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Descartes-Snell law of refraction with absorption
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Abstract. The state of the art in the theory of optical constants of matter is considered for
different spectral ranges of light absorption. It is stressed that up to now no there exists no
commonly accepted formula for calculation of refractive index in the X-ray region. Starting
from three different approaches, an analysis is made of relations between the angles of refrac-
tion and incidence in the case of a transparent medium-absorbing medium interface. Through
analysis of the corresponding plots each of relations is estimated from the standpoint of
possibility for its practical application. A novel version of the Descartes-Snell law is ad-
vanced. For the first time an expression (15) is obtained that is completely substantiated, both
mathematically and physically. It may be recommended for use, first of all, when calculating
multiplayer coatings in the X-ray optics units. It is stated that further investigations in this
area are required, especially when performing experiments for different regions of optical and

X-ray spectra.
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1. Review of literature and formulation
of the problem

1. The law of refraction for light rays has been estab-
lished by Snell and Descartes as long ago as the first half
of XVII century. However, determination of an angle of
refraction for a ray passing through a boundary between
transparent and strongly absorbing media still makes a
problem. In this case the refractive index ny of the latter
medium is complex, so the angle of refraction is complex
too. The Descartes-Snell law of refraction is:
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where o () is the angle of incidence (refraction).
Presence of a complex function in expression (1) does
not permit to determine a direction of the light ray propa-
gation in the medium 2. In some cases (say, when solving
various problems of X-ray optics whose elements are based
on the refraction phenomenon) it is of importance to know
this direction. The real values of refractive indices in the X-
ray spectral region are close to unity. Therefore at siz-
able angles of incidence a refracted ray will propagate
near the surface where optical properties of the material
may substantially differ from those in the bulk.

2. The situation is complicated by the fact that in the
physical community up to now there is no universally
accepted concept of the refractive index for solids in the
X-ray spectral region. Some of physicists believe that it
is over unity while others have directly opposite opinion.
Toillustrate, in the monograph [1] by Lorentz it is stated
that
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Here N is the number of atoms per 1 cm?3; A is the
wavelength of light; ¢ is the speed of light in vacuum;
e (m) is the electron charge (mass); 5= (1.68+0.08)10°.
Since all the parameters in the second term on the right-
hand side of expression (2) are positive, the refractive
index n<l. It is stated in [2] that expression (2) agrees
rather well with experiment for wavelengths below any
intrinsic resonance absorption.

In [3] Ewald wrote: «The ordinary dispersion formule
can thus be applied to the high-frequency case. They tell
us that the optical density > — 1, which is of the order of
unity for visible light, is of the order of 1006 for soft
and hard X-rays, respectively. This smallness is the rea-
son why RoOntgen and many others after him found no
reflection or refraction of X-rays». So, by Ewald, n? — 1 =
=10°5+10°, ie.,n2=1+ 10°00%and n > 1.
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In the monograph [4] by Baryshevsky, an expression
for X-ray refractive index is of the following form:

n=1+22. 3)

Here p is the scattering material density; f(0) is the
amplitude of elastic coherent scattering through zero
angle; k = 277 A. Since these quantities are positive, n > 1.

In the monograph [5] by Compton and Allison the
complex refractive index is represented as
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i.e., its real part is just the right-hand side of the
Lorentz formula (2), since v 2 = ¢%/A%; so n<1.

The fourth volume of the Physical Encyclopedia pub-
lished in 1965 [6] gives the Lorentz formula for the re-
fractive index, i.e., n<1. However, in the Physical Ency-
clopedia published in 1994 [7] the following expression
is given:

n=1+4pNa. ®)

Here N is the number of particles (atoms, molecules)
per cm? and ais their polarizability. Both quantities are
positive. So n is over unity for all electromagnetic waves.
Without setting off the X-ray region, the author stresses
that the secondary coherent waves, «interfering with the
wave incident on the medium, form a resulting light wave
that is propagating in the medium with a phase speed
cy<c,andson=clc; > 1».

The authors of [§] made an analysis of a possibility to
obtain Cerenkov radiation in the yrange of the electro-
magnetic scale. To estimate this possibility, they started
from the expression for refractive index obtained in [9]:
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Here fR = —Zr, is the Rayleigh scattering amplitude;
Z is the atomic number; 7, is the classical electron radius.
The X-ray frequencies lie over all the atomic resonance
frequencies, and the amplitude of Rayleigh scattering on
atoms is negative. Therefore the real part of refractive
index is less than unity and, as the authors of [§] state, the
Cerenkov radiation cannot occur in the X-ray spectral
region. The situation, however, is quite different in the g-
range if one takes into account the coherent scattering by
nuclei (i.e., the function /). A negative contribution to
unity (stemming from the Rayleigh amplitude /%) in ex-
pression (6) could be counterbalanced (with an excess) by
a positive contribution from the amplitude of y*quanta reso-
nance scattering. In this case n becomes bigger than unity.

An interesting situation seems to take place: the Cer-
enkov effect, that can be realized in both yrange and the
whole optical region, cannot occur in the x-ray region
that presents a very wide frequency range between the )+
and optical radiation. Nevertheless, a pessimism concer-
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ning X-ray efficiency for Cerenkov radiation emission
seems to have no solid ground. In recent years some re-
ports have appeared [10] on positive results in this area.
(This, of course, does not remove the problems related to
determination of ray propagation after passing the trans-
parent medium-absorbing medium interface.) This fol-
lows from an analysis of many works dealing with one of
the most important problems of optical instrumentation -
designing X-ray optics units. To illustrate, see the mate-
rials of the conference organized by the Russian Acad-
emy of Sciences that have been published in [11]; all of
them are representative of the state-of-the art in this area.

3. Researches dealing with refractometry of the near-
surface layers in solids are of great importance in the
context of the discussed problem. In [12] a detailed de-
scription is given of a new method for investigation of
surfaces. This method has been put to a test when study-
ing single-crystalline gallium arsenide and semiconduc-
tor heterostructures of Ge,Si;_,/Si-type.

The starting points of the method were the law of re-
fraction in the form

sng /sing, =n,/m =1/(1-5-ipB) (7)

and formula for the s-component of Fresnel reflection
coefficient
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The following designations are used in expressions
(7)-(9): np, = 11is the refractive index of vacuum (air); n; =
1 — 0—ifis the complex refractive index of the material
studied; E; (E,) is s-component of the electric vector of
light wave in the material (air). The authors suppose that
for grazing incidence (Fig. 1) at angles 6; < 1° the reflec-
tion coefficient for p-component will be the same.

The angles in Fig. 1 are related to those of incidence
and refraction in expressions (1), (7) in the following way:

91—_ (RI_ 62 _(PZ»

and the deviation angle (between the refracted and inci-
dent rays) is
93 = 02 - 01 .

The surprising thing is that expressions (8) and (9)

used by the authors of [12] differ from, as they write, the
expressions that are widely used in the case of total exter-
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Fig. 1. Geometry of ray propagation for incidence on the sample
side face (1, 2) and leaving into the air (1', 2').

nal reflection in the signs of auxiliary variables a and b,
and this fact essentially affects the character of the angu-
lar dependence of the reflection coefficient R(6;). In such
a situation the authors of [12] should substantiate both
the validity of their choice of signs and incorrectness of
the alternative one. It remains incomprehensible why they
did not make this.

In [12] the deviation angle 65 is formally written down
in complex form as

05 =6, —91:,1612 +25+2iB -6,.

For estimation of the effect of its imaginary part (with-
out knowing law of refraction) the authors referred to the
formule used in metal optics [13] to determine a contribu-
tion from the imaginary part of n; to angular shift of the
refracted ray. According to their estimation, it was about
0.1% and therefore has not been taken into account.

4. The question of what is the formation depth for a
reflected light ray in any electromagnetic spectral range
also belongs to the discussed problem. This is of particu-
lar importance at strong absorption, because in this case
the near-surface layers of a sample may play a great part.
Such a problem has been recently considered for silicon
with oxide thickness varying over its surface [14]. By a
depth D of ray penetration into a medium the authors of
[14] meant such a distance along the normal to the sur-
face over which the electromagnetic wave intensity
dropped by a factor of e [15]:

%:Zglm\/E—coszeo .
c

Here 6 is the angle of grazing incidence; e is the
material permittivity.

According to expression (11), a rise of the angle of
grazing incidence (i.e., a drop of the angle of incidence)
is accompanied by an increase in the penetration depth
for electromagnetic wave. This dependence is qualita-
tively supported by experiment. However, the numerical
discrepancy between the theoretical and experimental
values is significant: the experimental values exceed the
calculated ones by a factor of 1.3+3.0. (When we say
about a qualitative agreement, we mean that D grows
with 6).) The experimental and theoretical curves differ
significantly: while experiment gives a linear dependence
over the whole range of angles 6, used, the theoretical

(10)

(11)
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curve does not show change of D up to 8, = 5°. The au-
thors attribute this discrepancy to the «non-Fresnel» char-
acter of the system studied, its anisotropy due to the bur-
ied SiO,-Si interface or inadequate account of light ab-
sorption by material in expression (11). They hope to
study a reason for the above discrepancies in more detail
during further investigations.

5. The above review indicates at a need for further
development of the theory of optical properties of materi-
als in the range of intense light absorption, in particular,
determination of an expression for the Descartes-Snell
law in the case of a transparent medium-absorbing me-
dium interface. This problem is solved and discussed in
the next section.

2. Law of refraction with absorption

1. The first efforts to get a formula for the law of re-
fraction in an absorbing medium have been made in [16].
For the electromagnetic wave polarized perpendicularly
to the plane of incidence (s-component) it was obtained
that the law of refraction is of the same form as in the case
of transparent media. This result looks surprising, be-
cause it states that light absorption by the second me-
dium has no effect on the angle of refraction.

A different result has been obtained in [16] for the
component polarized in the plane of incidence (p-compo-
nent):

; g_k_zzﬁ
. 2 2
sina _ n, (12)
snp n ’

where k; is the absorption coefficient for the second me-
dium. (The first medium was taken to be transparent, as
in the previous case.)

From expression (12) it follows that if the refractive
index equals to the absorption coefficient, then the nu-
merator of the fraction in the right-hand side of expres-
sion (12) is zero, so that angle of refraction remains un-
determined at any angle of incidence. That is why the
author of [16] believes that k has to lie below n.

2. Quite different result can be obtained using the re-
placement n — n + ik. In this case

sina: sina _
snf - sn(g'+ip")

Using Euler formule, one gets

_ny+iky
n (13)

2802
Y . S
2] nf+ki
(14)
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Fig. 2. Angle of refraction 3 vs angle of incidence a curves
calculated from expressions (12) (curves 1, 3, 5, 7), (14) (curves
2,4, 6,9) and (15) (curve 8) for solids with different optical
parameters: ny = 3, k, = 0.4587 (1, 2); ny = 3, ko = 1.4587 (3, 4); ny
=3, ky = 2.4587 (5, 6); n; = 1.5, k, = 0.5 (7, 8, 9).

This expression determines direction of light propa-
gation in an absorbing medium for two (s- and p-) compo-
nents that are polarized in mutually perpendicular planes.
In a uniform isotropic medium both components propa-
gate in the same direction, and not in different ones.

3. Yet another approach has been used in [17]. After
writing down the equations for the plane of equal phases
and plane of equal amplitudes, we get the following ex-
pression for the sine of refraction angle:

V2sina

snf =

\/ng -k +sin?a +\/(n§ -k3 —sinza)2 +4n2k3
(15)

In the case when a ray passes through the interface
between two transparent media the two last-named for-
mulae give the traditional interrelation (that has long
been known) following from the law of refraction. We
mention in passing that the interrelation (12) also reduces
to the traditional law of refraction in the case when there
is no light absorption in the second medium.

4. One would think that the above result could serve
as validity criterion for expressions (14) and (15). How-
ever, the plots of interrelation between the angles a and 8
at fixed n and k values indicate at discrepancies between
the data obtained from expressions (14), (15).

Shown in Fig. 2 are (i) three pairs of curves (the set of
the optical constants n and k being the same for each
pair) plotted using expressions (12) and (14) and (ii) three
curves (for the same set of n and k values) plotted using
expressions (12, (14) and (15). It is immediately appar-
ent that the angle of refraction goes up monotonically
with the angle of incidence in all the cases but one, namely,
curve 5 plotted from expression (12). This curve is char-
acterized by practical coincidence of the angles Sand a
in the 0° < a <40° range. A possible reason for this could
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be that the contribution to the angle of refraction from
absorption coefficient (though & being less than n) is suf-
ficient enough to compensate for that from the index of
refraction. Expression (12) is not valid for a = 80°. In
general the domain of definition for the function (12) de-
pends on k value. This fact must not take place in actual
conditions. The above domain is presented in Fig. 3. The
boundary values are as follows:

1 1
k]_ = [(n2 - nl)/ nl]E and k2 = [(n2 + nl)/ nl]E .

Related to curve 5 discussed above is curve 6. It is
plotted using the same » and k values (as in the case of
curve 5) but from expression (14). A distinction between
the two curves is such compelling that one intuitively
wishes to give preference to curve 6 that (contrary to curve
5) is not apart from the rest of curves.

The curves in Fig. 2 belonging to the first pair practi-
cally coincide. Those from the second pair (they corre-
spond to the same refractive index value, but absorption
coefficient is about three times greater than for the first
pair) demonstrate a considerable discrepancy (up to 10°
at grazing incidence). It should be noted that this dis-
crepancy has the same character as in the first pair. If the
absorption coefficient is increased by a factor of five,
then the difference between the boundary angles of inci-
dence is about 80° (curves 5 and 6).

By and large, from correlation between all the curves
presented in Fig. 2 one can conclude that, at the same set
of parameters n and k, the biggest values of the angle of
refraction are those given by expression (12), while ex-
pression (14) gives the smallest ones.

The angle of refraction vs angle of incidence curves
calculated from expressions (14) and (15) are given in
Fig. 4. Two pairs of curves are plotted using the optical
parameters of zirconium at light wavelengths 243.0 A
(curves 1, 2) and 135.5 A (curves 3, 4). Other two pairs of

ks
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0
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Fig. 3. Domain of definition for the function (12) at fixed value
n=3.
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Fig. 4. Angle of refraction 8 vs angle of incidence o curves for
zirconium (1, 2 — A =243.0 A, 3, 4 - A = 135.5 A) and an arbitrary
solid (5-8) calculated from expressions (14) (curves 1, 3, 5, 7) and
(15) (curves 2, 4, 6, 8): m, = 0.808, ky = 0.0987 (1, 2); ny = 0.95,
ky=0.01 (3, 4); ny = 1.10, kp = 0.02 (5, 6); 1y = 1.10, ko = 0.20 (7, 8).

curves are plotted for a virtual solid with n = 1.10 and
k =0.02 or 0.20. In two cases (curves 3, 4 and 5, 6) the
expressions (14) and (15) give the same results, while in
two other cases (curves 1, 2 and 7, 8) the curves obtained
from (15) lie below those calculated from expression (14).

Conclusions

Summing up, it should be noted that contributions to the
angle of refraction value from the refractive index and
absorption coefficient are not fully apparent. So one can-
not formulate a corresponding rule and say a priori what
of these two factors is predominant. However, it is possi-
ble to state that expressions (14) and (15) can be used in
any spectral region. We give preference to expression
(15) obtained by us. The reason for this is that the re-
placement n — n + ik is strictly substantiated in a math-
ematical sense, while determination of refraction angle
between the planes of equal phases and equal amplitudes
requires application of some assumptions. Besides, when
the absorption coefficient is increased, the refractive in-
dex calculated from expression (15) changes stronger than
that obtained using expression (14). This fact agrees well
with changes in the optical properties of materials.

As for expression (12), it shouldn’t be recommended
for use because it is wrong.
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