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Abstract. The diffraction light field is studied by the numerical calculations of
Kirchhoff-Fresnel integral and Fourier analysis. Based on combination of these methods,
the condition of an axial optical vortex generation in a quasi-plane wave by the special
case of a phase addition in the cross-section of a beam is founded. Amplitude and phase
structures of the beam synthesized like a singular one are analyzed using computer
simulation. The coefficient of conversion of an axial optical vortex beam from the quasiplane wave is defined by the ratio of intensities and reaches 65 % in the far field
diffraction zone. Offered are a simple original technique for the experimental realization
of the necessary phase addition to the wave for the axial optical vortex beam synthesis
and a light “lock” for trapping the absorbing microparticles by using two inclined
mirrors.
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1. Introduction
The dislocations of the wave front are the main object
for researches in the scalar light field singular optics – a
branch of modern physical optics [1-4]. Continuous
dislocation lines in the light field are characterized by
zero amplitude, undetermined phase and energy
circulation around them. The arrangement of the line in a
light beam across the axis of its propagation is called
edge dislocation and along this axis – a screw
dislocation or an optical vortex (OV). A simple case of
OV beam is the Laguerre-Gaussian mode. A very stable
structure of an OV to the intensity and phase fluctuations
allow to use them as the information transmitter through
the turbulence atmosphere, high sensitive detectors of
thermodynamic parameter changes and sorting devices
for the sub-wavelength dimension objects. Unique
features of the singular beam as the “hollow” intensity
distribution and orbital angular momentum are valuable
in many areas for trapping and manipulation with
absorbing microparticles without damage (Ch. 3 in [3]).
Dislocations of the wave front appear at the beam
periphery after diffraction of the incident light on defects
and edges of optical elements. The axial OV can be
synthesized by means of special techniques and devices.
The generation of a singular beam as the Laguerre-

Gaussian “doughnut” mode of a resonator [5] needs high
output power of the laser. A disadvantage of computersynthesized holograms [6] is low efficiency of OV in the
nonzero diffraction orders. A spiral phase mask [7] and
wedge [8, 9] with the height about one wavelength are
complicated in the laboratory manufacture. So, the need
in the simple and efficient method of singular beam
synthesis still remains.
The aim of this paper is to find theoretically the
conditions of nucleation for the high-efficient axial OV
from the quasi-plane wave due to further development of
the modified diffusion theory of diffraction. The
important question is the confirmation of the necessary
influence on the quasi-plane wave by means of the found
conditions which is based on the computer simulation
results of the spatial beam evolution. The suggestion of a
simple technique for their experimental realization is
also of significant interest.
2. Theory
The linearly polarized light beam propagates along Zaxis with the strength of the electric field



E ( x, y, z , t )  e A( x, y, z ) exp (i ( t  k z )) , where e is the
unit vector in the direction of light polarization, ω is the
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light frequency and k is the wave number. In the paraxial
approximation, the complex amplitude

On the other hand, u (x1, y1, ) and v (x1, y1, )
functions can be represented by the Fourier integrals

A (x, y, z) = u (x, y, z) + iv (x, y, z),

u ( x1 , y1 , ) 

(1)

where u (x, y, z) and v (x, y, z) are the real and imaginary
parts of an amplitude, satisfies the Leontovich parabolic
equation

1
A

2i k
z
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 2  2.
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  x

ˆ   z R  kˆ x r0 ~
 exp(i (
x  kˆ y r0 ~
y ))d kˆ x d kˆ y ,
v ( x1 , y1 , ) 

The equation (2) describes a stationary problem of beam
evolution in the space XYZ. In the diffusion theory of
diffraction [10], the relation z = ct connects the distance
of beam propagation z with time t and gives diffusion
equation after substituting it in (2). The diffracted field is
described by the widening of the amplitude A on the
front of a wave during its propagation. Let’s briefly
remind the theoretical background of the modified
diffusion model of diffraction, developed in the papers
[8, 11, 12]. It is based on introduction of a formal time
  z for the convenience of beam space evolution
studying due to coincidence of time and distance. As a
result of substitution of the expression (1) into equation
(2) in the form of z = , obtained is the system of
equations for the field components u (x, y, z) and
v (x, y, z), which describe the diffusion of real and
imaginary parts of amplitude on the front of a wave at
the plane XY in time 





1
u (~
y ,0) 
2



 u(kˆ ,0) exp(ikˆ r0 ~y ))dkˆ and




 v(kˆ ,0) exp(ikˆ r0 ~y )dkˆ .

(6)



Then, the Fourier transform of the functions are

 A0 (~x , ~y )

1

y

The initial light field with symmetric amplitude and
phase distributions at the time  = 0 is considered. For
simplicity, it can be shown for a one-dimensional case of
the beam distribution, for example along Y-axis. The
y , ) and v( ~
y , ) can be
nonperiodic functions u ( ~
represented by the Fourier integral at the time  = 0

1
v ( ~y ,0) 
2

exp(ikr0 r ) ~ ~ 
d x d y   ,
r0 r


exp(ikr0 r ) ~ ~ 
A0 ( ~
x, ~
y)
d x d y  ,
r0 r


(4)

R

l



u (k  , 0)  u ( ~
y , 0) exp(i kˆ r0 ~
y) d ~
y and
l
l



v (k  , 0)  v ( ~y ,0) exp(i kˆ r0 ~
y) d ~
y,

(7)

l

where 2l is the distance of the amplitude functions
existing along Y-axis.
So, the resulting features of a diffraction field can
be predicted by verification of transversal wave numbers
k  . The nonperiodic functions u ( ~
y ,0) and v( ~
y ,0) are
described by continuous amplitude spectra A(kˆ )


x, ~
y ) is the amplitude distribution of the field
where A0 ( ~
at the source plane, r is a module of the radius vector,
r  (~
x  x )2  (~
y  y ) 2  ( z r ) 2 , ~
x, ~
y are the
1

x

0  L   in the plane XY, on which the phase is
changed by 2, kˆ  2 / L . It should be emphasized
that there is no connection between the transversal wave
number kˆ and light wave number k as in Eq. (2).

(3)

coordinate z =  in the Rayleigh range z R  k r02 / 2 .
On the one hand, the real u (x1, y1, ) and the
imaginary v (x1, y1, ) parts of complex amplitude at the
time  can be defined by the Kirchhoff integrals



(5)

where subintegral functions are the plane waves
€ is the frequency of
propagating along XY direction, 
the harmonic spreading in the direction of the transversal
wave number kˆ  kˆ2  kˆ2 defining the distance

For the sake of convenience in the paper, all the
transverse coordinates x, y are normalized on r0, where r0
is the beam waist radius at  = 0, and the longitudinal

 k
u ( x1 , y1 , )  Re 
 2 i
 k
v ( x1 , y1 , )  Im 
 2i



v0 (kˆ x , kˆ y ) 

ˆ   z R  kˆ x r0 ~
 exp(i (
x  kˆ y r0 ~
y ))d kˆ x d kˆ y ,

(2)

  u 1   2v  2v 
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x2 ~
y 2 
   4   ~

1   2 u  2 u 
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     4  ~ 2  ~ 2 .
y 

x

 u0 (kˆ x , kˆ y )

0

coordinates of the point in the source plane  = 0 and
x1, y1 are the coordinates of the point in the diffraction
pattern plane  > 0.

defined by the formulas

Au (kˆ )  2 u (kˆ ) , Av (kˆ )  2 v (kˆ ) .

(8)

The relative amplitude spectra A (kˆ ) / Amax (kˆ )
of the real and imaginary amplitude functions show the
contribution of every harmonic L  2 / kˆ to the initial
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total field. The transversal phase dependence in the nondimensional variables on every harmonic attains the
form

4

2,1

Y

 (~
y ,0)  kˆ r0 ~
y,

5,6

2,1

(9)

where the value of transversal wave number changes as
0  kˆ   .
The spectral width kˆ is the interval of wave

2
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significantly from zero [13]. In what follows, we assume
-4

that the spectral width defines the basic harmonic
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3. The synthesis of a singular beam from
a quasi-plane wave
The main aim of the theoretical investigation based on
the foregoing model is to search out the conditions for
radical reconstruction of the initially smooth wave front
into the helical one, which is typical to an axial optical
vortex. As a starting field, a quasi-plane wave is
examined, which is often used in the theoretical and the
experimental wave process investigations as well as in
the holography researches and its applications.
The examples of waves containing optical
vortices are the Laguerre-Gaussian modes LG0m:
LG0m (, , ) 

 


1  2  1  2
A0






m


2
exp 
 1  2


 2
 m  ( m  1) arctg  k   z R
 exp i 
 1   2

-4

-2

0

(b)

X

Fig. 1. Phase map (a) and amplitude distribution (b) of the
singular beam (LG01 mode) with the topological charge m = +1
that can be seen due to phase growing counterclockwise by the
value of 2.

E(z, t) = A(x, y, z) cos (ωt – kz + 0),

~
x2  ~
y 2 , ,

 are cylindrical nondimensional coordinates, m is the
topological charge of an OV and (m+1) arctg is the
Gouy phase shift. The wave front of an OV has a
helicoid’s form, the axis of which coincides with the axis
of beam propagation. The sign of a dislocation charge
points the direction of energy circulation in the beam,
and its amount defines the changing value of the phase
 represented as a multiplier before the complex unity
in (11), around the dislocation line in a view m 

-4

The plane monochromatic wave with a light
frequency  propagating along Z-axis can be written as







, (11)


where A0 is the amplitude parameter,  

-2

d .

2
The field distribution of a singular beam with the
positive single charge at the time  = 3 is shown in
Fig. 1. All the calculations are made for He-Ne laser
( = 0.6328 m) with the beam waist r0 = 0.025 mm.

(12)

where the constant value of amplitude A(x, y, z) is
supposed to be equal to unity, k is a wave number and 0
is an initial phase of the wave. Let’s, for simplicity,
хconsider some one-dimensional case (the choice of ~
~
or y -component is of no significance) of the field
representation. It’s assumed the equality of the wave
amplitude to its real part A( ~
х ,0)  u ( ~
х ,0) at the time
 = 0. Then, the imaginary part of the wave amplitude
v(х~,0) is equal to zero due to our choice and the relation
(1) for the complex amplitude. The first term of the
argument of harmonic function in (12) gives fast
oscillation, which doesn’t influence on the form of the
wave front. So, the constant-phase surfaces represent the
infinite planes that continuously fill space along all the
paths of wave propagation starting from the phase value
0 at the time  = 0. Only the wave limited in space with
the characteristic radius r0 is experimentally realized.
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Such plane wave is called the quasi-plane wave, which is
considered in this paper. A sharp amplitude shock in the
region near r0 is typical for the diffraction problem of a
plane wave by a circular aperture. Propagation of a plane
wave can be described by the gradually amplitude
decreasing within the region near r0, which is taken into
account due to providing very narrow Gaussian profile
(Fig. 2a). The amplitude distribution of the quasi-plane
wave with the radius r0 = 1 can be represented in the
form:
~

х 1
1,

d
~
~



х 1
,
(13)
u ( х ,0) exp х 1 , ~
d
~
exp  ~



х
1

,
х
1








where d = 20 is the power value, which provides a
gradually amplitude decrease within the region near
r0 = 1. The choice of the power value d in (13) is
arbitrary.
The
relative
amplitude
spectrum
~
ˆ
ˆ
A(k ) / A (k ) of the function u (х ,0) similar to the


max



spectrum of single rectangular pulse is numerically
calculated using the expressions (10), (11) and
represented in Fig. 2b. The spectral width kˆ is the
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Fig. 2. Amplitude distribution u (х~ ,0) of a quasi-plane
wave (a) and its spectrum A(kˆ ) depends on the
transversal wave number kˆ (b) at the time  = 0.

interval of the transversal wave numbers from zero up to
the wave number at which the amplitude becomes equal
to zero for the first time. So, the value of spectral width
kˆ  0.96 is measured in Fig. 2b. Then according to


the reasoning (13), the
dependence takes the form

main

 0 (~
x, ~
y ,0)  kˆ r0 ~
х  0.96 r0 ~
х.

transversal

phase

(14)

We used two statements when developing the
method for synthesis of the axial OV from the quasiplane wave. 1) The appearance of an OV in the light
field is caused by the destructive interference formed by
many wave microsources. 2) Around the dislocation line
in the cross-section of a beam, the phase changes by 2.
In the simplest case of two monochromatic waves
linearly polarized in the same direction, destructive
interference occurs when their amplitudes are equal and
phases differ by . So, let’s divide the quasi-plane wave
cross-section into two areas ( ~
у  0, ~
х ) and ( ~
у  0, ~
х)
with the identical amplitudes as two sources for
interference. Synthesis of the axial OV requires that the
phase has to grow by 2 along X-axis and change by 
only in the center of a beam. The value of the distance L
along X-axis, on which the phase grows by 2, is
calculated from the formula (10). So, the conditions of
synthesis for the singular beam with the topological
charge m = +1 from the initial quasi-plane wave can be
written in the form
x, ~
y ,0)   / 2, ~
у 0,
 0   0 ( ~
(15)
x, ~
y ,0)  
( ~
~
~
~
 0   0 ( x , y ,0)   / 2, у  0 .
As a result of phase varying on the way offered in
(15), the quasi-plane wave transforms into a beam with
an axial optical vortex with the topological charge
m = +1 that can be determined from the phase growing
from 0 to 2 counterclockwise (Fig. 3a). The simulations
show that the best result of synthesis is achieved when
the spectral width value kˆ  1  0.04 . The founded


value of kˆ  0.96 belongs to the confidence interval.
Such insignificant distinction of results can be explained
by the initial quasi-plane wave approach. On the one
hand, a gradually amplitude decrease makes wave
widening with time in computer simulations (Fig. 4b, c),
which is not typical for an ordinary experimentally
obtained plane wave. On the other hand, sharp amplitude
shock in the region r0 = 1 gives right wave representation
at the time  = 0. As the main result of the theory is
found for the initial field, the spectral width value can be
considered as equal to unity, kˆ  1 .


Two diffraction amplitude maxima on the X-axis
(Fig. 3b), which are matched by dash line, shift
clockwise with time (Fig. 4b, c). The amplitude
asymmetry of the obtained beam at the time  = 1
decreases with time, and field characteristics weakly
change after the time  = 3 (Fig. 4b, c). Amplitude and
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phase distributions are enough similar to the singular
beam with the topological charge m = +1 already
beginning from the time  = 3 (Fig. 3b, c). The ellipticity
amplitude  is caused by two asymmetric beams
propagating in the opposite directions. This value can be
measured by the ratio of the small to big ellipse
semiaxes  = b/a  0.65, which are drawn through the
common amplitude contour line and the beam center
(Fig. 4b). The optical vortex core ellipticity can be
useful for trapping the rod-shaped objects like bacteria
and polymeric microparticles.
The efficiency coefficient  of the axial OV beam
synthesis from a quasi-plane wave is defined by the ratio



I min
100% ,
I max

2

Y
0
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-2
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3,3

2

Y

b
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a
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2

X

(a)

(16)

where Imin is the minimal intensity in the area of
maximum intensity Imax of the obtained OV beam at the
same time  (Fig. 3b). The value of the conversion
coefficient is equal to  = (65.20.1) % at the time  = 3.
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Fig. 4. Results of calculations of phase (a) at the time  = 3 and
amplitude distributions in the transverse section of an axial
optical vortex beam synthesized from a quasi-plane wave due
to the phase addition with the spectral width value kˆ  1 at

-2

-2

0

X



2

the time  = 3 (b) and  = 10 (c).

(b)
Fig. 3. Phase (a) and amplitude (b) distributions in the
transverse section of an axial OV beam synthesized after the
phase addition to the quasi-plane wave at the time  = 1 and the
spectral width value kˆ  1 , dashed line in (b) shows the


boundary between decreasing and increasing phase additions to
the initial wave.

In the case of the spectral width value kˆ
increasing with the constant phase difference by  in the
center, the topological wave front features and the
intensity pattern of the beam are changed. The edge
dislocation seen in the interferogram by the fringes

© 2009, V. Lashkaryov Institute of Semiconductor Physics, National Academy of Sciences of Ukraine
231

Semiconductor Physics, Quantum Electronics & Optoelectronics, 2009. V. 12, N 3. P. 227-233.

shifted by  at Y-axis at the spectral width kˆ  0.02
(Fig. 5a) transforms into the screw dislocation detected
by the fringe “fork” (Fig. 5b). The low conversion
coefficient , namely,  (kˆ  0.1)  1%
and

2

Y



 (kˆ  0.25)  6% , denotes noticeable amplitude
asymmetry under these parameters of kˆ . Amplitude
distribution of the obtained axial OV has the form of two
stable “hills”, which rotate clockwise from the X-axis to
Y-axis with increasing kˆ (Figs. 6a, 6b, 4b). The area

0

-2



-2

of the minimal intensity from the beam periphery into
the axial OV beam centre (Fig. 6a) is the way of the
absorbing microparticle movement. These features can
be used as a light lock of the particle: trapping the object
along Y-axis at kˆ  0.25 and holding the particle by

Х

0

2

(a)
2

Y



the growing spectral width up to kˆ  1 (Fig. 4b).
The synthesis of an axial OV beam from a quasiplane wave and a light lock can be realized
experimentally by the technique of two inclined mirrors
(Fig. 6). The primary beam propagates along Z-axis and
reflects from the mirror M1 is turned by the angle /2
to the plane XY in the area ~
x  0 and the mirror M2
turned by the angle /2 to the plane XY in the area
~
x  0 . The necessary phase difference    kˆ ~
x is

0

-2

-2

0

Х

2

(b)



0

acquired for the angle    kˆ r0 2 z R , if taking into
account the double-ray path in the dimensionless
variables. The axial OV beam synthesis with the
amplitude distribution like a singular beam with the
topological charge m = +1 from a quasi-plane wave
should appear under the condition  = /2r0. By the
changing the angle , the necessary amplitude rotation
or a light lock of a microparticle are reached.
(c)
Fig. 6. Amplitude distributions in the transverse section of an
axial OV beam synthesized with the spectral width
kˆ  0.25 (a) and kˆ  0.8 (b) at the time  = 3.

2





(c) Possible arrangement of experimental mirrors for the
synthesis of an axial optical vortex from a quasi-plane wave
and a light lock of a microparticle in the reflected beam that
propagates along Z-axis.

0

4. Conclusions
-2

-1

0

1

-1

0
1(b)

1

(a)
Fig. 5. Patterns of obtained beam interference with a plane
reference wave for the spectral widths kˆ  0.02 (a) and

kˆ  1 (b) at the time  = 3.

In this paper, the method of an axial optical vortex
generation in a quasi-plane wave by the special case of a
phase addition in the cross-section of a beam has been
founded by analyzing the amplitude spectral
composition using Fourier transformation. The initial
field amplitude is represented as the sum of the plane
waves propagating with the different wave numbers kˆ


on the plane XY at the time  = 0. The width of
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amplitude spectrum kˆ  1 , by the author opinion,
defines the basic harmonic in the initial field distribution
and the necessary phase changing to the plane wave
front for its transformation into the helical one.
The evolution of a quasi-plane wave after phase
addition has been numerically calculated by the
Kirchhoff-Fresnel integral in the far field diffraction zone.
At small values of amplitude spectrum width, for example
kˆ  0.02 , the edge dislocation appears due to an


critical and stimulating discussions concerning to the
methodology of making research as well as to Prof.
M. Soskin for the introduction into the field of Singular
Optics.
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