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We present a brief overview of crucial historical stages in creation of superfluidity theory and of the current
state of the microscopic theory of superfluid *He. We pay special attention to the role of Bose-Einstein conden-
sates (BECs) in understanding of physical mechanisms of superfluidity and identification of quantum mechani-
cal structure of *He superfluid component below A-point, in particular — the possibility that at least two types of
condensates may appear and coexist simultaneously in superfluid *He. In this context we discuss the properties
of the binary mixtures of BECs and types of excitations, which may appear due to intercomponent interaction in
such binary mixtures of condensates. We also discuss current status of investigations of persistent currents in to-
roidal optical traps and present an outlook of our recent findings on this subject.
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1. Introduction

The phenomenon of superfluidity in liquid 4He, which is
a Bose-liquid, and in liquid 3He, which is a Fermi-liquid, as
well the phenomenon of superconductivity in the electron
Fermi-liquid in metals, are fundamental properties of quan-
tum liquids. These phenomena are unique because they are
manifestation of quantum laws at the macroscopic level.

The essence of the superfluidity and superconductivity
phenomena is the emergence of a certain macroscopic
quantity — the complex order parameter, which is the
wave function of bosons or Cooper pairs of fermions that
occupy the same quantum state. Thus, the so-called cohe-
rent condensate appears.

In the Bose-systems such condensate appear due to a
direct grouping of bosons in the ground state and in the

Fermi-systems — due to the formation of Cooper pairs,
which are also bosons. Obviously, the phenomena of su-
perfluidity and superconductivity may occur in Bose-
systems or, more precisely, in systems, which obey Bose-
statistics. Therefore, it seems very attractive to explain
superfluidity and superconductivity on the basis of the
phenomenon of Bose-Einstein condensation (BEC) — the
macroscopic accumulation of bosons in the ground state
of the perfect ideal (noninteracting!) gas, which was de-
scribed first by Einstein [1] in 1925 on the basis of the
combination of Bose-statistics and classical expression
for the density of states in phase space.

Really, very shortly after discovering the phenomenon
of superfluidity (by Kapitsa [2], Allen and Misener [3]) but
before creation of the phenomenological theory of super-
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fluidity (by Landau [4,5]) London[6,7] developed the con-
cept of macroscopic occupation of the ground state and
showed that it implies long-range coherence properties of
the Bose-Einstein condensate and together with Tisza [8]
ln 1938 suggested that transition to superfluidity in liquid

*He might be an example of BEC. Basis for their argu-
ments was following: atoms of *He are bosons and transi-
tion of normal liquid He (He 1) to superfluid phase (He II)
takes place at the temperature T; = 2.17 K; if atoms of
liquid *He are treated as a perfect Bose-gas, its temperature
of BEC would be very close to Ty = 3.14 K. The main idea
of London and Tisza was that the condensation in the per-
fect Bose-gas corresponds to a macroscopic occupation of
the ground state, which is related to coIIectlve coherent
properties of the condensate in superfluid *He. Moreover,
first microscopic theory of superfluidity, which was pro-
posed by Bogolyubov [9], is based on the fundamental
hypothesis of the existence in the superfluid systems of a
BEC in one specific mode!

As it is well known, notion of the Bose-Einstein con-
densate of bosons has to be reexamined when we consider
interacting systems. Therefore, it is appropriate to clarify
this notion, since atoms in liquid helium are an example of
the interacting system. Intuitively we understand that BEC
is a fraction of particles which does not move — frozen in
momentum space with g =0. Onsager and Penrose
[10,11] in 1956 were the first who tried to work out a defi-
nition of condensate in the case of interacting system and
they have proposed to identify condensation with an off-
diagonal long-range order, related to asymptotic of single-
particle density matrix. In this approach it was shown that
mean-value of particle operator for the mode q=0 can
still be used as a characterization of a BEC and were ob-
talned 8% as an estimate of the fraction of particles in lig-
uid “He that have g=0 at T=0 K. Hohenberg and
Platzman [12] proposed to use deep-inelastic neutron scat-
tering for experlmental observation of the Bose-Einstein
condensate in He then Cowley and Woods [13] in 1968
observed about 17% of condensate at T =1.1 K. After
that Dubna—Obninsk groups improved experiments and for
the first time not only reexamined the fraction of the con-
densate (3.6 +1.4)% at T =1.2 K [14], but also measured
its temperature dependence and obtained (2.2 + 0.2)% for
the condensate at T =0 K and (2.24 + 0.04)% for the
condensate at critical temperature [15].

After these pioneering attempts, different groups re-
peated and improved experiments in this direction, and
from the middle of 90th of the last century up to nowadays
it is universally agreed by “the superfluid helium commu-
nitee” that the best estimate of the Bose-Einstein conden-
sate fraction is about 9% at T =0 K [16-18].

The experimental evidence of the eX|stence of Bose-
Einstein condensate in the superfluid liquid *He bolsters
one of the main hypotheses of London and Tisza, who tried
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to show that the superfluidity is closely related to the mo-
tion of the BEC, which moving as whole.

So, if we want to clarify the physical mechanisms of the
superfluidity and superconductivity phenomena (from the
modern point of view superconductivity is nothing but
superfluidity, which occurs in a charged system), we
should understand how these phenomena are connected
with the phenomenon of macroscopic accumulation of bo-
sons in the ground state of the noninteracting Bose-system,
which was described by Einstein, nowadays known as
BEC. At this point we touch one of the most fascinating
problems of physics — would it be possible for BEC to be
present in interacting systems? From this point of view the
experimental realization of Bose-Einstein condensates of
dilute atomic gases has opened new opportunities for in-
vestigation of this question.

The main subject of the present review is the discussion
of these issues from the both side of view — theoretical
and experimental.

First experimental demonstration of a BEC of alkali-
metal atoms of rubidium [19] and sodium [20] has opened
new possibilities for exploring superfluidity at a much
higher level of control. The low-temperature atomic con-
densates can be prepared with essentially all atoms being
in the state of Bose condensate. Because of specific fea-
tures the atomic BECs differ significantly from the helium
BEC: liquid helium usually is uniform while the trapping
potential that confines a vapor BEC yields significantly
nonuniform density; unlike spinless "He atoms, alkali
atoms have nonzero hyperfine spins, and various forms of
spin-dependent effects are most pronounced in spinor
BECs [21]. For the weakly interacting BECs, a relatively
simple Gross—Pitaevskii equation (a variant of nonlinear
Schrodinger equation) gives basically good description of
the atomic condensates and their dynamics at low tempera-
tures. It is remarkable that the strength of interaction can
be tuned using Feshbach resonance [22], and different
geometries of the trapping potential provide the possibility
to study a 2D and even a 1D system. Now atomic BEC is
widely used for investigation of a superfluidity allowing
for quantitative tests of microscopic theories using the
tools and precision of atomic physics experiments.

Many phenomena, previously observed in liquid helium
below the A-point, have found their counterpart with ultra-
cold alkali-metal gases. As it is well known, superfluid lig-
uid are distinguished from normal fluids by their ability to
support dissipationless flow. Such persistent currents are
intimately related to the existence of quantized vortices,
which are localized phase singularities with integer topolog-
ical charge. The superfluid vortex is an example of a topo-
logical defect that is well known in liquid helium and in
superconductors [23]. After many efforts such quantized
vortices, and also arrays of vortices, were observed in atom-
ic condensates [24-26]. Observation of the first sound
[27,28], scissor modes [29] or the critical velocity [30]
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beyond which the superfluid flow breaks down are examples
of the manifestation of this spectacular macroscopic quan-
tum phenomenon in trapped ultracold atomic systems [31].

We do not intend to discuss in this review the vast sub-
ject of BEC in atomic gases and refer to the standard mo-
nographs and reviews [32-34]. We shall concentrate just
on the crucial historical stages of creation of the theory of
superfluidity and on the current state of the microscopic
theory of superfluity of *He (it will be done in Sec. 2 and
partially in Sec. 3). In Sec. 3 and Sec. 4 we pay special
attention to the role of the BECs in understanding of the
physical mechanisms of superfluidity and possibility that at
least two types of condensates may appear and coexist si-
multaneously in *He. In this context in the second part of
Sec. 4 we discuss the properties of the binary mixtures of
BECs and types of excitations, which may appear due to
intercomponent interaction in such binary condensate mix-
tures. Section 5 will be devoted to conclusions and future
challenges, namely, persistent currents in toroidal trapped
spinor BECs and vortex ring-on-line structures in BECs.
There we will present an outlook of our recent findings on
stability of superflow in ring spinor BECs. In the Appendix
we will present a derivation of the general form of Gross—
Pitaevskii equation for spinor condensates.

2. Theory of superfluidity: historical aspects and
current state

As it is well known, superfluidity is the phenomenon of
dissipationless mass transfer in macroscopic quantum sys-
tems. It was discovered in 1938 by Kapitsa [2] and bit later
independently by Allen and Misener [3] during the re-
search of liquid helium. It was established that at tempera-
tures below T = 2.17 K helium can flow through thin ca-
pillaries and slits without viscosity.

A phenomenological theory of superfluidity was
created in 1941 by Landau [4,5,35]. On the contrary to the
hypotheses of London and Tisza, Landau was confident
that the physical reason of superfluidity is connected with
the spectrum of “elementary excitations” in a liquid he-
lium, while BEC had nothing to do with this effect. Theory
of Landau (which was named the two-fluid hydrodynam-
ics) was based on the assumption that below T; helium
consists of two components — normal and superfluid
(should be noted that Tisza was the first, who suggested
this idea publicly [8,36] in the frame of his naive theory of
superfluidity, and was the first, who gave a correct qualita-
tive explanation of the behavior of superfluid helium, but
his articles did not contain any proper two-fluid equations).

Each component has its own field of velocities and den-
sity, so the total density is a sum of densities of the com-
ponents. It is important to note that superfluid helium is not
a mixture of two different substances, so it is impossible to
separate normal and superfluid components from each oth-
er. It is more precise to talk about a coexistence of two

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9

motions — normal and superfluid. Two-fluid model as-
sume that normal motion has all the usual properties of the
motion of a viscous liquid, whereas the superfluid motion
is responsible for the phenomenon of superfluidity and its
associated effects.

So, Landau phenomenology supposes that in quantum
Bose-liquid (like "He, which at a low temperatures is a
weakly excited macroscopic quantum system) collective
(coherent) behavior dominates over the individual move-
ment of atoms.

Theory of Landau allowed to achieve a high level of
understanding of the properties of nonrelativistic superflu-
id state in a Bose-liquid *He. For instance, existence of
different types of sound waves in superfluid *He were pre-
dicted on the basic of two-fluid hydrodynamics [37] and
then observed in the experiment [38,39]. Moreover, calcu-
lations of thermal conductivity and viscosity of superfluid
helium, obtained according to this theory, are in good
agreement with experiment. Also, Landau two-fluid hy-
drodynamics allows to give a very nice description of the
properties of *He—>He solutions [40].

One of the greatest achievements of Landau's pheno-
menological approach is that, basing on the temperature
dependence of heat capacity of superfluid 4He, Bose-
statistics and on the basis of his superfluidity criteria for
the quantum liquids, he predicted the form of the elementa-
ry excitation spectrum of superfluid helium.

Very important that properties of superfluid liquids
can be entirely described by this spectrum of collective
excitations, which has two branches: the “phonon” — for
long-wavelength excitations and the “roton” — for the
relatively short-wavelength collective excitations. The
form of the energy spectrum of elementary excitations in
superfluid helium, which characterized by the linear dis-
persion relation at low momenta and so-called roton min-
imum at g =0 was confirmed later by Woods and Hen-
shaw [41] in the experiments on scattering of slow
neutrons in liquid helium. Since then many other precise
experiments confirmed and refined the shape of this
curve [42-47]. Now we are well established: at long wa-
velength, the quasiparticles are phonons with linear rela-
tion w=c|q| between energy ® and momentum g and
c is the (first) sound velocity; at larger momenta the su-
perfluid "He quasiparticle spectrum is given by the well-
known maxon-roton dispersion relation (see Fig.1).

However, there are some data points that cause difficul-
ties in explanation of these observations in the frame of
Landau two-fluid hydrodynamics. First difficulty is that
application of the Landau criterion of superfluidity to the
spectrum of elementary excitations gives v, ~ 60 m/s for
the critical velocity. Whereas it was well established expe-
rimentally that superfluidity in capillaries disappears when
velocity is of the order of few cantimeter/second and its
very sensitive to the diameter of the channel. Furthermore,
whereas superfluidity will be destroyed for the tempera-
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Fig. 1. Phonon-roton dispersion curve [42,48].

tures T >T,, Landau criterion still gives v, >0. Next
contradiction is that in the frame of Landau theory is im-
possible to find the answer why the spectrum of elementa-
ry excitations does not change drastically when tempera-
ture crosses from T =0 to T, =2.17K.

But it is expected since Landau two-fluid theory of su-
perfluidity gives only phenomenological explanation of the
phenomenon. Really, Landau phenomenological theory for
the strongly interacting Bose-systems asserts that low-lying
excitations may be conveniently represented by the noninte-
racting quasiparticles. It seems to be incredible and myste-
rious that this assumption describes many experimental ob-
servations successfully. We should understand how this
extremely successful phenomenological description can be
understood from an underlying field theory. Of course, this
is a task for microscopic theory of superfluidity of Bose-
liquids to provide a underground scene of this phenomenon.

However, theoretical investigation of the properties of
the superfluid phase of *He at microscopic level meets
with a set of fundamental problems. Most of them con-
nected with strong interaction between bosons and com-
plex quantum-mechanical structure of the effective cohe-
rent condensate. This condensate in the same way as
single-particle BEC in case of ideal Bose-gas forms the
basis of the superfluid component.

The big important steps towards a field theory of
strongly interacting bosons were made in the 1950's by
Bogoliubov [9,49-52], Beliaev [53,54], Hugenholtz and
Pines [55] and later by Gavoret and Nozieres [56].

The first microscopic theory of superfluidity, which
stemming from a model of a weakly nonideal Bose-gas,
was proposed by Bogoliubov and the concept of the BEC
is the important ingredient of the Bogoliubov theory.

Using the fact that at very low temperature crystalline
order of “He atoms suppresses their individual displace-
ments in favor of their coherent collective movements
(which are nothing more than sound waves) Bogoliubov
showed that for low-energy excitations (in harmonic ap-
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proximation) spectrum of corresponding hamiltonian of the
microscopic system of atoms can be calculated exactly.

Bogoliubov pointed an attention to the fact that de-
spite a long coherence in the condensate (in other words,
existence of nonzero off-diagonal elements in condensate
density matrix) the elementary excitations in the Bose-
gas exists because of the mobility of individual atoms in
the condensate (“quasiparticles” are real particles in this
case). Thus, accepting important role of BEC in under-
standing of superfluidity phenomena, Bogoliubov pro-
posed to find solution of quantum-mechanical problem of
bosons interaction that can give an energy spectrum,
which would correspond to Landau spectrum. It means
that interaction between BEC particles can transform
separate excitations in the Bose-gas into collective excita-
tions, which are observed in superfluid helium as spec-
trum of elementary excitations.

The main advantage of Bogoliubov theory is the depar-
ture from standard perturbative methods, which based on
series expansions over a small interaction constant. Exis-
tence of intensive BEC, which density is close to the total
density of the superfluid system is the basic idea of this
theory. As a consequence, for Bose-particles with zero
momentum and energy one can neglect the noncommuta-
tivity of the creation and annihilation operators and em-
ploying the so-called linear canonical Bogoliubov trans-
formations diagonalize the initial Hamiltonian of the
system and find an expression for the renormalized mo-
mentum of quasiparticles. Note, that main Bogoliubov's
suggestion — the approximation of operators by c-num-
bers, it is a fundamental hypothesis about the existence of
BEC in one specific mode in the He II.

While Bogoliubov's theory was a great step forward in
the understanding of the low-lying spectrum of interacting
bosons, the theory is certainly not apflicable to strongly
interacting systems like superfluid "He. However, the
theory paved the way for many important developments,
e.g., the concept of symmetry breaking [57], which plays
such a prominent role in modern theoretical physics.

Especially should be noted that gauge symmetry break-
ing plays a very important role in the understanding of the
infrared structure of the Bose-system. A very lucid discus-
sion of the concept of symmetry breaking and its implica-
tions is given by Anderson in Ref. 58.

Bogoliubov theory has been improved further (see, for
instance, Ref. 59) and in the most of these improved mod-
els of superfluidity, using the arbitrary selection of parame-
ters, one can achieve a good agreement between theoretical
and experimental spectrum of elementary excitations in
superfluid *He for a certain range of the momentum. But
such agreement is more coincidental, because, as it was
mentioned above, and also it was shown in the experimen-
tal studies (physically different types!) 118,60], a part of
single-particle BEC in the superfluid 'He is small and
ranges from 2 to 10% in any case, which is the opposite to
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a condition of weak nonideality of the Bose-gas in the Bo-
goliubov theory.

Therefore, in order to give an adequate microscopic de-
scription of the Bose-liquid superfluid properties the most
promising is many-body field theory approach and the
Greens function method, which for the first time was used
in the papers of Beliaev [53,54] and widely developed in
the future. Beliaev's approach forms the basis of the syste-
matic application of the quantum field theory methods to
boson systems with condensate, including anomalous
propagators, which representing two particles going into or
out of the condensate. The Green function method let one
find the energy of the system, its equation of state and the
spectrum of quasiparticles for multiparticle Bose-systems.
It allows to obtain a system of equations (Dyson—Beliaev
equations), which express the normal 611 and anomalous
Gy, single-particle boson Green functions in terms of the
corresponding self-energy parts £;; and £;,. Since the
BEC acts as a particle reservoir from which particles can
be created or into which particles may be lost, it was ne-
cessary to introduce “anomalous" Green's functions in or-
der to describe such processes. Therefore, the Dyson equa-
tion for the Green's functions

G =Gy +Gy=G 1)

is turned into a 2x2 matrix equation. The diagonal ele-
ments in this equation correspond to the conventional
Green's functions, and the off-diagonal elements in G and
¥ are the anomalous Green's functions and self energies,
respectively.

But the main difficulty of the microscopic description
of the superfluid state of a Bose-liquid with a nonzero BEC
is the fact that direct application of perturbation theory
leads to divergences and nonanalyticities at small energies
¢—0 and momenta q— 0 and, as a consequence, to
erroneous results in the calculations of various physical
quantities.

Thus, for example, for a Bose-system with weak inte-
raction, when the ratio of the mean potential energy
V(qo)qg (go being a typical momentum transfer) to the
corresponding kinetic energy q§/2m of the bosons is
small, the zeroth-approximation polarization operator
I1(g,w) and the density—density response function
I1(q,») calculated to the first order in the small interac-
tion parameter &=mqgyV(qp) <1, are logarithmically
divergent at ¢ —>0, ®©—>0, whereas the exact values
I1(0,0) and T1(0,0) are finite:

on_ n n

1(0,0)=——=—-———; I1(0,0)=———. (2
on me m(cg —c?)

Here n is the total concentration of bosons, p is the

chemical potential of the quasiparticles, cg = «/nVo/m is

the sound velocity in the Bogoliubov approximation for a

weakly nonideal Bose-gas, Vp =V (0) is the zero Fourier
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component of the potential, and c is the speed of sound in
the g — 0 limit for the spectrum of elementary excitations
£(g) ~c|q| in the Beliaev theory.

Handling of these divergences and contradictions in a
satisfactory manner is necessary in order to understand the
infrared response of a Bose-system and requires a suitable
renormalization procedure. Unfortunately, this proves to be
a rather difficult problem.

Beliaev theory was reanalyzed and extended by Hugen-
holtz and Pines [55] in 1959. Using gauge invariance ar-
guments and a careful analysis of the perturbation series
they showed that the quasiparticle spectrum of superfluid
helium is gapless. In particular, they obtained that

%11(0) ~ £12(0) = ®

(Hugenholtz—Pines theorem). Really, inserting this theo-
rem into Eq. (1) it is easy to see that the spectrum is gap-
less. It is now tempting to obtain the infrared behavior of
the Green's functions directly from the Eq. (1). Assuming
the self-energy parts >;; and %;, to be analytic at small
momenta one obtains

20 -u _ (0
(2 —2?)  B(e? —c2d)

G (0,q) = 5 4)

where B and c are constants involving derivatives of the
self-energies at g = 0. Within this approach one also finds
that >,,(0) = 0. The argument just presented is given in
more detail in Ref. 61, and it indeed leads to a linear spec-
trum. However, it assumes analyticity of the self-energies
and Green's functions at zero momentum, which appears to
be erroneous as was recently shown in [62].

The quantum-field theory for Bose-systems as devel-
oped by Beliaev and Hugenholtz and Pines was further
thoroughly reexamined in 1963 by Gavoret and Noziéres
[56]. They showed that the singular character of interaction
in the Bose-systems with condensate remarked by Bogoli-
ubov manifests itself in divergences of perturbation theory
at small momenta (infrared divergences). They showed
that infrared divergences cancel out in all physical quanti-
ties and the energy gap in elementary excitation spectrum
vanishes to all orders of perturbation theory. In other
words, Gavoret and Noziéres established the phonon cha-
racter of the spectrum up to all orders in perturbation
theory. Furthermore, they successfully related the sound
parameter of the field theoretical propagator with the ma-
croscopic sound velocity ¢ given by c? = dp/dp where
p is the pressure and p is the mass density of the Bose-
system. The theory of Gavoret and Nozicres effectively
sums up perturbation theory to infinite order, but it does
not solve the problem with infrared divergences. It yields
an anomalous self-energy %, (0) = 0.

A first satisfactory attempt to handle the infrared diver-
gences of the bosonic field theory was undertaken by A.
Nepomnyashchii and Yu. Nepomnyashchii (NN) [63].
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Their calculations are rather involved and entail a partial
summation of the perturbation series. If this resummation
of diagrams is done correctly then infrared divergences
disappear from the theory. As an important consequence of
this diagrammatic analysis one obtains that the long-
wavelength behavior of the anomalous self-energy is ac-
tually nonanalyticat q =0,

1

_— 5
In(do/a) ©

Z15(0—>0,g—>0) ~

Here, g=(w/c,q) and lq, is a length of the order of
the interparticle distance. Equation (5) is a very important
result, which makes the Green's functions G;; and G,
also behave nonanalytically at (w,q)=0. Obviously,
Eq. (5) leads to %;,(0) =0, which contradicts Eq. (4). NN
confirmed, that the spectrum remains acoustic despite the
nonanalytic behavior of the correlation functions.

The method applied by NN in order to remove the
infrared divergences from the bosonic field theory is cer-
tainly not very transparent. It would be desirable to be able
to construct a perturbation theory where infrared diver-
gences are eliminated from the outset. Such a perturbation
expansion has been suggested by Popov [64,65] starting
from a functional integral approach. This approach yields
the same perturbation expansion as the conventional field
theoretical approach but suggests a more convenient me-
thod to eliminate infrared divergences. Popov's method is
based on a separation of the bosonic fields into “fast” and
“slow” components with respect to a certain momentum
o - Integrating out the “fast” fields, Popov was able to
construct an effective action for the “slow” fields only.
Representing the “slow” fields by their amplitude and
phase one obtains an effective hydrodynamic action. The
diagram technique obtained from this action is free of
infrared divergences. It is then straightforward to calculate
the infrared structure of the various correlation functions.
Popov and Serednyakov [66] were able to obtain Eq. (5),
which was first derived by NN, from the effective hydro-
dynamic action. It implies that the Green's functions ob-
tained in Bogoliubov's theory are not correct despite the
fact that an acoustic spectrum is obtained.

Should be noted that Bogoliubov theory as well as fur-
ther developments by Beliaev, Hugenholtz, Pines, Gavoret,
Noziéres, NN were restricted to the zero temperature. The
first finite-temperature calculations was attempted in 1957
by Lee and Huang [67], for a gas of hard spheres. It was
shown that for T =0 K the thermally induced depletion of
condensate take place, so it may spoil the validity of the
Bogoliubov theory. To avoid the “mismatching” one has to
treat the condensate in some consistent fashion and it was
Popov [64,65], who proposed in 1965 a generalization of
the Bogoliubov theory for T =0 K that gives the elemen-
tary excitation spectrum similar to that for T=0 K but
now with temperature-dependent condensate.
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While the method employed by Popov contains the es-
sential ideas of modern renormalization group theory, it still
contains a number of phenomenological elements. In particu-
lar, the sharp separation of the fields into “slow” and “fast”
components at a given momentum g, appears to be some-
what artificial and, furthermore, the parameter g is not real-
ly well defined. A full-fledged renormalization group analy-
sis of the infrared behavior of the Green's functions of a
Bose-system was undertaken only recently by Pistolesi et al.
[68,69] in the frame of renormalization-group approach to
the infrared behavior of a zero-temperature Bose-system.
Within this theory it was explicitly shown that the effective
hydrodynamic action proposed by Popov is indeed the cor-
rect infrared fixed point of the renormalization group flow
which starts at the “bare” action of strongly interacting bo-
sons. In order to expose the effects of the broken gauge
symmetry on the Green's functions, the Bose fields were
separated into longitudinal and transverse components. The
gauge symmetry is broken in the longitudinal component
only. Using this formulation it is particularly easy to set up
Ward identities, which relate various vertices to each other.
To show this, in [62] Popov’s theory was developed further.
Namely, using an analogous separation of the fields into
longitudinal and transverse components and Ward identities
were then used in order to obtain the vertices for the calcula-
tion of the density—density and current—current correlation
functions. So, in this work was shown that if a general form
of the action were written down in terms of “running” coupl-
ings, and were found that all the couplings, that are present
in the “bare” interaction (but not in the hydrodynamic ac-
tion) flow to zero or are irrelevant. This analysis confirms all
results obtained in the NN and Popov approaches.

Should be emphasized that vanishing of the anomalous
self-energy %,,(0) at zero momentum has a definite phys-
ical origin and is not just a peculiar mathematical result. In
the framework of broken symmetry, it is consistent with
the general picture proposed by Patashinskii and Pokrovs-
kii [70] where divergences, which arise in transverse corre-
lation functions connected with a Goldstone mode (zero
mass phonon), drive a divergence in the longitudinal prop-
agators due to the continuously broken symmetry. From
this point of view, the divergence of the Green's functions
at zero momentum due to the vanishing of =, is an im-
mediate consequence of the Goldstone mode.

Of course, need to note that besides the quantum field-
theoretical methods, there are various other methods that
attempt to provide a basis for Landau's auasiparticle con-
cept. A successful picture of superfluid "He has been de-
veloped using correlated basis functions or similar ap-
proaches [71,72]. A very good quantitative description of
the response of superfluid *He at long and intermediate
wavelength is obtained using numerical quantum Monte
Carlo (for a review see Ceperley Ref. 73). The hydrody-
namic formulation by Hohenberg and Martin [74] de-
scribes the infrared response without the problem of spu-
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rious infrared divergences, but it does not obtain the im-
portant result that >;,(0) =0. Finally, a very complete
picture of the excitations of Bose-systems is obtained using
a method based on seminal work by Feynman [75] and
Feenberg [761, which is also at the root of a recent theory
of superfluid "He by Vakarchuk [77].

However, all these methods do not solve the problem of
an ab initio calculation of the quasiparticle spectrum in the
superfluid *He Bose-liquid. Nowadays could be concluded
that, despite above mentioned big progress and achieve-
ments at the same time, the physical origin of superfluidity
on the microscopic level still remains obscure. The analy-
sis of experimental and theoretical publications indicates
that investigations of the unique phenomenon of super-
fluidity of liquid helium are far from being completed (see
for example [78-82]).

In fact, there are some big contradictions between the
theory and the experiment and next questions remain un-
solved.

1. As was mentioned above, applicability of the Landau
criterion of superfluidity for the determination of the criti-
cal velocity dissipationless flow in superfluid helium re-
mains unclear.

2. The origin of the roton minimum in the spectrum of
elementary excitations — an ab initio computation of the
spectrum of elementary excitations in the superfluid *He
Bose-liquid remains an actual problem nowadays, despite
certain recent successes in that direction, like an excellent
agreement with experimental data in the region of the roton
minimum obtained by the Monte Carlo method making use
of the so-called “shadow wave function” [83] or by the
correlation basic function method [71] employing modern
interatomic potentials for *He. However, the physical rea-
son behind the appearance of the roton minimum in the
quasiparticle spectrum still remains unclear.

3. Nonlinear dependence of the velocity of the first sound
at small value of momentum. Numerous precise data, ob-
tained from the scattering of the cold neutron [84-86], clear-
ly indicates that so-called phonon part of the quasiparticle
spectrum decays.

As was shown in series of works [87-90], this character
of the spectrum of elementary excitations in superfluid
helium leads to the interaction and mutual transformation
of low-frequency and high-frequency phonons, and also
leads to the nonlinear dependence of the velocity of the
first sound from the momentum. Investigation of this prob-
lem is still continue.

4. Also remains open more general question about the in-
teraction of original atoms in superfluid *He and emergent
collective fluid volume elements (so-called fluid particles in
the Lagrangian description). Nowadays searches for the
most suitable collective degrees of freedom in superfluids
are still continue. And so the question how the formation
and stability of the volume element of *He as a continuous
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medium can be explained from first principles remains a
subject of active studies (more details see [91,92]).

5. The quantum mechanical structure of the superfluid
component of the *He Bose-liquid below the A-point, at
T <T, =2.17 K. As was mentioned above, according to
numerous precise experimental data on neutron inelastic
scattering [93-95] and experiments on quantum evaporation
of *He atoms [18], the maximal density p, of the single-
particle Bose-Einstein condensate in the 'He Bose-liquid
even at very low temperatures T < T, does not exceed 9%
of the total density p of liquid 4He, whereas the density of
the superfluid component pg —p at T — 0 K.

Such low density of the BEC (suppressed BEC) is an
indication of the fact that the quantum structure of the part
of the superfluid condensate in He Il carrying the “excess”
density (ps —pg) > pg, Which calls for a more thorough
investigation.

3. Self-consistent microscopic theory of superfluidity
*He for the case T =0 K

For the case T =0 K part of above mentioned contradic-
tions between the theory and the experiment were partially
resolved in [96-98]. In this papers authors discussed both
the quantum structure of the superfluid state in a Bose-liquid
at T =0 K and the self-consistent calculation of the spec-
trum E(q) of elementary excitations in the framework of
renormalized field perturbation theory [63-66]. The ap-
proach is based on the Pashitskii and Yu. Nepomnyashii
[99] microscopical model of superfluidity of a Bose-liquid
with a suppressed BEC and intensive pair coherent conden-
sate (PCC), which can appear due to sufficiently strong ef-
fective attraction between bosons in some domains of mo-
mentum space and is analogous to the Cooper condensate in
a Fermi liquid with attraction between fermions near the
Fermi surface. Should be noted that in the frame of Bogolu-
bov approach the model of superfluidity with two types of
condensates were considered earlier (see, for instance, ar-
ticle of Shevchenko [100]).

In our approach as a small parameter we use the ratio of
the single-particle BEC density to the total Bose-liquid den-
sity (ng/n) <1, unlike in the Bogoliubov theory of a non-
ideal Bose-gas, where the small parameter is the ratio of the
number of supracondensate excitations to the density of the
intensive BEC (n—ng)/ng < 1. Because of this, superfluid
state within presented model can be described by a “trun-
cated” self-consistent system of Dyson-Beliaev equations
for the normal and anomalous self-energy parts iij (K, w),
where the diagrams of second and higher orders in the BEC
density was neglected. For this renormalized field perturba-
tion theory [64], which is built on combined field variables
[65,66] were used. In this case, the superfluid component
ps Is a superposition of the “weak” single-particle BEC and
an intensive “Cooperlike” PCC with coinciding phases
(signs) of the corresponding order parameters.
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Without any doubts, choice of the pair interaction po-
tential, which will be used during the calculation of quasi-
particle spectrum, is very important step, and that step
should be discussed more carefully. To describe interaction
of helium atoms in real space, various semiempirical po-
tentials are conventionally used. All of them describe
strong repulsion at small distances and weak Van der
Waals attraction at large distances [101-103]. However,
those model potentials fail to take into account the fact that
at distances less than the quantum radius of the helium
electron shell r% =1.22 A, the Coulomb repulsion between
the nuclei (Ze)“/r (partially screened by bound electrons)
sets in. The following simple apprOX|mat|on for the “He
interatomic potential, diverging as r™* at r — 0, could be
suggested:

2
4%(1+[3r)exp(—r/oc),

(T} e

Such a potential has a finite Fourier component with an
oscillating sign-changing momentum dependence (Fig. 2,
dashed curve).

The Fourier component will look like any other potential
of the form (6) in which the interaction at r >r, is deter-
mined by any of the modern *He potentials [101-103].

However, those Fourier components are analytically
very complicated and it is technically very difficult to use
in the actual calculations. To be able to go forward, while
retaining the crucial features of the interaction, one should
employ a model potential, characterized by the same sign-
changing Fourier component as the one of Eqg. (6), but with
a simpler analytic expression. For example, it is possible to

r<r.,

V()= (6)
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Fig. 2. The Fourier components of: potential (6) (dashed curve);
model potential (7) (curve 1); the corresponding renormalized po-
tential (10), with account for the momentum dependence (11) of the
polarization operator IT (inset) on the “mass shell” (curve 2).
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choose the simple finite repulsive potential of the “semi-
transparent spheres” model, V(r) = (\/0/4na3)9(a—r) (6
is the step function), whose Fourier component

V(p) =Vy sin(pa)— pagcos(pa) @
(pa)

is an oscillating sign-changing function of momentum
transfer p (Fig. 2, curve 1). It is necessary to emphasize
that the existence of negative values of the Fourier compo-
nent V(p) <0 is not directly associated with Van der
Waals forces. These oscillations arise even in the absence
of attraction in real space, and are an implication of quan-
tum mechanical diffraction effects of mutual scattering of
the particles.

Should be also noted that the same behavior is characte-
ristic for the Fourier components of more realistic poten-
tials that diverge not faster than r~2 at r —0 and possess
an inflection points in the radial dependence.

For the calculation of the spectrum of elementary exci-
tations in the superfluid *He the system of Dyson—Beliaev
equations were used. These equations allow one to express
the normal Gy; and anomalous G;, renormalized single-
particle boson Green functions in terms of the respective
self-energy parts £;; and £;,. As was shown in Ref. 99
for a Bose-liquid with sufficiently strong interaction be-
tween particles when BEC is strongly suppressed, one can,
defining =, (p,&) in the form of a sequence of irreducible
diagrams that contain condensate lines, restrict oneself,
with good precision, to the lowest terms in the expansion
over the small BEC density (ny < n). As a result for a
Bose-liquid, leaving the terms of the first order in small
parameter ny/n <1, one gets “truncated” system of equa-
tions for £y :

11(9.8) = ngA(@, eV (a,8) + mV (0) + P11(a.€) ;. (8)

i"]_2 (qv 8) = nOA(q! 8)\7(q1 8) + li'I:I_Z (ql 8) ’ (9)

where

V(a,e) =V (@)[1-V(a)I1(q,)] (10)

Here V(q) the Fourier component of the input pair interac-
tion potential; V(q,&) is the renormalized (“screened™),
due to multiparticle collective effects, Fourier component
of the nonlocal interaction; TI(qg,€) is the boson polariza-
tion operator that takes into accounting the multiparticle
collective effects:

doo

I(q,e) = 1"(CI &, K, 0){Gy (k, 0) x

x G (k+0, e+ ®)+ G (K, 0)Gpr(K+0, e+m)}; (11)

I'(g, & k, ) is the vertex part, which describes multipar-
ticle correlations; A(g,e) =T(q,¢,0,0)=1(0,0,9,¢), and
ny is the number of supracondensate particles (n > ng),
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which is determined from the condition of conservation of
the total number of particles.

In addition, as it was also shown by Pashitskii and
Y. Nepomnyaschii in [99], only residues at the poles of sin-
gle-particle Green functions were taken into account, whe-
reas, the contributions of the poles of the functions

I'(g,e,k,0) and V(q,€), which do not coincide with the
poles of G,J (9,¢), were neglected.

As a result, the functions ¥;; j(d,€) on the “mass shell”
€= E(q) have the following form (at T=0K):

P @ E@)=2 j —r(q Eq);k, EC)V (g -k, E(q) - E(k)){%_l} (12)
3
P1(Q E@) = = [0 NoAGK ECNV (K EC) + o EK) ;5

where

E(k)

E(q) = %[li'n(q, E(q)) - P11 (-, ~E@)] +{A%(a, E(q)) ~[noA(a, E(@V (a, E(@)) + P1o(a, E@)ZFY2,  (14)

A(a, E(@)) = noA(a, E@)V (a, E(a)) +P12(0,0) - 11 (0,0) +%[‘i’11(0|: E(a) +¥11(-a,

In this case, the total quasiparticle concentration is deter-
mined by the relation

3

E(k)

From Egs. (14) and (15) it follows that the quasiparticle
spectrum, because of the analyticity of the functions
li’ij (g,€), is acoustic at p — 0, and its structure at q #0
depends essentially on the character of the renormalized
interaction of pair of bosons.

Note that in the absence of a BEC (ny =0), Eq. (13)
becomes homogeneous and degenerate with respect to the
phase of the function ‘?12 (p). It is then become analogous
to the Bethe—Goldstone equation for a pair of particles in
momentum space

_ k)

ra=- ( ) 2Ew-a

with zero binding energy Q =0, which has a nontrivial solu-
tion only in the case of attraction V(g) <0. This analogy
allows one to treat 1?12 () at ny =0 as a PCC order para-
meter [99], which describes boson pair condensation in mo-
mentum space (identical to the Cooper condensate of fermion
pairs). Equation (13) being degenerate over the phase of
‘1’12 (9) at ny — 0 allows one to meet the condition of sta-
bility of the phonon spectrum ol =¥, (0)/* >0 by
choosing the appropriate sign of the pair order parameter
‘1112(0) >0. Since at T =0 K the density p of the super-
fluid component, on the one hand, coincides with the total
density p = mn of the Bose-liquid and, on the other hand, is
proportional to %4, (0), which plays the role of the superflu-
id order parameter, one gets the following relations:
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o
—E(a))] *om (15)
m

£1,(0)

Ps =Po +Ps =Bmm=3m[no(1—“/)+l}’] (17)
where
1 “t k2dk a2
N AKV (K)]?
! (275)2/\(0)\7(0)0I E(k)[ (vl
w2
W= ! [ KoK A OV () P15 (K) |

(m)? A0V (0) 5 E(K)

and [ is a certain dimensionless constant.

Since the density of the single-particle BEC is equal to
po =mny, we obtain B = (l—y)‘l. This means that the
density of the “Cooperlike” PCC is

o my
-7’

the concentration ny =n— o can be determined from rela-
tion (16), and for liquid ‘Heat T >0 K, in accordance
with the experimental data, it should be approximately
90% of the full concentration n = 2.17-10%2 cm™. Thus,
the superfluid component of the Bose-liquidat T =0 K in
this model is an effective coherent condensate [99], which
is a superposition of the weak single-particle BEC and the
intensive PCC.

The key point in the behavior of the Fourier component
of the screened potential V (g, E(q)) is that, as long as the
quasiparticle spectrum E(q) satisfies the condition of sta-
bility with respect to decay into a pair of quasiparticles —
E(q) < E(k)+E(q—k), the real part of the polarization
operator is negative: RII(q, E(q)) <0 on the “mass shell”
(Fig. 2, inset). As a result strong suppression of repulsion

mry = (18)
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in the region where V(g) >0 and strong enhancement of
attraction in the region where V(q) <0 are take place
(compare curves 1 and 2 on Fig. 2).

In order to calculate quasiparticle spectrum E(qg), one
has to calculate the polarization operator (11) and the re-
normalized retarded interaction (10) on the “mass shell”
o=E(q) as well as o = E(q) + E(k). At the same time is
necessary to solve the nonlinear integral Egs. (12) and (13)
for the functions li’,J (a,£E(q)). The only parameter va-
ried in order to ensure the best coincidence of E(q) with
the experimental *He quasiparticle spectrum Eg,, (0) Was
the amplitude V, of the initial potential (7) (for Vola
=1552 K at a=2.44 A). The BEC concentration was
given, in accordance wrth the experimental data, as
ng =9%n =1.95- 102 ¢ Flgure 2, curve 2 depicts the
momentum dependence of the renormalized retarded inte-
raction (10). On Fig. 3 solid line is the theoretical quasipar-
ticle spectrum E(q) (14), dots are the experimental spec-
trum [93-95], points beyond the roton minimum shown as
stars (T =0.6 K) [47]. Note that the phase velocity of qua-
siparticles [E(q)/d] |40, Obtained within this model,
coincides with the speed of hydrodynamical sound
¢ ~236 m/s in liquid *He. Satisfactory agreement of
E(q) with Eeep(q) at q<3.5 A1 is evident.

The self-consistency of the model is confirmed by the
following argumentation. On the one hand, theoretical value
of the full partlcle density from equation (16) ny, =
=2.1410% ¢ is close to the experimental "He density;
on the other hand, the density ny of supracondensate par-
ticles from Eq. (18) for the indicated parameter values is
above 90%n, which also agrees with experiment if taking
into account that BEC density is determined to be up to
about 9%n. The main result, obtained within this model of
the superfluid state, is the conclusion that the roton mini-
mum in the spectrum E(q) and maximum in the structure

18
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Fig. 3. Theoretical quasiparticle spectrum E(p) obtained by a self-
consistent calculation (solid line); the experimental “He excitation
spectrum (0); the spectrum beyond the roton minimum (x) [47].
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factor S(q, E(q)) is associated with the first negative min-
imum of the Fourier component of the renormalized
(“screened”) interaction potential.

However, in case T =0 contradictions between the
theory and the experiment, that we mentioned above, re-
mained unsolved and consistent microscopic superfluid
theory of Bose-liquid still not created. It is necessary to em-
phasize that resolving of these contradictions very closely
connected with the problem of quantum mechanical struc-
ture of superfluid *He component below the A-point.

The answer of this question is crucial for the creation of
the consistent microscopic superfluid theory of Bose-liquid
for the cases of zero and nonzero temperatures.

In any case it is obvious that phenomenon of BEC plays
the key role for the understanding of physical mechanism of
superfluidity, and it seems like that at least two types of
condensates may appear and coexist simultaneously in *He.

It is appropriate to mention here that the phenomenon
of BEC (macroscopic occupation of the ground state due to
the saturation mechanism) is rather subtle and fascinating
question. In the next section will be discussed a recent
study of the Bogoliubov model for weakly interacting
Bose-gas, which shows that under certain conditions this
phenomenon manifests at least two kinds of BECs.

4. Conventional and nonconventional Bose-Einstein
condensations. Binary mixtures of Bose-Einstein
condensates

Shortly after discovering the phenomenon of BEC,
London has pointed out that this phenomenon implies
long-range coherence properties of the condensate and
Uhlenback [104] found that thermodynamic limit is very
important for the sharp manifestation of transition into
condensed phase. Later, Casimir [105] has pointed out the
importance of distinguishing between thermodynamic and
coherence properties of BEC in perfect Bose-gas.

Structure of the single-particle density of states (in the
thermodynamic limit) implies that for a given temperature
T there is a critical particle density, which corresponds to
maximal total particle density pP(T). Under condition
that the particle density in the ground state p P(T)=0 and
increasing of total density beyond the saturation threshold
pé’(l’), it leads to macroscopic accumulation of particles
in the ground state, i.e., (T) p—pP(T). This satura-
tion mechanism of condensatlon does not change the aver-
age kinetic—energy or pressure, which also reach their
maximal values at the critical density p? (T).

Girardeau [106] was the first who introduced the con-
cept of generalized (conventional) BEC on the basis of the
observation that in one-dimensional model of impenetrable
bosons there is a sort of generalized condensation but no
macroscopic occupation of the ground state. Theoretical
importance of this concept was shown by Van den Berg
and Lewis [107-109], who have proposed next classifica-
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tion of Bose condensations: the condensation is called the
type I, when a finite number of single-particle levels are
macroscopically occupied; it is of type Il, when an infinite
number of the levels are macroscopically occupied; it is
called the type Ill, or the nonextensive condensation, when
none of the levels are macroscopically occupied. In work
[109] was given an example of these different condensa-
tions and were demonstrated that three types of BEC can
be realized in the case of the perfect Bose-gas in an aniso-
tropic rectangular box or in a prism of volume V with
sides VAVPVE where a>b>c and a+b+c=1. If
€c<0.5, then for sufficiently large density p the Bose-
Einstein condensation of type | appears; if ¢=0.5 one
gets a condensation of type Il, whereas for ¢ > 0.5 a con-
densation of type Il could be caused. Also, in [108] it was
shown that the type Il condensation can be caused in the
perfect Bose-gas by a weak external potential or by a spe-
cific choice of the boundary conditions and geometry. In
[110,111] it was given another example of nonextensive
condensation for repulsive interacting bosons, which are
included in an isotropic box, and which are spread out the
conventional BEC of type I.

Also Bose-condensates could be divided on classes by
their mechanisms of formation. “Conventional Bose-Ein-
stein condensate” — the condensation is due to saturation
of the total particle density (originally were discovered by
Einstein in the Bose-gas without interactions).

Since bosons are very sensitive to attraction, there is
another kind of condensation induced by this interaction.
Important results were obtained in [79,111], where exis-
tence of the phenomenon of condensation that was induced
by interaction has been proved. It may concern the model
of Huang-Yang-Luttinger [112] or full diagonal models
[113], since they both contain attractive interactions, and
also in the case of the Bogoliubov weakly imperfect Bose-
gas [114]. This condensate is called nonconventional Bose-
condensate. This kind of condensation might appear when
the total particle density (or chemical potential) becomes
larger than some critical value, but this is an attractive inte-
raction (and not simply Bose-statistics) which defines the
magnitude of the condensate and its behavior.

The difference between conventional and nonconven-
tional condensations consists in the difference of the me-
chanism of their formation. The conventional BEC is a
consequence of the balance between entropy and Kinetic
energy, whereas the nonconventional condensation follows
from the balance between entropy and interaction energy.

Especially important that, as it has been shown in [111],
the nonconventional condensation does not exclude the
appearance of the BEC when the total density of particles
grows and exceeds some saturation limit. To escape the
collapse an attractive interaction in a boson system should
be stabilized by a repulsion, therefore, conventional and
nonconventional condensation may coexist. The possibility
of emergence of two kinds of condensates in two stages
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was discussed at the first time in [107,111] in the frame-
work of a so-called “pair Hamiltonian model” and was
shown that single-particle and two-particle states could
appear simultaneously due to off-diagonal interaction
terms. In weakly imperfect Bose-gas these condensates can
occur in two stages. For an interval [pg,0] of negative
chemical potentials up to n =0, one has a macroscopic
occupation pg(u) of the mode with momentum k =0 due
to effective attraction of bosons in this mode [115]. Since
the weak interacting Bose-gas can exist only for p <0 and
po(n) as well as the total density p(u) attain their max-
imal values at n =0 for p>p(u=0) one gets (due to the
well-known saturation mechanism) a kind of condensation,
which occurs despite of effective two-bosons repulsion in
the weakly interacting Bose-gas for k = 0. Moreover, in
[116] was demonstrated that in so-called “perturbed mean-
field model with a Gaussian interaction kernel” there is no
Bose condensation for negative chemical potentials, but
condensation appears for pe[0,u, ] and then again disap-
pears for pefp,,fi, ], where i, >2u,.

So, binary mixtures of BECs are interacting quantum
systems of the macroscopic scale, which exhibit rich phys-
ics not accessible for a single-component degenerate quan-
tum gas. The key difference between multi-component and
single-component BECs is the intercomponent interaction.
In view of their unique properties binary mixtures of BECs
open up intriguing possibilities for a number of important
physical applications, including quantum simulation [117],
quantum interferometry [118], and precision measurements
[119,120]. As it will be shown later, intercomponent inte-
raction in binary mixtures of Bose-Einstein condensates
leads to appearance of different kinds of excitations in such
system. Especially interesting that some of these excita-
tions are very similar to the excitations in superfluid *He.

Recently, fundamental 2D soliton—soliton pairs were
investigated in two-component BECs with attractive intra-
component interactions [121]. General properties of vector
solitons and their stability were studied variationally and
numerically for both attractive and repulsive intercompo-
nent interactions and there were found different types of
soliton—soliton pairs including phase-separated pairs,
where one component is pushed outwards and forms a
ring-like shell and the other component is compressed due
to repulsive intercomponent interactions. It turns out that
for some values of the chemical potentials p,;,p, phase-
separated steady-states coexist with collocated states cha-
racterized by bell-shaped density distributions in both
components.

In paper [121] was performed a linear stability analysis
of small azimuthal perturbations, which was checked by an
extensive series of numerical simulations. For attractive
intercomponent interactions matter-wave bright vector
solitons were demonstrated to be stable throughout the
existence domain. For BEC components, which repel each
other, various unstable evolution scenarios including col-
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lapse and azimuthal symmetry-breaking instabilities were
observed. The instabilities, as a rule, lead either to separa-
tion of the condensed phases and then a collapse of the
stronger supercritical (N >N ) component or a periodic
relative motion of the subcritical (N <N ) solitonic
components backwards and forwards near the bottom of
trapping potential. Nevertheless, there are conditions
where complete stabilization of vector solitons is observed
even in the case of repulsive intercomponent interactions.
Consideration of a mixture of two BECs with atoms of
equal masses M, =M, and scattering lengths a;; = a,,,
apy = ap in axial symmetric harmonic trap Vg, (r) =
= Mmi(x2 +y2)2+ Mm?zzlz allows to investigate it in
nearly two-dimensional case ®,>>w®,. At the limit
T — 0 K in mean-field approximation the system can be
described by set of Gross—Pitaevskiy equations [122]:

O 2, 1. 12 b, P\, =
IT-F(AJ_—I' +|LPJ| +bj,3—j|LP3—j| )LPJ—O,(lg)

where j=1,2, r=yx2+y?, A, =%Iox% +3%I0y? is
the 2D Laplacian. Here (x,y) —>(x,y)/1,, t—>w,t/2
\Pj _)ij/ /Cj is the dimensionless variables, where

Dimensionless coupling parameter is defined as: o=
=012/ | Q11| =021/ | Qo |, Where gy, = Gpy = 4mia, /M.
Let us discuss in more details the case when internal in-
teractions are attractive while intercomponent can be re-
pulsive or attractive.
Stationary soliton solutions were given as follows:

¥ =yjne "I (20)

where j=1,2, r= ,/xz + y2, u; are chemical poten-
tials, and real functions v (r) satisfy the set of equations:

w12 2 2 _
MWV T vij+lvj+ows jlv;=0. (21)

At fixed strength of cross-interaction ¢ we obtain two-
parameter family (with parameters p; and p,) of vector
soliton solutions.

To find region of existence of soliton—soliton pairs and
study some general properties we investigate solutions of
stationary equations. Equations (21) were solved numerical-
ly. To gain a better insight into the properties of the vector
solitons one has to perform also the variational analysis of
the stationary vector fundamental solitons. Typical radial
profiles were found numerically and are shown in Fig. 4.

Stability of the stationary solutions was tested by three
methods. Some results were obtained by means of varia-

B 7 B /ﬂ|22/2 B 4ﬂh2ajj tion ana!ysis and were f(_)und that sgliton—solitc?n pair is
I, = , Cj=ho) ——, 0jj stable with respect to radial-symmetric collapse if both of
Mo, 19 | M :
Y components have number of particles N < N, where
N¢, Is number of particles on Townes' soliton. Stability
6
c=-0.5 (@ c=-05 () c=-05 ©

4
®
p, =14.35
p, =435
4

Fig. 4. (Color online) Examples of radial profiles y (dashed curves) and > (solid curves) for o =-0.5 and ¢ = —2.0 found numerically.
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with respect to different azimuthal modes has been investi-
gated by linear analysis. Both of these results were tested
by direct numerical simulations, for which we used split-
step Fourier transform method. Different scenarios of unst-
able and robust evolution have been observed. Examples of
unstable evolution are shown in Figs. 5 (b) and (d).

To summarize, the region of existence and stability of
soliton—soliton pairs was found and were shown that for
attractive cross-interaction region of stability coincides
with region of existence. In case of repulsive intercompo-
nent interaction region of stability is situated near exis-
tence boundary (Figs. 5 (a) and (c)).

5. Conclusions and future challenges

The main scope of the present review is devoted to the
role of the BEC in the superfluidity phenomena. We
present a review of large volume of recent literature that
has been developed over the last decades in this forefront
of research, interfacing between quantum and nonlinear
physics. It is worth to close this paper briefly recalling the
most important ideas that laid in the groundwork of the
progress in understanding of the nature of superfluidity.

Opposite to the Landau's statement that superfluidity
phenomena and BEC have nothing in common, Bogoliubov,
Onsager, Penrose, Feynman, and Yang clearly elucidated the
very close relation between these phenomena. Numerous
experimental evidences of existence of the BEC in the liquid
superfluid *He reaffirms this theoretical assumption and
now it is well established that the best estimate of the BEC
fraction in the superfluid *He is about 9% at T =0 K. From
the other hand, it is well known that the density of the super-
fluid component practically coincides with total density of
4He, ie., ps—>p at T—>0K. Such big discrepancy
creates the question about the quantum structure of the su-
perfluid part of He Il and indicates the fact that the structure
of “excess” density (ps —pg) > pg is more complicated.

Taking into account the fact that VVan den Berg, Levis,
Bru, Zagrebnov, Dorlas and Pulé showed that two different
kinds of BEC (conventional and nonconventional) of dif-
ferent physical nature can appear and coexist simulta-
neously in a weakly nonideal Bose-gases, it is tempting to
assume that the superfluid component is created from the
superposition of these condensates. This means that the
observed quasiparticle spectrum in *He follows from the

" @ ®)
4 j2=0 21 t=0 t=35 t=4.0
e 1r
oL » V=0 (1)* ® ® * 1%,
2
0%
27
1 -
2 y ot ' . ES
c=-05 -Ir
4+ —2r
| | | | | I I I L1111 L1 1 1 1
4 0 ) 4 2-1012 2-1021 -2-1012
L} x x x
™ (©) (d)
4 ——oc=ms====a = L t=0 =035 t=0.50
N,=0 7 k1
—1r
ol -
5 1
y 0 b . ’ |\¥’2|2
a4l c=-20 -1
| | | 1 1 1 | | | | | |
—4 2 0 -1 0 1 -1 0 1 -1 0 1
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Fig. 5. (Color online) Stability region in the ps, po plane (green) as obtained by numerical simulations: ¢ =-0.5 (a), o = -2.0 (c). Time
evolution of the density distributions |y |2 (upper rows) and |, |2 (lower rows) of perturbed vector solitons for ¢ = -0.5, u; = -1.5,

p2 =2 (b),and o =-0.8, ug = -5, pp = -5 (d).
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interaction of these condensates. For the case of zero tem-
perature such an assumption enables one to create self-
consistent microscopic theory of superfluidity, which is
expected to explain practically all observed properties su-
perfluid helium. However, for the nonzero temperature
such theory does not exist yet, despite a big efforts. As
though it may sound paradoxical, now a successful solu-
tion to this problem lies rather in the plane of the experi-
mental than theoretical. It is important to understand which
kind of the BEC is observed in superfluid helium (pure
condensate, which, again, is no more than a tenth part of
the superfluid component) and what is the nature of super-
fluid component. What is the building block of the super-
fluid component? As the matter of fact, it is very challeng-
ing problem from experimental point of view, however
after experimental realization of BEC in an atomic Bose-
gas (groups of Cornell and Wieman, Ketterle, and of Hulet
in 1995) has made it feasible to investigate the relation
between superfluidity and BEC on the experimental basis
of ultracold atomic gases, as these systems offer an un-
precedented level of control on the interaction strength,
density and temperature. Really, such close mutual relation
was confirmed and clarified by the investigations on ultra-
cold atomic gases: in 1999 superfluidity was demonstrated
through vorticity in a dilute Bose-gas (Cornell, Wieman,
Dalibard, Ketterle); in 20032005 BEC of pairs, and sub-
sequently superfluidity as again characterized through vor-
tices, was realized in Fermi-gases (Zwierlein, Ketterle,
Jin). Future experiments will probe such aspects of super-
fluidity as the appearance of vortices (related to phase co-
herence) and critical velocities (related to the Landau crite-
rion). Without any doubts the versatility of quantum dilute
gases would allow in the nearest future to find out an an-
swer about nature of the different aspects of the phenome-
non of superfluidity 4He, especially the quantum mechani-
cal structure of the superfluid component of the *He below
the A-point, at T <T,. The answer of this question will
play key role for the consistent microscopic theory of
quantum Bose-liquid has yet to be created.

The anniversary review paper [123], devoted to the his-
tory of superfluidity in XX century, is ending with the
words “... at least at this time, the evidence for superfluidi-
ty (in atomic BEC) is still quite circumstantial”. However,
nowadays there are many fixed experimental facts that
demonstrate superfluid properties of cold atomic gases. In
this paper we have reviewed the milestones of this way.
But it is definitely not the end of the story. In the future
one can expect novel intriguing findings in this fast devel-
oping subject. On several examples let us consider an out-
look of our findings concerning superfluidity of atomic
BECs in toroidal optical traps such as stability of persistent
current in spinor BEC and novel type of vortices, which
combine both known types of singularities of vortex mo-
tion: vortex ring and vortex line.
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Persistent currents are a hallmark of superfluidity and
superconductivity, and have been studied in liquid helium
and solid state systems for decades. Toroidally trapped
BECs are attractive both for fundamental studies of super-
fluidity and for applications in interferometry for precise
measurements and atomtronics.

There are different methods to create a toroidal trap: us-
ing a Laguerre—Gaussain laser beams [125], combined
magnetic trap and standing wave of light [126]. The expe-
rimental observation of persistent flow in toroidal BEC is
reported in [124,127-129]. The persistent current in 2D
spinor F =1 condensates of Na has been investigated in
Ref. 130, however spin degree of freedom are not investi-
gated in this work (g =0). The point is that the whole
condensate is assumed to be in external magnetic field thus
the spin degree of freedom are frozen. The scheme to real-
ize persistent current using optical vortices is proposed in
Ref. 131 for spinor BEC and in [132] for single-component
BEC. Investigations of rotating toroidal trap is of interest
for precise rotation measurement using Sagnac effect.
Two-component BECs in a 1D ring trap in a rotating frame
are considered in Ref. 133. To generate a ring current it
was proposed the stirring mechanism considered in 3D
geometry [134]. The remarkable manifestation of non-
Abelian magnetic field (the generalization of the nonuni-
form magnetic field characterized by matrix potential A)
is presented the Ref. 135, where two-component 1D BEC
are investigated in the presence of exotic magnetic field
considering the currents and vortex states. One-com-
ponent BECs in 1D ring potential are considered in
Refs. 136,137. In Ref. 138 superfluid 1D ring in the pres-
ence of periodic scattering length modulation along the
ring is investigated. The two-component BECs in 1D and
2D toroidal traps are investigated in [139-144] A system
of two-component 1D BEC in ring potential is considered
also in Ref. 145.

Previous experiments on persistent currents in atomic
BECs were limited to spinless, single-component conden-
sates. Extending such studies to multicomponent systems,
in particular those involving more spin states, is essential
for understanding superfluids with a vectorial order para-
meter and for applications in atom interferometry. In very
recent experimental work [124] the stability of supercur-
rents in a toroidal two-component gas consisting of 8Rb
atoms in two different spin states has been studied. As was
pointed out in Ref. 124, none of the existing theories is
guantitatively applicable to their experiments, since they
are limited to the simplified cases of reduced dimensionali-
ty and very weak interactions. Let us review the prelimi-
nary results of our investigations of superflow in toroidally
trapped spinor Bose-Einstein condensate of 87Rb. We have
performed a series of computer simulations of the experi-
ments, presented in [124]. As is seen from Fig. 6 our re-
sults turn out to be in agreement with the experiments: the
two-component vortices with equal number of atoms in

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9



The nature of superfuidity and Bose-Einstein condensation: from liquid “He to dilute ultracold atomic gases

each component decay soon (see Fig. 6(b)), while the pure
one-component vortex survives for very long time (see
Fig. 6(c)). Our results turn out to be in agreement with ex-
periments. However, this issue deserves a more detailed
investigation and will be reported elsewhere.

Atoms of 8'Rb have spin F =1 and the state of this
condensate is ferromagnetic. In experiment N =10° atoms
of 8'Rb were loaded into optical trap (see Fig. 6(a)). Trap
was obtained by ‘“sheet” laser beam with a trapping fre-
quency ®, =350 Hz and “tube” laser beam of radius
fmin =12 um. Its depth is about Vy/h =1.2 kHz, where h
is Planck’'s constant. As a tube beam authors used La-
guerre—Gauss beam, which carries orbital angular momen-
tum 3k Hence they obtained vortex of charge m=3 in
effectively two-dimensional ring trap. After this there was
obtained state with two components with different spin-
projections. Authors found that stability of the current de-
pends on ratio between number of particles in different
spin states. This ratio can be presented by spin-polarization
P, = (N, —=N_)/(N, + N_). The main result that we test is
the presence of critical spin-polarization P, ~ 0.6-0.7
below which supercurrent rapidly decays.

(a)

7\
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We simulate the trap by sum of harmonic potential,
which models sheet beam, and radial Laguerre—Gauss po-
tential:

2.2 2m 2
V(r)=M(JJZZ —VO( r j exp | —m rz——l ,
2 Fmin Tmin

(22)

where r :\/xz +y2, nyn IS the radius of the trap (or
coordinate of the minimum), m =3 is the vortex charge,

Vy is the trap depth. This useful form of Laguerre-Gauss
potential was obtained in the same way as in [146].

In Appendix we present derivation of GP equations for
spinor condensate in general form. Only first two equations
remains since W, =0 in experiment [124]. We can simplify
these equations providing dimensionless variables and using
symmetry of the system. We look for solutions in form
¥(r,t) =¥ (% y,)Y(zt), where

Y(z,t) = (1, 7)Y exp (—'szt—%zz/lfj

)
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Fig. 6. Schematic illustrations of experimental creation of optical toroidal trap. The trapping potential is created by intersecting a horizontal
“sheet” laser beam with a vertical “tube” LG g beam with m = 3 (a). Snapshots of the density distribution in (x, y) plane: numerical simula-
tion of the unstable evolution of the two-component spinor BEC with equal number of atoms: N, = N_ (b); stable single-component super-
flow with m = 3 the upper row is experimental results [124], lower row is numerical simulation (c).
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and |, = ./h/(Ma)z) . After integrating out the longitudinal
coordinates we obtain two-dimensional system of GPE
equations:

e, ~
|&:{L+(vs+va)|\u+ |2 + (Vs —Vva) lw_ |2}W+'

(23)

12 =g (v -va) v P (s 4va) e P
29

where I::—(AL/2)+Vext(r), and dimensionless wave-
function and parameters of interaction are .=
=¥, 0/C, C*=\2mho,l,/19y], va=0s/l9y| and
vs =sgn(g,). Here we provided dimensionless coordi-
nates r —r/hu,, z—>z/l,, and time t— o, t, where
O = h/(MRZ). The external axially-symmetric potential
V()= —Vor2m exp (—m(r2 —1)) corresponds to Laguerre—
Gauss trap.

Dynamical equations (24) have the following integrals
of motion: Number of atoms

+00
Ny = J'nidzr,

—00

~+0o0
Energy E = .[Hdzr, where

1 1
H= E'VJ_W+|2 +§|VL\V—|2 +Vext (NN +

+%Sn2 +%a(nf+n§—2n+n,). (25)

To define our dimensionless parameters we calculated
them using experimental values: effective radial frequency,
o, =h/mR? =479 Hz, depth of the potential, Vo —>
- mR2V0/h2 = 1574.31, number of particles, N —
- mNgn/\/ﬂhzlZ = 5165.4. To find initial conditions for
subsequent dynamics simulation we used imaginary time
propagation method. This method allows to find ground
states of the system with fixed topology. The imaginary
time propagation have been started from the initial guess
obtained in Thomas—Fermi approximation.

To illustrate our findings we present two examples of
computer simulation of the superflow with parameters fit-
ted to the experimental setup reported in Ref. 124. As is
seen from Fig. 6(b) two-component superflow decays fast
for the case when number of atoms in each component are
equal. However, the single-component persistent current
demonstrates a stable evolution up to two minutes as was
demonstrated in experiments (compare experimental plots
the upper row from Fig. 6(c) and our computer simulations
given in the bottom row of Fig. 6(c)).
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Quantization of vorticity is a remarkable manifestation
of superfluid properties of BECs.

Different kinds of vortex structures have been theoreti-
cally predicted and observed experimentally in atomic
BECs (see, e.g., [34] and references therein): single vortex
lines, vortex-antivortex pairs, vortex arrays, and vortex
rings, solitary waves moving along the straight vortex line
[147] (which are similar to “hoop” structures known in
field theory [148]).

In contrast to vortex line (which only terminate at the
superfluid boundary) vortex ring have a closed-loop core.
Consequently, a vortex rings in 3D have a lower energy,
since their energies do not diverge with system size.
Hence, these excitations plays a crucial role in any decay
of superflow compared to just a simple vortex line. Several
schemes to create a vortex ring in atomic BEC have been
proposed: using dynamical instabilities in the condensate
to make a dark soliton decay into vortex rings, two-
component BECs with different relative velocity, drag of a
moving object through the condensate [149], space-
dependent Feshbach resonance [150], or by phase imprint-
ing methods [151].

Dynamics of vortex line in 2D trap and vortex ring in
spherical trap was addressed in [149]. It was found that a
core of the vortex undergoes oscillatory motion around a
circle of maximum energy. Due to dissipation the vortex line
as well as vortex ring drift to the edge of the condensate and
decay eventually. Note that in nonuniform light beam optical
vortex also exhibits radial drift and rotation due to back-
ground gradients of phase and intensity, respectively [152].

An interesting vortex complex with vortex ring in the
first component and vortex line in the second component
has been predicted in two-component BEC [151]. It usually
referred to as a skyrmion. Figure 7 (a) illustrates its struc-
ture: the ring vortex core of one component is filled by the
superflow of the other. This topological soliton in two-
component BEC can be identified as a particle-like skyr-
mion, closely resembles cosmic vortons. Its topology is
defined by the fact that far from the compact skyrmion the
density of BEC is not perturbed [153]. Such a structure can
be energetically stable even for multiply quantized vortex
lines [154]. While for some specific conditions the numeri-
cal simulations predict stability of a skyrmion [153], never-
theless it turns out to be rather fragile object. Skyrmion
stability appears to be very sensitive to the strength of the
intercomponent and intracomponent interactions. Moreo-
ver, it requires spatial separation of BEC components,
which is not possible in stable regime without additional
tuning of the scattering lengths using an optical Feshbach
resonance. Thus, experimental observation of the skyr-
mions remains to be rather challenging issue.

This brings up the following questions: is it possible to
stabilize both vortex ring and vortex line in an experimen-
tally available BEC? Probably coexisting vortex line and
vortex ring could stabilize each other, and if so, how to
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(a) Skyrmion

Ring component

v

D

Line component

(b) Vortex ring-on-line

Fig. 7. (Color online) Two-component BEC skyrmion. Schematic illustration of density isosurfaces for the ring component and line
component. The circulation directions of the corresponding flows is indicated by arrows (a). Schematic illustration of vortex ring-on-line
in toroidal trap. We show a constant surface of the trapping potential. A superflow (green line, 3) with toroidal and poloidal components
creates simultaneously two types of phase singularities: vortex line (red, 1) surrounded by vortex ring (black, 2) (b).

create such a vortex complex? It is of interest to find out
the conditions for existence of stable vortex ring-on-line
(VRL) in toroidal BEC. The VRL appears as the result of
simultaneous poloidal and toroidal flows of atoms in a sin-
gle-component toroidal BEC [see Fig. 7(b)]. It seems rea-
sonable to suggest that a VRL should be completely stable
because all precession motions of the both vortex cores are
expected to be suppressed. Indeed, the centrifugal barrier
caused by toroidal motion around a vortex line prevents a
vortex ring from radial shrinking. At the same time, the
optical toroidal trap with radial trapping by Laguerre—
Gaussian beams not only gives rise to the VRLs by toroid-
al stirring of the trapped vortex ring, but also it saves the
vortex line from a radial drift. The recent experiments
[124,129] with persistent currents of BECs in toroidal opti-
cal traps demonstrates a stable circulation of the superfluid
which corresponds to a multicharge vortex line. The life-
time of the superflow in toroidal trap reached few minutes
and it was restricted only by decay of the BEC itself. The
life-time of the VRLs is expected to be limited only by
dissipative effects. These issues deserves further studies,
and this work now in progress and the results will be pub-
lished elsewhere.

Appendix

Let us consider many-body system of particles with
hyperfine spin F =1.

Existence of three components with different spin states
occurs to complicating of interaction potential (compared
to simple BEC) [33]. The interaction potential for two
atoms with F =1 may be written in the form

Zaflsh

m ¢=02

4rh?

Vint( —r2) =8(r—1p) (A1)
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where a; is the scattering length and I5f is the projection
operator on state with total spin equal to f. Note, that for
identical bosonic atoms with spin F =1 in a state of rela-
tive motion only states with total angular momentum
f =0 or f =2 can couple together, since the possibility
to have unit angular momentum is ruled out by the re-
quirement that wave function has to be symmetric under
exchange of two bosons. The interaction via low-energy
collision is invariant under rotations, and therefore it is
diagonal in the total angular momentum of the two atoms.

We could rewrite this expression as linear combination
of identity operator and multiplication of spin operators:

Vit —12) =8(i —n)(gn + 95 -F).  (A2)

where we introduce the analogue of Pauli-matrices for
spin-1 bosons:

1010 (0 -1 0 100

A A ] A
FR=—=10 1 F=—21 0 -1, F=/00 0|
‘/5010 “/5010 00 -1
(A3)

Let us rewrite the projection operators on spin states
with f =0 and f =2 as follows:

P =3(-FF), (A4)

ISZ:%(2+F1-F2). (A5)

Indeed  F? = (F +F)?, thus f(f+1)=F(F+1)+
+ K (F, +1) + 2R - F,. That is why the eigenvalue y; of
the scalar product (F-F,)| f)=v¢ | f) is determined by
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the total spin f as follows: yq =-2, y, =1. We obtain
the coupling constants as follows:

A +2a.
g, = B0t (A6)
m 3
4rh? a, —
g = —— B (A7)
m 3

Coupling constants describe interaction between densities
of components and spin interaction, respectively. Hamilto-
nian of such system may be written as follows [155]:

H=HO A +H@, (AB)

where

(A.9)

A = jdr{z\%?(r)ﬁi\%i (r)}

,:hgz):g?n [ar iZj:A?(r)\i”}(r)‘ifj(r)‘i’i(r) . (A10)

|:|§2) = 9_25 Idrx

2R HGEHGICHTCHITE NG AGIMCEED
o i, kI

where

~ h2v?2
hi = -
2m

+V(r) (A.12)

is one-particle Hamiltonian, V (r) is trapping potential and
i, j =0, 1 are spin indices. As may be seen, Hamiltonian
consist of three components: one-body interaction part
(Eq. (A.9)), two-body part, which does not depend on spin
and describes interaction of densities (Eqg. (A.10)), and two-

body part, which characterize spin interaction (Eq. (A.11)).
We can obtain equations of motion using Heisenberg eg-

uation ihg‘i’i =[H,¥;] and mean-field approximation:

0 n? .

|hElPi = {—ﬂAJrVext(r)JrgnnJrgS(n—Zn;)}‘Pi +0sng'P5 . (A.13)
I .
|ha‘P0— —%A+Vext(r)+gnn+gs(n—n0) Yo +29, Y. Y ¥y, (A.14)

where n=n_ +ng+n_, n; :|\Uj |2.

The spin-1 BEC in the absence of an external magnetic
field has two phases: ferromagnetic (87Rb, 0s/9, =
= —4.66-10‘3) and polar (23Na, 0s/9, = +3.14-10‘52) .

1. A Einstein, Quantentheorie des Einatomigen Idealen Gases,
Sitzungsber. Preuss. Akad. Wiss. (1925),Vol. 1, p. 3.
2. P.L. Kapitza, Nature 141, 74 (1938).
3. J.F. Allen and A.D. Misener, Nature 141, 75 (1938).
4. L.D. Landau, Zh. Eksp. Teor. Fiz. 11, 592 (1941) [Sov. Phys.
JETP 5, 71 (1941)].
5. .M. Khalatnikov, An Introduction to the Theory of Super-
fluidity, Benjamin, New York (1965).
6. F.London, Nature 141, 643 (1938).
7. F. London, Superfluids. Macroscopic Theory of Superfluid
Helium, New York, Wiley (1954), Vol. 2.
8. L. Tisza, Nature 141, 913 (1938).
9. N.N. Bogolubov, Sov. Phys. JETP 11, 23 (1947).
10. O. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956).
11. O. Penrose, Philos. Mag. 42, 1373 (1951).
12. P.C. Hohenberg and P.M. Platzman, Phys. Rev. 152, 198
(1966).
13. R.A. Cowley and A.D.B. Woods, Phys. Rev. Lett. 21, 787
(1968).

954

14. L. Aleksandrov, V.A. Zagrebnov, Zh.A. Kozlov, V.A.
Parfenov, and V.B. Priezzhev, Sov. Phys. JETP 41, 915 (1975).

15. E.V. Dokukin, Zh.A. Kozlov, V.A. Parfenov, and A.V.
Puchkov, Sov. Phys. JETP 48, 1146 (1975).

16. 1.V. Bogoyavlenskii, L.V. Karhatsevich, Zh.A. Kozlov, and
A.V. Puchkov, Physica B 176, 151 (1992).

17. S. Stringari, A. Griffin, and D.W. Snoke, Bose-Einstein
Condensation, Univ. Press, Cambridge (1996).

18. A.F.G. Wyatt, Nature 391, 56 (1998).

19. M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wieman,
and E.A. Cornell, Science 269, 198 (1995).

20. K.B. Davis, M.O. Mewes, M.R. Andrews, N.J. van Druten,
D.S. Durfee, D.M. Kurn, and W. Ketterle, Phys. Rev. Lett.
75, 3969 (1995).

21. Y. Kawaguchi and M. Ueda, Phys. Rep. 520, 253 (2012).

22. C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, Rev. Mod.
Phys. 82, 1225 (2010).

23. D.R. Tilley and J. Tilley, Superfluidity and Super-
conductivity, Bristol, New York (1990).

24. M.R. Matthews, B.P. Anderson, P.C. Haljan, D.S. Hall,
C.E. Wieman, and E.A. Cornell, Phys. Rev. Lett. 83, 2498
(1999).

25. K.W. Madison, F. Chevy, W. Wohlleben, and J. Dalibard,
Phys. Rev. Lett. 84, 806 (2000).

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9



The nature of superfuidity and Bose-Einstein condensation:

from liquid *He to dilute ultracold atomic gases

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.
37.
38.
39.
40.
41.
42.
43.

44,

45.
46.
47.
48.
49.

50.
51.

52.

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9

J.R. Abo-Shaeer, C. Raman, J.M. Vogels, and W. Ketterle,
Science 292, 476 (2001).

D.S. Jin, J.R. Ensher, M.R. Matthews, C.E. Wieman, and
E.A. Cornell, Phys. Rev. Lett. 77, 420 (1996).

M.-O. Mewes, M.R. Andrews, N.J. van Druten, D.M. Kurn,
D.S. Durfee, C.G. Townsend, and W. Ketterle, Phys. Rev.
Lett. 77, 988 (1996).

O. Marago, G. Hechenblaikner, E. Hodby, and C. Foot,
Phys. Rev. Lett. 86, 3938 (2001).

C. Raman, M. Kohl, R. Onofrio, D.S. Durfee, C.E.
Kuklewicz, Z. Hadzibabic, and W. Ketterle, Phys. Rev. Lett.
83, 2502 (1999).

T. Karpiuk, B. Grémaud, C. Miniatura, and M. Gajda, Phys.
Rev. A 86, 033619 (2012).

F. Dalfovo, S. Giorgini, L.P. Pitaevskii, and S. Stringari,
Rev. Mod. Phys. 71, 463 (1999).

C.J. Pethick and H. Smith, Bose-Einstein Condensation in
Dilute Gases, Cambridge University Press, Cambridge
(2002).

J. Dimitri, R. Carretero-Gonzalez (eds.) C. Kevrekidis and
P.G. Frantzeskakis, Emergent Nonlinear Phenomena in
Bose-Einstein Condensates. Theory and Experiment, Sprin-
ger Series on Atomic, Optical, and Plasma Physics,
Cambridge (2008) , Vol. 45.

L.D. Landau,. J. Phys. (Moscow) 11, 91 (1947).

L. Tisza, Compt. Rend. 207, 1035 (1938).

I.M. Khalatnikov, Zh. Eksp. Teor. Fiz. 32, 653 (1957).

V.P. Peshkov, J. Phys. (Moscow) 8, 381 (1944).

K.R. Atkins and R.A. Stasior, Can. J. Phys. 31, 1156 (1953).
B.N. Eselson, V.N. Grigor'ev, V.G. Ivantsov, E.Ya. Rudavsky,
D.G. Sanikidze, and l.Ya. Serbin, Solutions of Quantum
Liquids 3HeLAHe, Nauka, Moskow (1978) (In Russian).

D.G. Henshaw and A.D.B. Woods, Phys. Rev. 121, 1266
(1961).

R.J. Donnelly, J.A. Donnelly, and R.N. Hills, J. Low Temp.
Phys. 44, 471 (1981).

E.F. Talbot, H.R. Glyde, W.G. Stirling, and E.C. Svensson,
Phys. Rev. B 38, 11230 (1988).

E.C. Svensson, Temperature Dependence of S(Q, o) for
Liquid 4He, in: Elementary Excitations in Quantum Fluids,
K. Ohbayashi and M. Watabe (eds.), Springer-Verlag, Berlin
(1989).

T.R. Sosnic, W.M. Snow, P.E. Sokol, and R.N. Silver, Eur.
Phys. Lett. 9, 707 (1989).

1.V. Bogoyavlenskii, A.V. Puchkov, and A. Skomorokhov,
Physica B 234, 324 (1999).

J.V. Pearce, R.T. Azuah, B. Fik, A.R. Sakhel, H.R. Glyde, and
W.G. Stirling, J. Phys. Condens. Matter 13, 4421 (2001).

H.R. Glyde, M.R. Gibbs, W.G. Stirling, and M.A. Adams,
Eur. Phys. Lett. 43, 422 (1998).

N.N. Bogoliubov, Bull. Moscow State Univ. 7, 43 (1947).
N.N. Bogoliubov, Izv. Akad. Nauk USSR 11, 77 (1947).

N.N. Bogoliubov, Lectures on Quantum Statistics, Vol. 1:
Quantum Statistics, Gordon and Breach Science Publishers,
New York, London, Paris (1970).

N.N. Bogoliubov, JETP 18, 622 (1948).

53.
54.
55.
56.
57.
58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.
84.

S.T. Beliaev, Zh. Eksp. Teor. Fiz. 34, 417 (1958).

S.T. Beliaev, Zh. Eksp. Teor. Fiz. 34, 433 (1958).

N.M. Hugenholtz and D. Pines, Phys. Rev. 116, 489 (1959).
J. Gavoret and P. Nozieres, Ann. Phys. (N.Y.) 28, 349 (1964).
A. Griffin, Can. J. Phys. 65, 1368 (1987).

P.W. Anderson, Basic Notions of Condensed Matter Physics,
Westview Press, Oxford (1997).

N.N. Bogolyubov, Jr., M.Yu. Kovalevskii, A.M. Kurbatov,
S.V. Peletminskii, and A.N. Tarasov, Sov. Phys. Usp. 32,
1041 (1989).

1.V. Bogoyavlensky, L.P. Karnatsevich, G.A. Kozlov, A.V.
Puchkov, Fiz. Nizk. Temp 16, 139 (1990) [Sov. J. Low Temp.
Phys. 16, 77 (1990)].

I.E. Dzyaloshinskij, A.A. Abrikosov, and L.P. Gor'kov,
Methods of Quantum Field Theory in Statistical Physics,
Prentice-Hall. Englewood Clifts N.J., Princeton, New Jersey
(1963).

A. Chumachenko, S.I. Vilchynskyy, and M. Weyrauch,
J. Phys. Studies 11, 200 (2007).

Yu.A. Nepomnyashchii and A.A. Nepomnyashchii, Sov.
Phys. JETP 48, 493 (1978).

V.N. Popov, Functional Integrals in Quantum Field Theory
and Statistical Physics, D. Reidel Publishing Company,
Dordrecht (1983).

V.N. Popov, Functional Integrals and Collective Excitations,
Cambridge University Press, Cambridge (1987).

V.N. Popov and A.V. Serednyakov, Zh. Eksp. Teor. Fiz. 77,
377 (1979) [Sov. Phys. JETP 50, 193 (1979)].

T.D. Lee, K. Huang, and C.N. Yang, Phys. Rev. 106, 1135
(1957).

F. Pistolesi, C. Castellani, C. Di Castro, and G.C. Strinati,
Phys. Rev. B 69, 024513 (2004).

C. Castellani, C. Di Castro, F. Pistolesi, and G.C. Strinati,
Phys. Rev. Lett. 78, 1612 (1997).

A.Z. Patashinskii and V.L. Pokrovskii, Fluctuation Theory of
Phase Transitions, Pergamon Press, Oxford (1979).

E. Krotscheck, M.D. Miller, and R. Zillich, Physica B 280,
59 (2000).

B. Krishnamachari and G.V. Chester, Phys. Rev. B 61, 9677
(2000).

D.M. Ceperley, Rev. Mod. Phys. 67, 279 (1995).

P.C. Hohenberg and P.C. Martin, Ann. Phys. 34, 291 (1965).
F.J. Dyson, Phys. Rev. 75, 1763 (1949).

T. Davison and E. Feenberg, Phys. Rev. 171, 221 (1968).

1.0. Vakarchuk, J. Phys. Studies 8, 223 (2004).

E.A. Pashitskii, Fiz. Nizk. Temp 25, 115 (1999) [Low Temp.
Phys. 25, 81 (1999)].

J.B. Bru and V.A. Zagrebnov, J. Stat. Phys. 268, 309 (2000).
P.C. Hohenberg and P.C. Martin, Ann. Phys. 281, 636705
(2000).

J. Bossy, J. Ollivier, H. Scholber, and H.R. Glyde, Eur.
Phys. Lett. 98, 56008 (2012).

J.T. Devreese and J. Tempere, Physica C 479, 3640 (2012).
J. Boronat and J. Casulleras, Eur. Phys. Lett. 38, 291 (1997).
E.C. Svensson, A.D.B. Woods, and P. Marter, Phys. Rev.
Lett. 29, 1148 (1972).

955



S.1. Vilchynskyy, A.l. Yakimenko, K.O. Isaieva, and A.V. Chumachenko

85.
86.
87.

88.

89.

90.

91.

92.

93.

94.
95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

100.

110.

111.

112.

113.

114.

956

R.C. Dynes and V. Narayamuri, Phys. Rev. B 12, 172 (1975).
R. Sridhar, Phys. Rep. 146, 259 (1987).

I.N. Adamenko, K.E. Nemchenko, and A.F.G. Wyatt, Fiz.
Nizk. Temp 28, 123 (2002) [Low Temp. Phys. 28, 85 (2002)].
I.LN. Adamenko, Yu.A. Kitsenko, K.E. Nemchenko, V.A.
Slipko, and A.F.G. Wyatt, Fiz. Nizk. Temp. 31, 607 (2005)
[Low Temp. Phys. 31, 459 (2005)].

I.N. Adamenko, K.E. Nemchenko, and 1.VV. Tanatarov, Fiz.
Nizk. Temp. 32, 255 (2006) [Low Temp. Phys. 32, 123 (2006)].
I.N. Adamenko, Yu.A. Kitsenko, K.E. Nemchenko, V.A.
Slipko, and A.F.G. Wyatt, Fiz. Nizk. Temp. 33, 523 (2007)
[Low Temp. Phys. 33, 387 (2007)].

V.1. Kruglov and M.J. Collett, Phys. Rev. Lett. 87, 185302
(2001).

I.N. Adamenko, K.E. Nemchenko, and 1.V. Tanatarov, Phys.
Rev. B 67, 104513 (2003).

R.T. Azuah, W.G. Stirling, and H.R. Glyde, Phys. Rev. B 51,
605 (1995).

B. Fak and J. Bossy, J. Low Temp. Phys. 113, 531 (1998).
H.R. Glyde, R.T. Azuah, and W.G. Stirling, Phys. Rev. B 62,
14337 (2000).

E.A. Pashitskii, S.V. Mashkevich, and S.I. Vilchynskyy,
Phys. Rev. Lett. 89, 075301 (2002).

E.A. Pashitskii and S.I. Vilchynskyy, Fiz. Nizk. Temp 27,
253 (2001) [Low Temp. Phys. 27, 185 (2001)].

E.A. Pashitskii, S.V. Mashkevich, and S.I. Vilchynskyy,
J. Low Temp. Phys. 134, 3 (2004).

Yu.A. Nepomnyaschij and E.A. Pashitskii, Zh. Eksp. Teor.
Fiz. 71, 98 (1990).

S.I. Shevchenko, Fiz. Nizk. Temp 11, 339 (1985) [Sov. J.
Low Temp. Phys. 11, 183 (1985)].

R.A. Azis, F.R.W. McCourt, and C.C.K. Wong, Mol. Phys.
61, 1487 (1987).

R.A. Aziz, ARR. Janzen, and M.R. Moldover, Phys. Rev.
Lett. 74, 1586 (1995).

T. Corona, H.L. Williams, R. Bukowski, and B. Jeziorski,
J. Chem. Phys. 106, 5109 (1997).

B. Kahn and G.E. Uhlenbeck, Physica 5, 399 (1938).

H.B.G. Casimir, On Bose-Einstein Condensation Fundamental
Problems in Statistical Mechanics, North-Holland Publishing
Company, Amsterdam (1968), Vol. 3.

M. Girardeau, J. Math. Phys. 1, 516 (1960).

M. Van den Berg and J.T. Lewis, Physica A 110, 550 (1982).
M. Van den Berg and J.T. Lewis, Commun. Math. Phys. 81,
475 (1981).

M. Van den Berg, J.T. Lewis, and J.V. Pulé, Helv. Phys.
Acta 59, 1271 (1986).

T. Michoel and A. Verbeure, J. Math. Phys. 40, 1268 (1999).
J.-B. Bru and V.A. Zagrebnov, Physica A 268, 309 (1999).

K. Huang, Imperfect Bose-Gas, vol. Il of Studies in
Statistical Mechanics, North-Holland Publ. Co., Amsterdam
(1964).

T.C. Dorlas, J.T. Lewis, and J.V. Pulé, Commun. Math.
Phys. 37, 156 (1993).
J.B. Bru and V.A. Zagrebnov, Phys. Lett. A 37, 247 (1998).

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.
135.

136.

137.

138.

139.

J.B. Bru and V.A. Zagrebnov, J. Phys. A: Math. Gen. 33, 449

(2000).

T.C. Dorlas, J.T. Lewis, and J.V. Pulé, Helv. Phys. Acta 64,
1200 (1991).

K.T. Kapale and J.P. Dowling, Phys. Rev. Lett. 95, 173601
(2005).

M.E. Zawadzki, P.F. Griffin, E. Riis, and A.S. Arnold, Phys.
Rev. A 81, 043608 (2010).

T. van Zoest, N. Gaaloul, Y. Singh, H. Ahlers, W. Herr,
S.T. Seidel, W. Ertmer, E. Rasel, M. Eckart, E. Kajari, S.
Arnold, G. Nandi, W.P. Schleich, R. Walser, A. Vogel, K.
Sengstock, K. Bongs, W. Lewoczko-Adamczyk, M. Schie-
mangk, T. Schuldt, A. Peters, T. Kénemann, H. Miintinga,
C. Liammerzahl, H. Dittus, T. Steinmetz, T.W. Hénsch, and
J. Reichel, Science 328, 1540 (2010).

S.G. Bhongale and E. Timmermans, Phys. Rev. Lett. 100,
185301 (2008).

A.l. Yakimenko, K.O. Shchebetovska, S.I. Vilchinskii, and
M. Weyrauch, Phys. Rev. A 85, 053640 (2012).

C.J. Pethick and H. Smith, Bose-Einstein Condensation in
Dilute Gases, Cambridge University Press, Cambridge
(2002).

A.J. Leggett, Rev. Mod. Phys. Suppl. 71, 318 (1999).

Scott Beattie, Stuart Moulder, Richard J. Fletcher, and Zoran
Hadzibabic, Phys. Rev. Lett. 110, 025301 (2013).

E.M. Wright, J. Arlt, and K. Dholakia, Phys. Rev. A 63,
013608 (2001).

0. Morizot, Y. Colombe, V. Lorent, H. Perrin, and B.M.
Garraway, Phys. Rev. A 74, 023617 (2006).

C. Ryu, M.F. Andersen, P. Cladé, V. Natarajan, K. Helmer-
son, and W.D. Phillips, Phys. Rev. Lett. 99, 260401 (2007).
A. Ramanathan, K.C. Wright, S.R. Muniz, M. Zelan, W.T.
Hill, CJ. Lobb, K. Helmerson, W.D. Phillips, and G.K.
Campbell, Phys. Rev. Lett. 106, 130401 (2011).

K.C. Wright, R.B. Blakestad, C.J. Lobb, W.D. Phillips, and
G.K. Campbell, Phys. Rev. Lett. 110, 025302 (2013).

T. Isoshima, M. Nakahara, T. Ohmi, and K. Machida, Phys.
Rev. A 61, 063610 (2000).

J.-J. Song and B.A. Foreman, Phys. Rev. A 80, 033602
(2009).

V.E. Lembessis and M. Babiker, Phys. Rev. A 82, 051402
(2010).

P.L. Halkyard, M.P.A. Jones, and S.A. Gardiner, Phys. Rev.
A 81, 061602 (2010).

J. Brand and W.P. Reinhardt, J. Phys. B 34, L113 (2001).

M. Merkl, G. Juzelitinas, and P. Ohberg, Eur. Phys. J. D 59,
257 (2010).

R. Kanamoto, L.D. Carr, and M. Ueda, Phys. Rev. A 79,
063616 (2009).

R. Kanamoto, L.D. Carr, and M. Ueda, Phys. Rev. A 81,
023625 (2010).

A.V. Yulin, Y.V. Bludov, V.V. Konotop, V. Kuzmiak, and
M. Salerno, Phys. Rev. A 84, 063638 (2011).

J. Smyrnakis, S. Bargi, G.M. Kavoulakis, M. Magiropoulos,
K. Kirkkédinen, and S.M. Reimann, Phys. Rev. Lett. 103,
100404 (2009).

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9



The nature of superfuidity and Bose-Einstein condensation:

from liquid *He to dilute ultracold atomic gases

140.

141.

142.

143.

144.

145.

146.

147.
148.

J. Smyrnakis, M. Magiropoulos, G.M. Kavoulakis, and A.D.
Jackson, Phys. Rev. A 81, 063601 (2010).

F. Malet, G.M. Kavoulakis and S.M. Reimann, Phys. Rev.
A 81, 013630 (2010).

K. Kirkkiinen, J. Christensson, G. Reinisch, G.M. Kavou-
lakis and S.M. Reimann, Phys. Rev. A 76, 043627 (2007).
A.D. Jackson and G.M. Kavoulakis, Phys. Rev. A 74, 065601
(2006).

M. Ogren and G.M. Kavoulakis, J. Low Temp. Phys. 149,
176 (2007).

M. Brtka, A. Gammal, and B.A. Malomed, Phys. Rev. A 82,
053610 (2010).

E.M. Wright, J. Arlt, and K. Dholakia, Phys. Rev. A 63,
013608 (2000).

N.G. Berloff, Phys. Rev. Lett. 94, 010403 (2005).

E. Radu and M.S. Volkov, Phys. Rep. 468, 101 (2008).

149.

150.

151.

152.

153.

154.
155.

Low Temperature Physics/Fizika Nizkikh Temperatur, 2013, v. 39, No. 9

B. Jackson, J.F. McCann, and C.S. Adams, Phys. Rev. A 61,
013604 (1999).

N.G. Berloff and V.M. Perez-Garcia, ArXiv e-prints cond-
mat.quant-gas 1006.4426 (2010).

J. Ruostekoski and J.R. Anglin, Phys. Rev. Lett. 86, 3934
(2001).

Y.S. Kivshar, J. Christou, V. Tikhonenko, B. Luther-Davies,
and L.M. Pismen, Optics Commun. 152, 198 (1998).

S. Wister, T.E. Argue, and C.M. Savage, Phys. Rev. A 72,
043616 (2005).

J. Ruostekoski, Phys. Rev. A 70, 041601 (2004).

T. Isoshima, K. Machida, and T. Ohmi, J. Phys. Soc. Jpn 70,
1604 (2001).

957



