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Energy of electronic subsystem of semi-infinite metal is presented in the form of an expansion in powers
of pseudo-potential. It is shown that generally electron many-particle density matrices are necessary for the
energy calculation, whereas in case of a local pseudo-potential only diagonal elements (electron distribution
functions) are necessary. In a specific case of a local pseudo-potential within the first order of perturbation
theory, our results for energy coincide with those widely applicable in the density functional theory.
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1. Introduction

Theoretical studies of equilibrium properties of a metal surface turn out to be very difficult,
because an electronic subsystem of a bounded metal is spatially very nonuniform. This greatly com-
plicates the consecutive account of many-particle effects in an electronic subsystem. The greatest
successes in studying the electronic properties of a metal surface have been attained within den-
sity functional theory (DFT) [1]. However, the study of properties of a metal surface which are
caused by discreteness of the ionic subsystem is quite problematic, since there is no technique for
constructing necessary energy functionals.

The first attempt in this direction was made by Lang and Kohn [2]. At first they used a time
jellium model for a metal surface with the correction that takes into consideration discreteness of
the ionic subsystem. This correction was simple enough: self-consistent density was still that of
jellium while the perturbation (the difference between the lattice potential and that of the uniform
positive background) was averaged over the surface plane. Thus, they managed to consider the ion
cores via the first order perturbation theory and via the classical cleavage energy. In subsequent
works [3—6] surface energy calculations have been fulfilled taking into account the discreteness of the
ionic subsystem in the first order of the perturbation and with the use of variational methods. These
calculations showed that in case of metals with ionic charge Z = 1,2 the surface energy is in good
agreement with experimental data. Whereas for charges Z > 2 this model is not adequate. The first-
order perturbative results based on jellium for the surface energy of slabs of simple metals, using
various local pseudopotentials (Ashcroft, Heine-Abarenkov and evanescent core) were examined in
work [7].

Later, discreteness of the ionic subsystem was taken into account by Rose and Dobson [8,9] via
the second-order perturbation theory, which includes the linear response function of semi-infinite
jellium. They calculated the second-order surface energy terms. At the same time they used the
linear response of bulk jellium, in a kind of local approximation. Second-order perturbation theory
using the linear response of a jellium slab in the random phase approximation has been worked
out by Barnett and coworkes [10] as well as by Eguiluz [11]. These calculations show a noticeable
effect of the second-order term in the face-dependent surface energies. A systematic method for
constructing a perturbation theory for energy of an electronic subsystem in the field of static ions
in non-transitive metals having a surface was offered by Kaim [12].

© P.PKostrobij, B.M.Markovych 641



P.P.Kostrobij, B.M.Markovych

The structureless pseudo-potential model which had been applied to the calculations of a metal
surface was developed in works [13-15]. This model is nothing else but a well-known zero model
of metal [16-19]. In this model the energy of nonuniform metal consists of the energy of electronic
gas in a positive jellium, the Madelung energy of pointwise ions in homogeneous electron density,
the energy caused by non-Coulomb character of an electron-ion interaction at a zero transfer
momentum and the value of the first-order pseudo-potential correction averaged by volume of
semi-infinite metal. This average is included in the self-consistent procedure of Lang and Kohn [2].
The derived values of a surface energy of simple metals are close to those in the paper [2].

Thus, a certain progress in the theory of metal surface has been reached, but mainly for the
surfaces of simple metals that can be adequately described by local pseudo-potentials. Therefore,
in the presented paper, systematic perturbation theory for bounded metals, described by nonlocal
pseudo-potentials, is developed. The semi-infinite jellium [20-23] is used as a reference system and
the perturbation theory with respect to the “difference potential”! is constructed. In a specific case
of a local pseudopotential, this perturbation theory coincides with the results by Kaim [12].

In section 2, the model of semi-infinite metal is described, the definition of surface potential is
entered, a Hamiltonian of this system is written in the second-quantization form. In section 3, the
partition function is presented in the form of an expansion in powers of pseudopotential. Section 4
presents a specific case of local pseudo-potential and a comparison with the results of other papers.
Conclusions are presented in section 5. Appendix presents a useful proof of the statement.

2. Model

We consider a semi-infinite metal with ions having charges Ze and Cartesian coordinates R ;
(—o0 < X;,Y; < 400, Z; < Zy, Zp = const, z = Zj is the division plane (surface)), j =1, ..., Nion.
Electrons of a semi-infinite metal have coordinates r;, ¢ = 1,..., N. A Hamiltonian of this model
has the following form

52 N 1 N 2 Nion P2 1 Nion (26)2 N Nion
H=-"2%Y2a+-% & I N L . \R,), (1
o 2N+ 3 Z P +Z TR Z R R +Z > wirsRy), (1)

=1 i#j=1 J=1 i#j=1 i=1 j=1

where the first summand is the kinetic energy of electrons, the second summand represents the
potential energy of the interelectron interaction, the third summand is the kinetic energy of ions
(P is the operator of ion momentum), the fourth summand represents the potential energy of the
ion-ion interaction and the last one represents the energy of electron-ion interaction. We assume
that the system is electroneutral, that is

Z Nion = N. (2)
We shall present the potential of the electron-ionic interaction as
w(ry, Rj) = w(r; — Rj|) + Aw(ri, Ry), (3)

where w(|r; — R;|) is a periodic potential of the electron-ion interaction in the case of infinite
metal (pseudo-potential), Aw(r;,R;) is a deviation of the electron-ionic potential of the semi-
infinite metal from the periodic one.

From the Hamiltonian (1) we extract a Hamiltonian of the semi-infinite jellium model Hjen
which was explored in papers [20—-22]. We shall use the model of semi-infinite metal as the reference
system for studying thermodynamic and structural properties of semi-infinite metal. Finally we

get
N Nion

H = Hjon + 0H; +»_ Y sw(ri — Ry), (4)

i=1 j=1

IThat is the difference between the pseudo-potential of ions and the electrostatic potential of the semi-infinite
jellium positive background.
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where N N
A O piett(R) pjen(R”)
SHy = -4 4 = —— 7 _ [dR [dR/ B/ 5
: 2M+2_Z R; — Ry 2/ / R-R/| )
Jj=1 i#j=1

. N
Hjell - Hjl:illlf + Z V(ri)a (6)

i=1
V(rz) = V}ell(ri) + V;on(ri) (7)

is the surface potential acting on electrons.

1 ep~en(R)
i, — Ryl = wilr ~ Ryl) + g R ®
is the “difference potential” (see footnote on page 642),
N 1 & 2 N 1 (eN)? 1
H}lmf __ v A, - - dR —— dR [dR/ ——— 9
jel Zm; +2i§;1|rfrj| Vv ;/ i, —R| 2V / r-r|

is the Hamiltonian of homogeneous jellium. V = SL is the volume of the system, S is the surface
area of semi-infinite metal, L determines the area of the change of the electron coordinate normal
to the surface: z € (—L/2,+L/2), S — oo, L — o0.

eN/V — pien(R) N 1

Ir; — R| o /dR’pje“(R)Pjell(R’)_(eN/V)Q o

‘/3811(1‘1‘) = €/dR |R _ R/|

is the part of the surface potential formed by semi-infinite jellium.

=

‘/;on(ri) = Aw(riij) (11)
1

<.
Il

is the part of the surface potential created by deviation Aw(r;,R;) of the true electron-ionic
potential of semi-infinite metal w(r;, R;) from the space-periodical electron-ionic potential w(|r; —
R;l).
eN
pienl(R) = pjen(2) = pod(—d — Z2), po= 75 (12)
V/2
is a distribution of the ionic density in semi-infinite jellium, parameter d is defined by the elec-
troneutrality condition.
In what follows we assume that the electron-ionic potential w(|r; — R;|) is modelled by a
nonlocal model pseudo-potential [24]

Ze? !
w(lr: — Ry|) = TR + 3" fu(jri = Ry )Py, (13)
? J 1'=0

where
! l

Pr=> Yim)Yiml= Y [l,m)(l,m]| (14)

m=—1 m=—1

dopi=1, (15)
l

[ and m are the electronic orbital and magnetic quantum numbers, respectively. The concrete
expression for function f;(|r; — R;|) depends on the selected model of pseudo-potential.

is the projection operator, and
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For a further discussion it is convenient to rewrite the Hamiltonian (10) in the second quantiza-
tion form. For this purpose, we introduce wave functions ¢ ;(r) of an electron being in the surface
potential V(r)

5 V)| wyle) = Epuso), (16)

Then the field operators are introduced by definition

U(r) = Y vp(r)ay,
f
Uir) = > yj(r)al,
f

where a, and a} are the annihilation and creation operators of electrons in the state f with an
energy Iy respectively,

Ty
{afvaf/} =05.f-
Since it is very difficult to solve the equation (16), we assume that the surface potential V(r)
is a function of the electron coordinate normal to the surface

Then, the electron wave function is the product of plane wave and function depending only on
coordinate z:

by (r) = %ei%a@), r=(r.2), /= (p.a), (17)

where function ¢, (z) is a solution of the following equation

K2 42
g + V) 9a(e) = cagalo).
Then, E; = E4(p) = h;—n‘f + e, is the energy of electron in a state (p, ), Ap is a two-dimensional

momentum of electron in the plane parallel to the surface.
Then, the Hamiltonian (4) can be written as

Nion

H = Hjen + 0H;i + —7 > Sk(@) Y dwi(a)p(a), (18)
q k l
where
1 Nion
_ —iqRy|; —ikZ;
Sila) = D (19)
]:

is a geometrical structure factor of the ionic subsystem of semi-infinite metal,

dwi(q) = —Zvi(q) (1 — dq.0) + fi(a),
ve(q) = 4me?/(¢® + k?) and fl(q) are three-dimensional Fourier-image of Coulomb potential and
nonlocal part of the pseudo-potential (13):

62

1 . .
|I‘Z' - I‘j| SL ak

1 iq(r);— ) +ik(zi—Z;
Sillei = R;]) = ﬁZlec(Q)eq( TR HRESZ) R = (XG,Y5),
q,k

A =330 S (pran] @I L m) (1, mipa, as)al,, (p1)ag, (pa). (20)

m Pp1,01 P2,02
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1 )
<p1, 041| e |l, m) = ﬁ /drH/dZ e_lplr“sﬁzl (Z) .. ~Yl,m(9; (;3),
1 .
(I, m|p2, ag) = NG dru/dZYz*,m(&@ e'P2l gy, (2).

Let us note that in the case of a local pseudo-potential, the Hamiltonian (18) acquires the
following form:

H = Hig + 6y + e Z Z Sk(@)dwr(a)pr(a), (21)
where
dwe(@) = —Zw(q) (1 —dq0) + frla),
= zl: Pel@) = Y (a]e™laz)al, (p)ag, (P —q). (22)

(@l o) = [dzgl, (). pe ()

Such representation of the Hamiltonian (see (18) or (21)) is convenient for calculation of the
partition function, which indicates thermodynamic characteristics of the system.

Let us note that since the electron has two possible orientations of a spin, a result of summation
on p in the formula (20) (or in (22)) should be doubled.

3. Partition function
We consider the partition function of the semi-infinite metal
= = Sp e AH—PN) (23)

where p is a chemical potential of the electronic subsystem, N is an electron number operator.
Taking into account (18), in adiabatic approximation we get

== e—ﬁﬁHn Sp e_ﬁ(Hjell_évei)7 (24)

—

where
Hien = Hijen — pN,

OV = on > Su) Y duk (k) (25)
l

In the interaction representation, the partition function is presented as

2= e PMZan(S(8))en, (26)
where
Ejell =Sp e_BHje“ (27)
is the partition function of semi-infinite jellium [20] (T is the time-ordering operator),
1 )
< >Jell Sp (e BHijen .. ) R (28)
~—Je11

S(B) = Texp Nion /dﬁ Z Zsk Z&wk pe(ald) |, (29)

0

Prlald’) = e i (q) e Mo,
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Transferring from the temperature representation to the frequency representation, according to
the rule:

B
Aldv) = % /dﬁ’ei”ﬂ/ﬁi(qlﬁ’),
0

phlald) = > e ™ pi(alv),

where v is the Bose frequency, we get

6Nion
S(B) = Texp fWZZSk(q)Z(Swi(q)ﬁk(qIVz ) (30)
a k 1
and
NlOl'l
SO = ep |3 (%5 ) T3 sulasua)
n=1 1y0e00n Kk1,...,k
X Z &wkl ai) 5wk (qn)imll’ ol n(ql,...,qn|z/:0) , (31)
where
M gl = 0) = 3 (T, (v = 0). 4 (aalv = 0)) (32)

is the nth order irreducible correlation function of electrons.
Since the average value of the quantities ﬁf; (an|v = 0) is equal to the average value of the

quantities [)ic (dn) (see Appendix) it is possible to write

(S(B))sen = exp Z(ﬁNm“) w D S-S

n=1 ~n k1,

X Z &wf;l (a1) - 5wk (qn)imll’ (ql, cedn) |, (33)
l17~~~1lw
where
l1,eln 3 ~l ~ln
m, Uk, (ai,...,qn) =1i" <Pk11 (qi)-- - Pr. (q")>jeu . (34)
Calculation of fmll’ ol & (d1,-..,9,) can be made according to the definition (see (28)) using a

perturbation theory, but for the sake of comparison of our theories with others it is more convenient
to present DJ”( Kevi kn (qi,-..,qn) through many-particle density matrices. According to Bogoljubov

[25] between mﬁ;;;;;jl,gn (q1,...,4qn) and s-particle density matrix

N(N—1)...(N —s+1)
Vs

Ts(re,...,rslry,....1rh)

there exists the following relation:

VS
Ss(ry,. ., relry,...,rh) = NN-1) .. . (N—s51) Z V5, (r1) ...} (rs)

fr,enfs
floeeofl
Xt (rh) .. g (r) <a}1 . .a}safé g >je11. (35)
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The use of orthogonality of the wave functions (17),

/dI‘ lﬂ;l (r)wh (I’) = 6f1,f2 )

permits to write the expression (35) in the form

NN —1)...(N—s+1)
T T _
<af1...afsaf;...af{>jeu— 7 /drl.../drs/drll.../dr;
XPF (r1) o F, (0a)s (ol TP (07) - g (1) (36)

Let us consider the first order correlation functions
./~ >
i
<Pk1 (q1) ell
iz Z Z (p1, ar| @ UTIHRZ 1 ) (1) m|pa, as) <a‘;1(p1)aa2(p2)>jeu

m Ppi1,01 P2,x2

9)?211 (q1)

N . .
=i 3 [ far Y 6,008 (1 5)VE (85, 00) (37)

and the second order irreducible correlation functions

1,1 _ 2/~ ~ _ 2/ ~ s s
MG (A, q2) = i <pk11(q1)pk22(q2)>jeu7c—1 <pk11(q1)pk22(q2)>jeu—1<p;§1(q1)>jeul<p,32(C12)>jeH

i Z Z Z Z Z <plval|eiqlr“+iklz|lhm1><l1,m1|p2,042>

mi,m2 P1,x1 P2,&2 P3,03 P4,04
x (p3, as| €712 (1, o) (1, ma|pa, aa)
X |:<a'j;51 (pl)a'j;(3 (p3)aa4 (p4)aa2 (p2)>Jell - <a'j;51 (pl)a'()(4 (p4)>_]e11 5P2,P35042,043i|

—I! (q1) M2 (q2)

N(N -1 . . ) )
— i2 (V2 ) Z /drl/dI,Il/dI,Q/dr/2 elqlr"1+1k1z1+1q2r“2+1k222

mi,m2

X}fll ,m1 (91, ¢1)1/12,m2 (92, ¢2)1’§2 (rla r2 |r/17 rIQ)}/l:,mg (9/1’ ¢/1)leim1 (9/2a ¢/2)

N . .
—iQV Z /dl‘l/dra elqlrm—i_lklzlyh,ml (01, 01)

my,m2

x (I, my | eld=riztikaz2 1) ) S1(r1|r))Yy o, (07, 67)

—I! (1) M2 (qz). (38)

In a similar way, it is possible to present the nth order irreducible correlation functions of
electrons through the one-, two-, ..., n-particle density matrices.

Thus, the calculation of the partial function is reduced to the calculation of the many-particle
density matrices. Further it will be shown that in case of a local pseudo-potential it is necessary
to know only diagonal elements of the many-particle density matrices. They are many-particle
distribution functions of electrons which were already examined by us in [22]. The calculation of
the many-particle density matrices will be made in future.
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4. Partial case: local pseudo-potential

In partial case of the local pseudo-potential w(|r; — R;|) the function f;(|r; — R;|) does not
depend on an orbital quantum number [:

fillri = Ry]) = f(|ri — R;))

and

w(lri — Ry|) = — + f(Iri = Ry)). (39)

Then we get

(S(@)jen = exp Z(ﬂan) 33 sulasua)

X 5wk1 (ql) s 5wkn (qn)mkl,m,kn (qla LR qn) ) (40)

The result (40) can be written down as
(S(8))jen = exp | —B(SEM + 6B + .. .)} ,

where E() is the energy of the electronic subsystem in the field of the ions minus that in the
field of semi-infinite uniform charge background in the ith order approximation with respect to the
“difference potential” dw.

Let us consider this energy in the first order approximation with respect to dw.

N;
(1) — _;2%on
OB = ISL qE kg Sk, (a1)0wg, (q1)My, (q1)- (41)
In this case
M, (q1) E M (q1) iﬁ dry evrintikag (v ). (42)
1 kl V

F1(r1|r1) is the one-particle distribution function Fj(rp) of electrons in semi-infinite jellium [22].
Since semi-infinite jellium is uniform in a plane parallel to the surface, then Fy(r1) = Fi(z1) and
we can rewrite (42) as

N ; ; N .
mkl (011) = lv /dr1 elqerlJrlkllel(I‘l) :ivs(squ() /le elkllel(Zl). (43)

Substituting (43) in (41), we get

Nion

y_N Z _
SEM — % 2 /d21 dw(q =0]z1 — Z;)Fi(z1). (44)
As

dw(q=0]|z1 — Z;) = /drH dw ( i+ (21— Zj)2) = S{6w)plane(21 — Z;),

is held where

(0w)prane(Z; — z) = %/dru dw ( rﬁ +(Z; - z)2> (45)
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is 0w averaged along the plane parallel to the surface, we can get

Nion

SEM =g Z /le <6w>p1ane(21 - Zj)n(zl)7 (46)

where

n(e1) = i)

is the electron density function of interacting electron gas. The expression for the energy in the
first order (46) coincides with that used in works [2-7].
Let us consider this energy in the second order approximation with respect to dw
N2

JE® = 5@ D> Sk@n)dwy, (a1)Sk, (a2)dw, (a2) M, ks (a1, g2)- (47)
q1,92 k1,k2

In this case

M, ko (A1, d2) = 293?211’22(Q1,Q2)

l1,l2

N(N -1 . . ) )
i2 (V2 )/drl/dr2elqlr\\1+1k121+1q2r\\2+1k2Z2F2(r17r2)

. N i z
712V55q1+q2,0 /dzl el(k1tk2) 1F1(21)

N2 . .
—12W525q1,05q2,0 /d21 M (21) /dz2 2% [ (25), (48)

where Fy(ri,ra) = F1(r1,rajry, ra) is the two-particle distribution function of electrons in semi-
infinite jellium [22]. Substituting (48) in (47), we get

Nion Nion

@ _ _gNWV-1) R R

0E®) = —f— s >N [dry [dradw(|ry — R;|)dw(|ry — Ri|) Fa(ry, r2)
j=1 i=1

N Nion Nion
+B5 ; ; /dr Sw(|r — R;)éw(|r — Ry|)Fy(2)
N2 ) Nion Nion
+B573S ; / dz1 (0w) plane (21 — Z;)F1(21) ; /sz<5w>plane(z2 — Z)F1(22). (49)

As a rule, all calculations of energy are carried out in the first order in the pseudopotential [7].
In contrast, our approach has no basic difficulties in taking into consideration the second order
and higher.

5. Conclusion

The theory of semi-infinite metal is presented which takes into consideration the discreteness of
an ionic subsystem of metal. The semi-infinite model is used as the reference system for building the
perturbation theory powers of the “difference potential” (see footnote on page 642). Consideration
of non-local pseudo-potential is the main novelty in this theory. In the specific case of a local pseudo-
potential, this theory coincides with Kaim’s theory. It makes possible to consider structurally-
depending contributions to the energy of an electronic subsystem owing to indirect interaction
of ions through non-uniform electronic subsystem, interactions of ion groups with non-uniform
electronic subsystem. This is very important in order to understand the formation of the metal
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static structure near the surface, to make research into interionic interactions and dynamics of ions
close to the surface, as well as to understand the effect of surface structure on surface energy, etc.

Generally, the structurally-depending contributions to energy of an electronic subsystem are
expressed through s-particle electron density matrices. However, in case of a local pseudo-potential,
it is necessary to know only their diagonal elements, that is electron distribution functions. Hence
non-locality of a pseudo-potential leads to the necessity of considering non-diagonal elements of
density matrices.

A. The proof of an equality
<P (q1) - - ﬁﬁcn (Qn)>Jeu = <TP (alr =0).. Z; (anlv = 0)>j911

According to the definition (28)

(A a) A (an)) = =— Sp (e P55 (ar). A (an)

jell Siell
1 (-1 9 P
Sjen A" 0y (a1) 07, (an)

X Sp exp ( — fHjen — B VL(q)ﬁgg(q)) 411 (q1)=0

ak,l

l
Yier, (an)=0

Transferring to the interaction representation we get

o " 1 (=nn 0 0
<pk1(q1)"'pkw(q”)>jen Ejen 8" (9%?1(‘11).”‘971?( n)

x Sp (eﬁHjeuTeXp{ /dﬁ Z%g q|ﬁ ]) 11 (q1)=0
1

q,k,l

A (a0
1 (- a )
Bien A" 0y (a1) 07 (an)

x Sp (eﬁHie“T exp { B Z () (alv = 0)]> Y1 (@1)=0

q,k,l

Y (an)=0

— <Tﬁ§§1 (qilv=0)... [’;cw;, (an|v = 0)>jen'

Thus, the statement

(A (an) - A (an)) = (TR (arlv = 0) .. 3 (aulv = 0))
jell jell

is proved.
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S Uk L=

HaniBoOmMeXxeHu meTan: nigxia Ha ocHOBiI Mmoaeni
HaniBoOMeXeHoro ‘“Xxene”

MN.M.Koctpob6in, 6.M.Mapkosu4

HauioHanbHuin yHiBepcuTeT “JIbBiBCbKa nonitexHika”, Byn. C. BaHaepwu, 12, Jlbeis 79013
OTtpumano 27 notoro 2008 p.

MpencTaBneHo eHeprito enekTPOHHOI NiACUCTEMIN HaNiBOOMEXEHOro MeTany y BUMMsAi psay 3a cTeneHs-
MK nceBaonoTeHujany. MokasaHo, Lo B 3araibHOMY BUNAaAKy AJ19 PO3paxyHKy Liei eHeprii HeobxigHi ene-
KTPOHHi 6araTo4aCTUHKOBI MaTpuLi N'YCTUHW, TOAI IK Y YaCTKOBOMY BUMaAKy JIOKaAbHOIrO NCeBAONOTEHLL-
any nuwe ii giaroHanbHi enemeHTU (PyHKLUIi po3noainy enekTpoHis). Y nepLiomMy nopsiaky Teopii 36ypeHb
Yy BUNAZKY JIOKaNbHOro NceBaonoTeHLiany Haw peaynstaT Ans eHeprii cniBnagae i3 LWMpoKo 3aCTOCOBY-
BaHVUMMW y Teopii PyHKUiOHANy ryCTUHU.

Kniou4oBi cnoBa: Besivka cTaTucTMyHa cyma, rnceBAonoTeHLian, 6aratoyacTMHKOBa MaTpuLst ryCTUHN

PACS: 71.45.Gm, 71.10.-w, 73.20.-r
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