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We present results of semi-empirical lattice dynamics calculations of the sound velocities in solid hydrogen un-

der pressure based on the many-body intermolecular potential and first-principle density-functional theory (DFT). 

Both the sound velocities and elastic moduli are in excellent agreement with data from Brillouin scattering mea-

surements while Silvera–Goldman and Hemley–Silvera–Goldman potentials tend to overestimate the sound veloci-

ty. It is shown that the stiffer is the potential the greater is overestimated the sound velocity. As was the case for eq-

uation of state and Raman-active lattice phonon calculations, the employed many-body potential works well for 

phases I and II (up to ~ 140 GPa while for higher pressures the use of the DFT is preferable. 

PACS: 64.30.Jk Equations of state of nonmetals; 

67.80.F– Solids of hydrogen and isotopes; 

78.30.Am Elemental semiconductors and insulators. 
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The behavior of solid and liquid hydrogen at high pres-

sure is one of the most fundamental problems of condense 

matter physics and planetary science. The central characte-

ristics of every substance is equation of state (EOS) which 

is a basis for studying all physical properties of the sub-

stance, in particular for developing and examining model 

intermolecular potentials and testing ab initio theories. 

Systematic high-pressure studies of the EOS of solid hy-

drogens were started in the 1970s [1–6], and at present 

they reach the pressures up to ~2 Mbar [7–13]. The highest 

volume compression reached in the EOS experiments is 

10.4 for solid hydrogen [13] (7.6 for solid D2 [12]), higher 

than for solid helium (8.4) [14]. This is an enormous 

change of molecular volume. For comparison, the relative 

change of the molar volume of every substance with tem-

perature in the temperature range from 0 K to the melting 

point is ~10%, two orders of magnitude smaller. 

There have been many attempts to propose the pair po-

tential describing high-pressure properties of solid hydro-

gens [10,15–17]. At small pressures the Silvera–Goldman 

(SG) [15] potential works well, but the first diamond-

anvil-cell (DAC) studies showed that it is too stiff, that is 

the repulsion increases too rapidly with pressure. Hemley 

et al. [10,16] modified the SG potential [15] with a short-

range correcting term. This Hemley–Silvera–Goldman 

(HSG) effective potential was shown to fit EOS up to 

40 GPa, but at higher pressures it is still too stiff [12]. 

As known, this problem arises because of neglecting of 

the three body and higher-order terms in the intermolecular 

potential [14,18–25]. Our many-body potential includes 

not only pair forces, but triple forces as well. It is a sum of 

the pair SG potential [15] (discarding the 9R  term) and 

three-body terms which include the long-range Axilrod–

Teller dispersive interaction and a short-range three-body 

exchange interaction in the Slater–Kirkwood form [19,21]. 

It is similar to the potential for solid helium [19,21]. An 

explicit form and parameters of the potential for solid hy-

drogen are given in Ref. 24. 

The calculated pressure-volume semi-empirical de-

pendencies for solid hydrogen and deuterium are given in 

Ref. 25 in comparison with density-functional theory 

(DFT)–generalized gradient approximation (GGA) calcu-

lations [26] and the main experimental results from 

[3,5,7–10,12,13,16]. It was shown that the semi-empirical 

(SE) calculations with the proposed many-body potential 

are in an excellent agreement with experiment in the pres-
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sure range 1–140 GPa (phases I and II). At higher pressure 

the theoretical SE curve lies slightly below experiment. 

Above 140 GPa the accuracy of the SE approach decreases 

with rising pressure, and at the highest reached pressures 

of 180 GPa (phase III) the difference amounts up to about 

10%. At still higher pressure the SE approach progres-

sively underestimate the pressure. The reason for this is 

supposedly the neglect of the higher order (n > 3) terms 

in the n-body expansion of the intermolecular potential. 

The effect of the large-n terms increases with pressure. 

Conversely, the accuracy of the EOS from DFT-GGA 

[26] improves with the increase of pressure: in the pres-

sure range 70–180 GPa the EOS from GGA practically 

coincides with the experimental one and for p > 140 GPa 

the agreement is better than for our empirical potentials. At 

the same time, at lower pressures the ab initio results pro-

gressively underestimate the pressure. Thus, the semi-

empirical and DFT approaches complement each other. 

Another experimental technique which provides direct 

information on intermolecular interactions and vibrational 

dynamics is Raman scattering. These studies go hand in 

hand with the EOS studies following the progress in the 

DAC technique and at present crossed the level of 250 GPa. 

The 2gE  Raman frequency ( )P  calculated using various 

empirical potentials is highly sensitive to details of the po-

tential used, making it a hard test for any empirical potential 

(or for any other theoretical method, e.g., DFT). It is essen-

tial that these properties are sensitive to different characteris-

tics of the intermolecular potential: while EOS is sensitive to 

the potential well depth, the 2gE  Raman frequency probes 

the second derivative of the potential at the minimum. 

The hcp structure of solid hydrogen has a Raman-active 

optical mode 2( gE  symmetry) in the phonon spectrum 

which corresponds to the out-of-phase shear motions of 

the two sublattices in the ab plane. The frequency range of 

this Raman mode is extremely large, from 36 cm
–1

 at zero 

pressure [27–36] to 1100 cm
–1

 at 250 GPa. These mea-

surements show that hcp-based structures are stable in this 

pressure range. 

The comparison between theoretical and experimental 

pressure dependencies ( )P  of the 2gE  optical phonon 

Raman-active mode [25] have shown that the phonon Ra-

man modes calculated using various empirical potentials 

are highly sensitive to details of the potential used, making 

it a hard test for any empirical potential (or for any other 

theoretical method, e.g., DFT). The frequencies calculated 

from the SG potential [15] deviate from experiment even 

for very low pressures. The same is true [5] for the effec-

tive HSG pair potential [10,16]. While effective pair poten-

tials work reasonably well for EOS up to 40 GPa, they fail 

for the dynamical properties like Raman spectrum. Simi-

larly to that we had for the EOS, at pressures lower than 

~ 150 GPa the SE curves calculated for the many-body 

potential [25] agree with experiment better than DFT-LDA 

(local-density approximation) calculations [25] but at 

higher pressures the situation is reversed. The limiting 

pressures at which the SE approach still works are ~ 175 

GPa while the DFT-LDA has a fine agreement with the 

experiment for H2 from 150 GPa up to the highest consi-

dered pressures ~ 230 GPa [25]. 

One more experimental technique which was used as a 

source of a critical information on the elastic anisotropy, 

equation of state, and other thermodynamic properties of 

this material is measurements of the sound velocity of 

high-density hydrogen. This information is particularly 

important for the construction of accurate models for the 

interior structure of the giant or Jovian planets. Experimen-

tal data on sound velocities in solid hydrogen in the pres-

sure range up to 24 GPa were obtained from single-crystal 

Brillouin scattering experiments [16,37]. 

The hydrodynamic or bulk sound velocity,  
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where P  is pressure,  is density,  is molar mass, and 

V  is molar volume. On the other hand, the bulk sound 

velocity, the adiabatic bulk modulus SK  and density are 

connected by the relation  

 = /B SKv . (2) 

Resulting values of the bulk sound velocity and adiabat-

ic bulk modulus calculated from the obtained SE EOS are 

shown in Fig. 1. As can be seen, both the bulk sound ve-

locity and adiabatic bulk modulus are in excellent agree-

ment with data from Brillouin scattering measurement 

[16,37]. As was said above, the empirical SG [27] and 

Fig. 1. Bulk sound velocity and adiabatic bulk modulus versus 

pressure. Sound velocity: calculated from many-body potential 

(1), from SG potential (2), from HSG potential (3). Solid trian-

gles — experimental data from [16,37] (). Bulk modulus: cal-

culated from many-body potential (4). Solid squares — experi-

mental data from [16,37] (). 
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HSG [10] potentials potentials for H2 fitted to lower densi-

ty data, tend to overestimate the repulsive wall of the mo-

lecules. The result is an underestimate of the compressibili-

ty of dense hydrogen or, equivalently, an overestimate of 

the sound velocity. It is seen from Fig. 1, the stiffer is the 

potential, the greater is overestimated the sound velocity. 

To make comparison with astrophysical models and da-

ta obtained from observations of global oscillations of Ju-

piter [38] one need to make predictions of sound velocities 

over very broad range of pressures where the molecular 

phase of hydrogen exists, in fact, over 400 GPa. 

Using first-principle Diffusion Monte-Carlo (DMC) si-

mulations, Alavi et al. [39] calculated the sound velocity of 

condensed hydrogen to the pressures of 300 GPa (Fig. 2). 

Their estimated agree well with extrapolated results obtained 

from Ross–Ree–Young and HSG two-body semi-empirical 

potentials [16,17]. At the same time, the sound velocity ob-

tained from these potentials are markedly higher than the 

experimental sound velocity [16,17] and the sound velocity 

calculated from the SE many-body potential. As was said 

above, the use of this potential is limited by pressures of 

140–150 GPa. To have estimates to higher pressure we have 

also calculated the sound velocity using DFT-LDA approx-

imation (Fig. 2). The LDA sound velocity has been found 

from the LDA EOS calculated using the full-potential linear 

muffin-tin orbital (FP-LMTO) code RSPt [40] for the 

12Pca  ordered structure — one of the plausible candidates 

for the orientational structure of phases II and III. Universal 

EOS parametrization has been used. The LDA approxima-

tion apparently overestimates the sound velocity at small 

pressures and works better for higher pressures. 

Combining results from single-crystal Brillouin scatter-

ing measurements with synchrotron x-ray diffraction data 

Zha et al. [37] obtained a complete set of the elastic moduli 

of solid hydrogen in the pressure range up to 24 GPa. Expe-

rimental shear elastic modulus and shear sound velocity are 

given in Fig. 3 as a function of pressure in comparison with 

theory. Theoretical estimates were obtained from the rela-

tion between frequency of the Raman-active 2( )gE  pho-

non mode of hcp lattice and elastic constant 44C  [41,42]: 

 
1/2

1 2
2 44( ) = (2 ) 4 3 /( ) ,gE a C mc  (3) 

where a, c are the lattice parameters and m  is the molecu-

lar mass. This relation follows from lattice dynamics stu-

dies of the hcp crystal lattice [41] and is exact if the fol-

lowing conditions are met: (a) anharmonic effects are 

negligible, (b) interactions beyond the next-nearest neigh-

bors are negligible, and (c) four-body and higher many-

body interactions are negligible. If some of the conditions 

(a)–(c) are invalid one might expect that the simple relation 

between 44C  and 2( )gE  breaks down. The applicability 

of this relation for various hcp metals was examined (see 

for example Refs. 43 and 44) and it was shown to hold 

fairly well even though the fulfillment of the conditions (b) 

and (c) is questionable. For the hcp van der Waals solids 

(He, H2, D2 and -N2) the same question has been ana-

lyzed in Ref. 42. For these substances, especially for solid 

helium and hydrogens near normal pressure, the most criti-

cal is the condition (a). Nonetheless, the departure form the 

relation was shown to be small. In the absence of direct 

experimental data such estimates are very useful especially 

under extreme conditions. In this way we obtain estimates 

for shear elastic modulus and sound velocity for the low-

temperature molecular phases to extrapolated pressures of 

400 GPa. We note that the phase III has been shown to be 

stable to at least 360 GPa at low temperature [45], but hy-

drogen transforms to other phases (e.g., phase IV) with 

increasing temperatures at these pressures [46]. 

In conclusion, we present results of semi-empirical lat-

tice dynamics calculations of the sound velocities in solid 

hydrogen under pressure based on the many-body inter-

molecular potential and first-principle density-functional 

Fig. 2. (Color online) The sound velocities computed using dif-

ferent semi-empirical potentials and first-principle approaches. 

Fig. 3. Shear sound velocity and shear bulk modulus versus pres-

sure. Sound velocity: calculated from many-body potential (1); 

experimental data from [16,37] (). Bulk modulus: calculated from 

many-body potential (2), experimental data from [16,37] (). 
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theory. Both the sound velocities and elastic moduli are in 

excellent agreement with data from Brillouin scattering 

measurements while pair SE potentials tend to overesti-

mate the sound velocity. It is shown that the stiffer is the 

potential the greater is overestimated the sound velocity. 

As was the case for EOS and Raman-active lattice phonon 

calculations, the employed many-body potential works 

well for phases I and II (up to ~ 140 GPa while for higher 

pressures the use of the DFT is preferable. 
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