically. In particular, for some parameter com-
binations, the function i (t) may remain monotonic (panel
(2)), but for others, it becomes nonmonotonic (panel (b)).
Here, a fine interplay between the components i and i
reveals itself. Moreover, for some parameters, the mutual
compensation of the components can be so effective that
the total current equals zero at a certain temperature inside
the interval 0<T <T.. For other T’s, the current 1, #0
and the same Josephson junction turns out a m-junction at
low temperatures and a O-junction at higher ones (panel
(c)), or vice versa. We would like to emphasize once more
that the superconducting order parameter A remains a
monotonic sign-preserving function of the temperature.
The very amplitude of the current is very sensitive to
the mismatch between the angles y and y', whatever the
temperature, so that for one fixed crystal, the rotation of
the other severely affects the outcome, similarly to what
was done in well-known devices [75,76]. This can be seen
from Fig. 3 where the dependence i (0) versus y is
demonstrated for 63 =10° and y'=45° Indeed, at
vy =0°, the positive and negative current components are
mutually compensated, whereas for another extreme sym-
metric configuration, i;(0) reaches the maximum value.
The following question arises: What are the conditions
for the thermally nonmonotonic behavior of the Josephson
tunnel current to be observed? As was indicated above
while analyzing Fig. 2, the monotonic behavior takes place
when the superconducting lobes in both electrodes strongly
overlap. In this case, large overlapped FS areas provide
large current contributions of the same sign, dominating in
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Fig. 3. (Color online) Dependence of the value i (0) on the an-
gle y at 6 =10° and y' = 45°.

the current and determining its monotonic behavior. As is
shown in Fig. 2(b), the electrode orientation mismatch
y—7v' must be rather large for the effect concerned to be
detectable. Nevertheless, the results of calculations depict-
ed in Fig. 4 testify that this is feasible. Moreover, the non-
standard behavior of the current can be obtained by vary-
ing any of the parameters (y,y’,0q). Of course, the values
of the other parameters must be correspondingly chosen.
The conditions are much stricter (the intervals of parameter
change are much narrower) if we would like to observe the
temperature-governed transformation of a w-junction to O-
one or vice versa. It is of importance that neither of the
parameters (y,vy',0q) is associated with the electrode ma-
terial, but only with the junction geometry. Our theory
perdicts that, for the same d-wave superconductor used as
electrodes, we can obtain both monotonic and non mono-
tonic 1,(T) dependences. In the latter case, there may be
a T-driven transition between 0- and m-branches, or the
absence of this transition when the 0 (or w)-branch per-
sists in the whole range 0<T <T,. The first situation
was actually observed in YBa,Cu307_g grain-boundary
Josephson junctions [53]. The second possibility was
most probably realized in YBa,Cu30;_g bicrystal grain-
boundary junctions [56].

Thus, directionality together with the thermal redistribu-
tion of quasiparticles can explain the nonmonotonic charac-
ter of the I.(T) curve without invoking the ASJ effect.
Itis instructive to analyze in more detail (cf. Fig. 4(b)) how
the reduction of directionality alone affects the current
behavior found above. In Figs. 5(a) and (b), the depend-
ences i.q(t) are displayed for 85 =10° and 30°, respec-
tively, whereas in panel (c), the dependences i (t) for
6 =90° are plotted. The latter was done for two reasons.
First, the corresponding i.q(t) dependences are almost
indistinguishible from each other (cf. the convergence of
the curves when changing from the case 6, =10° to the
69 =30° one). Second, the plots i.(t) describe the influ-
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Fig. 4. (Color online) Dependences i (t) illustrating the realiza-
tion of any of three possible i;(t) patterns by varying the corre-
sponding parameters for certain configurations.

ence of the relevant parameters on the current magnitude.
It is almost the same in all analyzed cases for various 6.
The variation of the normalization quantity 1,(0) can be
understood from Fig. 3. Anyway, one sees that the increase
of the angle 6p results in a gradual disappearance of the
non-monotonic current behavior. When the directionality
associated with the barrier transmission coefficient (5)
does not exist (6 =90°), all the curves 1.(T) are mono-
tonic and smooth as is shown in panel (c).

Hence, nonmonotonic dependences should be better ob-
served for thick enough insulator interlayers, for which tun-
nel directionality that ASJ resonant states do not play any
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significant role in the experiments discussed abovlity is
stronger. It seems that ASJ resonant states do not play any
significant role in the experiments discussed above due to
the surface roughness [25,27,41-43], which eliminates the
corresponding energy levels predicted for Josephson junc-
tions made of d-wave superconductors [5,7,8,20,28,29].
Another, mandatory, effect predicted in the framework of
the ASJ paradigm-namely, the steep increase of 1.(T) at
T — 0 — also seems not to be actual for experiments with
cuprate tunnel junctions. We showed that directionality does
not lead to the low-T anomaly as well.
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As a result, the following remark may be useful while
planning the experiment and interpreting its results. For the
ASJ effect to be detected, the junction should be formed
between rather smooth atomic surfaces of superconducting
crystals. In the case of high-T. oxides with the

dX2 y2-Wave symmetry, these are presumably planes that

are normal to the orientations of superconducting lobes
(see Fig. 1), i.e. to the cases when (y,y") ~0 or £n/2. On
the other hand, our theory predicts the non-monotonic be-
havior of I in the case when one of the electrodes is ori-

ented at an angle close to +n/4 and plays the role of dif-
ferential detector.

4. Conclusions

Calculations of the stationary Josephson current 1. (T) be-
tween d-wave superconductors were carried out taking into
account tunnel directionality but ignoring possible zero-
energy ASJ midgap states. The theory enables an important
feature observed in experiments involving cuprates to be ex-
plained. Specifically, the temperature dependence of I. can
become nonmonotonic for high enough directionality and at
certain crystal lattice orientations with respect to the junction
plane. The peculiar behavior emerges because of a substantial
compensation between the positive and negative components
of 1,(T) driven by tunnel directionality. A similar result was
obtained some time ago in a scenario when ASJ energy levels
in the sandwich play a significant role. At the same time, our
model does not lead to the low-T anomaly predicted when the
ASJ effect is made allowance for. Relevant measurements
also did not reveal such an anomaly. Therefore, even if the
AS] effect is suppressed by impurity- or roughness-governed
scattering (this seems to be the case for cuprates), the non-
monotonic behavior still can exist due to another reason sug-
gested here.
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of the 2012-2014 Scientific Cooperation Agreement be-
tween Poland and Ukraine. The authors are grateful to
Alexander Kasatkin (Institute of Metal Physics, Kyiv) for
useful remarks.
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