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Here we present a new approximation for calculation of density of states of multi-component metallic alloys
using Lloyd formula. We consider the average square of T-matrix as the pair replication of scattering system.
The analytical expressions are probed on TizMn;_, and Al;Ni;_, binary alloys. The results are in good
agreement with the predicted behavior of density of states for such systems.
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1. Introduction

The Lloyd formula for the density of states (DoS) of a finite system on non-overlapping poten-
tials in free space was derived in [1] by local integration of the Green function of the system in the
r-space representation. Similarly, expressions which are valid within the muffin-tin single-site co-
herent potential approximation (CPA) were derived from the DoS per atom in a disordered binary
substitutional alloy. It was stated in [2] and we also agree to the fact that the Lloyd formula is an
elegant tool in multiple-scattering theory and it implicitly provides an analytical integration over
energy and over all space and directly gives the number of states as a function of energy. However,
the usual derivations of this formula are involved and the range of applicability of approximations
used therein is somewhat physically obscure.

The significance of the Lloyd formula approach to the DoS calculation of metallic systems is
proved by a series of works. So, in a general case it was studied in [3] and as the treatment of
binary metallic alloys it was done in [4].

Furthermore, we should introduce our work by presenting some basic definitions and equations
used in a multiple-scattering theory that were applied here. According to the Green function
method, the definition of the DoS should be expressed as follows:

DoS(E) = 1 Tr Sm G*(E). (1)
™
Here G*(FE) is the Green function (advanced or retarded for “+” or “~”, correspondingly) of the
defined system and it satisfies the Dyson equation
G*(E) = G5 (E) + G5 (E)VG*(E), (2)

where goi (E) is the Green function of some known reference system (e.g. free electronic gas or
medium of coherent potentials) and V is the perturbation operator determined as the difference
of the effective potential of electron-ion interaction in the defined system under consideration and
the corresponding characteristic of the reference one.

Moreover, if only this is possible for the system of interest, the T-matrix operator is introduced
by the following expression

GE(B) = G5 (B) + G5 (E)T*(E)Gi (B). (3)
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Hence, comparing equations (2) and (3), the following Dyson equation for T-matrix of the system
is also valid

T*(E) =V + VG (E)T*(E). (4)
Tt is worth noting that equation (4) leads to the optical theorem for T-matrices
T*(E)—TT(E) = 12T ¥ (E)T*(E). (5)

The applicability and usefulness of (5) for the case of transition metals were discussed in [5].
Using equations (1), (3) and presenting DoSy(E) = F/7 Im Tr GE(E) — DoS of the reference
system, the DoS of the system of interest can be decomposed

DoS(E) = DoSo(E) + éDoS(E), (6)
where
SDoS(E) = %Tr Sm [QSE(E)?i(E)ggE(E)} - §$m Tr [ggt(E)QTi(E)}
= d ~ + d ~
= —SmTr LlEggi(E)Ti(E)} = —QmTr [Ti(E)ldETi(E)]
= %%Sm Tr In 7+(E) = %%Sm In det 7+(E). (7)

The latter expression (7) is the well-known Lloyd formula. Obviously, using the general prop-
erties of the matrix determinant and logarithm, one can state

_ + d x T+ p
ADOS(E) = = Sm In det [7 (E) ] . (8)

By defining the S-matrix operator S(E) = 7~ (E)~'7 +(E), the Lloyd formula (7) also validates
the following expression
5D0S(E) = = L G 1n det {’?*(E)*lfi(E)} L det §() (9)
2r dE 2r dE
and, furthermore, for diagonal presentation of S -matrix (matrix elements are Sa3(E) = dq g€

where J,(F) are generalized phase shifts of a'!' state) equation (9) transforms to the generalized
differential Friedel sum-rule

264 (E)
b

0DoS(F) = 1 100 (B) .

T4 dFE (10)

In case of disordered systems, DoS in (1) depends on (G (E)) —i.e., the average Green function
taken in terms of the average over all possible spatial configurations of the system under consider-
ation. If one applies the configuration averaging to the Dyson equation (2), then the corresponding
equation for the average Green function of the system transforms to the following

(G%(B) = 63(B) + 65 (B) (VG=(8))

and, introducing the so-called self-energy operator 3 used to extract (G*(E)) in the second item of
equation, this expression for the Green function average over configuration can be transformed to

(G*(B)) = G5 () + G5 (B)S(GH(E)). (1)
Taking the average of the equation (3), one can get
(GF(B) = G5 (B) + G (B) (T*(B) ) G5 (B). (12)

Hence one can see the fact that the average Green function is determined by the average T-matrix.
Consequently, the Lloyd formula (7) for the case of a disordered system reformulates into

sDoS(E) = %d%%m <ln det ?i(E)> - %d%%m In det <?i(E)>. (13)
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2. Thereplica-trick and Lloyd representation of DoS

There is a very useful mathematical technique to take the average over a configuration of
systems with a high degree of topological disorder, such as metallic glasses and liquid alloys. It is
called the replica-trick and is based on the application of the formula

<lng>zlim<gp_1>:1im<gp>_l, (14)

p—0 p

where the angle-brackets represent an average over all realizations of the disorder, and it also
involves extending A”, averaged for integer power p, to the case where p is no longer constrained
to be an integer value, by positing that if AP can be calculated for all positive integers p then this
may be sufficient to allow the limiting behavior as p — 40 to be calculated.

Before applying (14) to the Lloyd formula (13) it might be necessary to show that the average
T-matrix of the system under consideration with regard to optical theorem (5) can be represented
by the following sequence

(78)) = (77(B)) 7 2 (FFEYT(B)) = 3 (r2mir (7(E)P). (15)

So, the logical deduction regarding the power series in the last expression is the fact that the
existence of an average T-matrix of the system of interest provides for the existence of an average
TP — operator for any positive integer power p and vice versa. Furthermore, this substantiates the
implementation of (12) to be a sufficient condition of replica technique application.

Having regard to the validity of averaging procedure used in (12) it becomes possible to apply
replica-trick to the first (upper) equality in (13)

SDoS(E) = EdiE\smTr (m 7%(B)) = %diETr glin;\ym (THE)). (16)
To satisfy the second (lower) equality in (13) we should apply the well-known approximation of
the separation of mean values to the average TP — operator in equation (16). Then it makes it
possible to write <’?p> = <’?>1’ and the Lloyd formula for the average T-matrix approximation can
be got using the replica-trick backward.

Forestalling the current argumentation in this work, we state the fact that the average T-
matrix of the system of interest depends on the density operator averaged over all the possible
configuration and there is no way to express (7) for the systems of high disorder in terms of
analytical equations or it cannot even exist, but at the same time DoS for such systems exists
(DoS exists for any system while one-electron approximation is valid). The self-average structure
functions of such systems turn out to be the pair correlation functions (PCF) and the structure
factors related to them [6]. To solve the problem we bring equation (15) into the following form

<?3F(E)?i(E)> - i (£27i)P~2 <?i<E)p>. (17)

p=2

Item 777+ keeps the self-average property while the Fermi golden rule is carried into effect. The
existence of (7T7*) ensures the existence of (7?) for any integer p > 1. This condition is not
sufficient for replica-trick application to (In ?>, but at the same time it can be applied to (In ’ZA'2>
Now the following suggestion becomes obvious which consists in applying another approximation
(TP) = <72)p,|p/:p/2 to (16) (here p’ is any positive integer power) instead of separation of mean
values. Such an approximation enables us to get the following sequel for (16)

+d =1 om2\P_ £ d Tt ()2
SDOS(E) = ———=Tr ;%pdm@ (E)> =9 In det <7 (E) > (18)
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We should note that the last expression could be got by taking the average of equation (8) if
we set the power to square and then apply the replica-trick to a square T-matrix. This way of
deriving (18) is direct but is not sufficiently substantiated in contrast to the one we used.

To accomplish the construction of calculation method we should define <’f2> Formally, the
structure of these matrix elements in k-space representation is the same as the formal structure
of (TTT*). Hence, applying the derivation procedure which is similar to the Fermi golden rule,
the following expression for (?2> matrix element, built on wave-vectors of initial and final states
k;, ks, correspondingly, can be derived

(KITFT#17 ) = daey S VX X5 Yo S| ki = KI) (il k) ([T ki)
4
(Kl T2k ) = Gy o5 /XX Lo Sp(l e = o) (el ) (Kl i) . (19)

where X, is the fraction of a-component in the system of interest, S,g(q) are the partial structure
factors of scatterer subsystem in accordance with Ashcroft and Langreth [7] and <k’\7if|k> are the

matrix elements of single-site T-matrix defined for the site that is occupied by a-type scatterer
interacting with the electron by means of self-consistent single-site potential ©,. The following
Dyson equation for such an average ﬁ is implemented

B (E) = T + 0a05 (B)EL(B). (20)

The resolvent fi of the latter equation can be numerically found in case of the known potential 7,
and the Green function of reference system G3-.

We have called the technique suggested and developed in this work the average replicated
T-matriz approzimation (ARTA) for Lloyd formula of disordered metallic systems because the
(TP)-operators, or their particular case (7 ?2), are the p-order multiple replications of T-matrix of
the system considered within the replica technique. The square exponent corresponds to the pair
correlation approximation and it is the most informative in case of highly disordered systems.

Finally, the conclusion of this section is that we have got a new method of calculating DoS of
a disordered multi-component system founded on equations (18) and (19). The data required by
this method are the partial structure factors and quantitative composition of the system under
consideration, the single-site potentials in self-consistent field approximation of every component
and finally the Green function of reference system. That is not an approximation of the method
if we are positing the reference system to be a free electron gas, but at the same time it greatly
simplifies the formalism for future development of computation method because the form of QOi is
precisely known.

3. Approximations for numerical evaluation of DoS for binary metallic alloys

Now everything is ready on order to apply the computation technique that we used in evaluating
the DoS of some binary metallic alloys within ARTA in this work.

The first objects to be define are the partial structure factors. This can be done using hard
spheres solution of Ornstein-Zernike equation in Percus-Yevick approximation for multi-component
system [8]. The matrix combined the partial structure factors S(q) = {Sa3(q)}

S(q) = [I—nX"c(g) X7 7. (21)

Here we present such values as: n is the atomic concentration of metallic alloy, X = {0, 3Xa}
is the fraction matrix of components and ¢(q) = {ca(¢)} is the matrix of Fourier transforms of
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direct correlation functions. The application of the Baxter “factorization technique” [9] leads to

S.S5 — C.C CoSs+ CsS, SaS
caplq) = — 4w [Aaﬁngﬁ + Bap—"P——% 4+ Doy q4ﬁ
4o [ CnCgdad SaS CoSgdy + CSad
40( pdads | Sa5p _ CaSs 5 ﬂ)], (22)
q 4 q 2q

where d,, is hard sphere diameter of o component, S, = sin(qd,/2), C, = cos(gd,/2) and abbre-
viating the p-order moments 7, = 7/6-n)_  x.d2, the other coefficients are defined as follows:

_ 1-— 3d.m21?
(07s) WZX'Y |: s T 7772:| 5
Yy

(1 —n3)?
~ 93 +3m(1—n3)
Bo = 3
(1 - 773)
Auy = (do +dg)(1 — 13) + 3dadpny
2(1 —n3)? ’
1 _
Bay = ——
afd 1_ 3 50dad57
2 + (do +dg)(m + 303 /(1 — n3))

The corresponding partial PCF is defined through the following Fourier-like transformation of
the related structure factor

singR

1 oo
—1_ -1/2_~ _ 2
Gopl(B) = 1= (XaX5) P25 [ [S0nla) = 80.0) "t aPda (24)

Solving equations (21-24) we can find all partial structure factors and PCFs for the system
of interest and then start the next step of calculation, i. e., the construction of single-site self-
consistent potential.

In this work, we treat the single-site potential of a-type scatterer as the atomic sphere approx-
imation of the Kohn-Sham potential [10]

va(r) = { —Za/T+ vH[pa(()r)] + Vze[pa(r)] " i ﬁgf (25)

Here RY is the radius of atomic sphere that is defined through electro-neutrality of the atomic cell,
—zo /1 is the attractive Coloumb potential of a-type nucleus with atomic number z,, vg[pq(r)]
is Hartree potential of the repulsive electron-electron Coloumb interaction , vy.[pa(r)] is the local
approximation of exchange-correlation potential. Both Hartree and exchange-correlation potentials
are some functional of p,(r) i. e., the single-site density of electron gas.

For the case of a disordered system, we find p,,(r) within Mattheis method [11] used in a series
of works [13,12,14] applying the partial PCF and according to its definition

R+r

2 o0
pa(r) = pl (r) — ? > Xp / dR Gus(R)R /lR ‘ dr’pg‘”) (r')r'. (26)
8 0 —r

Hence, the electron distribution around ion is spherically symmetric. Then Hartree potential can
be presented as follows:

4 [T RS
UH[pO/(r)] = 77(/0 PQ(T/)TIQdT' +47T/ ,Da(”’/)’f’/dT‘/ (27)

and Slater approximation of v,.[pa(7)] [15,16] leads to
3
T

Uelpa(r)] =6 = [3n%pa(r)] 7, @ € [2/3:1], (28)
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Of course, we could use any of the more recent exchange-correlation corrections [17] but this causes
some difficulties, so we simplify the calculation scheme.
n (26), we treat the atomic electron densities p((ft)(r) within the atomic shell approximation

[18] via Gaussian-type decomposition

N ()
a P _ (a)sz
Pt () =3 e (29)
1=0

Here, {qga)} and {51-(&)} are the parameter sets of predefined positive coefficients of N(®-order
electronic density decomposition for a-type atom. This presentation of electronic density reduces
the (26) to

N (@

o) g2 o
Yo g Me s L TS Xg/ dR Gas(R)R
i=0 i 0
DA q(ﬂ) ® 2 ® 2
i =& (r=R)” _ =& (r+R)
X 2 @ (e e ) (30)

The last equation takes the form that is optimized for a numerical solution and can be computed
faster (e.g. we can apply Gauss-Hermite and Gauss-Laguerre quadrature rule to integration) and
turns out to be more accurate than the equation (26).

The resolvent of (20) can be easily found for the case of central symmetric potential with the
finite interaction range within partial wave decomposition. In this case the single-site t-matrix
elements take the following form

N 2 b (a
(Wi ) = e D20+ D)1= 0O A (cos £ 1), (31)
=0

where él(a)(E) are the partial phase-shifts which satisfy the following boundary conditions
57(E.0) =0, 5 (ERY) =5"(E) (32)

of the well-known partial phase equation

d «@ . «@ 2
—tg0(" (B,1) = —V2Bua(r)r? [ju(V2EY) — tgo (B, rym(vV2EN)| . (33)

Turning back to ARTA equations(18,19) and reminding that we assume the reference system
to be the free electron gas, the next equation for DoS can be got in a way similar to the one we
used before in [19,20]

_ (2E)\/? 1 d 3/2
Dos(E) = m2n +67r3ndE [(2E)

XoXp 1, deSas (@) [
Xo X5 [1 dzSas ()

mtqo(z)Retg(x) + Smig(r)Retq ()]
mtqe(2)Smtg(x) — Reto (z)Retg(x)]

20,8

Qe

xarctg , (34)

where ¢ = \/4F(1 — ), the imaginary and real parts of a single-site T-matrix according to (31)

Smie(z) = QFZ (2141) 1—1—(30825( )( E)|Pi(z),

Ret ()

QFZ (20 + 1) sin 26! (E) Py (). (35)
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Deriving these expressions we consider the trace to be the integral over the isoenergy surface that
corresponds to free electron energy F.

So, the computation of DoS of a binary metallic alloy within the approximations suggested for
ARTA, consists of the following steps:

1. Using the information about fractions of components, their hard sphere diameters and the
packing parameter of alloy we should calculate the partial structure factors of the system
according to Baxter’s solution (21)—(23);

2. Using Fast Fourier Transformation we should get partial PCFs (24);

3. We should calculate the radial electronic density distribution (30) using the atomic shell
approximation for all components of the alloy;

4. Constructing a singe-site potential (25,27,28) we should solve the corresponding phase equa-
tion (33) and find partial phase shifts for each component;

5. Using all these data in expressions (35) we calculate the ARTA DoS of binary metallic alloy
within (34).

4. Ultimate calculation for TioMn;_, and Al_Ni,_. liquid alloys

Probing the ARTA calculation scheme we choose two systems: Ti,Mn;_, and Al,Ni;_,. The
first one is of interest because there are two close but distinguishable d-states that should perform
hybridization effects in case of alloying. The second system consists of III-valent metal and magnetic
transition metal. The main aspect of this system is the fact that systems of this type conserve its
d-transition behavior for a small concentration of the transition metal.

We evaluate the hard sphere diameters of components using pure metal densities at the melting
point (Al-2.37 g/cm?, Ni-7.72 g/cm?®, Mn-5.97 g/cm3, Ti-4.15 g/cm?®) and the fact that the
packing parameter of the liquid metal fitted according to [21] is n3 = 0.48. Conserving 753 for
the alloy we get the average concentration of the system n. From [22] we can get atomic shell
approximation parameters in spatial convolution (30) {qz(a)} and {fi(a)}. No other parameters are
needed to perform the calculations.

In figure 1 we present our calculation results for the both systems studied. To perform the DoS
dependencies on electron energy and fraction = of the first component (Al, Ti) we have reduced
the DoS in (34) to 1/7%n.

Evidently, the behavior of DoS for the both systems is in qualitative agreement with our
hypothesis. DoS of Ti,Mn;_, symmetrically transforms from pure Ti to pure Mn and and there
is a distinguishable pseudo-gap caused by strong hybridization of two different d-bands in the
intermediate concentration.

The other system Al,Ni;_, is characterized by the d-resonance caused by a single d-band of
Ni. It is conserved up to 10% fraction of Ni in the alloy and then it should vanish fast so that the
DoS corresponds to a pure liquid Al. Such a behavior of the DoS provides the increase of the effect
of the presence of the transition metal in the metallic alloy on its transport properties. Indeed,
this is known to be associated with the broadening of the impurity d-states due to the interaction
with the conduction band of the host metal [23,24]. The theoretical background to these works is
based on Friedel concept of virtual bound d-states and Anderson theory of s-d mixing. According
to their theory, the transition metal d-states are represented by simple Lorentzian bands of width
2T, located at an energy Ejq, so that the partial DoS of spin-degenerated d-electrons is

10 r

DoSa(E) ~ =i

(36)

The electronic transport properties of such alloys, where the host is aluminium and the add-on
is a small fraction of any 3d-transition metal, are assumed to be due to resonance scattering from
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Figure 1. The dependence on energy of DoS of liquid alloys reduced by free electron density for
the case of different fractions of components. The left figure presents Ti,Mnj_, system and the
right one corresponds to Al Nij_.

the virtual bound states dominated primarily by the d-wave phase shift d4(F). So, in work [24],
this hypothesis was proved experimentally for diluted Ni—Al alloys (the host metal was Al).

In regard to (36), the height of the resonance maximum is in direct proportion to reciprocal
value of the half-width of the d-band ~ 1/T". Decreasing the fraction of Ni in an alloy we decrease the
Ni-Ni correlation (i. e., enlarge the Ni-Ni interatomic distance) and then the d-shell overlapping
becomes smaller. It is known that I' is in direct proportion to these overlapping integrals. So,
the resonance should increase the height of the maximum and at the same time should become
narrower when the fraction of transition metal decreases. Comparing the 10% contribution of Ni
to DoS of Al-Ni in figure 1 and 5-4% contribution of Ni to DoS — figure 2, we can see the proof of
the correct behavior of a resonant d-band.

We should also mention that the DoS presented in this work keeps its sense so far as it is smaller
than Fermi energy, the outer levels are not occupied by electrons. In case of Al-Ni where Fermi
level located within the 0.2-0.25 a.u. range of energy (this is correct for small fraction of Ni) the
effect of resonance should be definitely smaller than its maximum value because the corresponding
Fermi energy is located near the beginning of d-band (left hill of the resonance). At the same time,
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the dependence of DoS on the fraction of transition metal in an alloy with non-transition metal
for both large and small fraction of the transition metal cannot be in direct proportion to these
fractions (experimentally shown in [24]).

The dependence of DoS on the fraction of Mn-Ti al- 1
loy is similar to the case of Al-Ni alloy though it is not
obvious from figure 1. For intermediate concentration (20—
80% of Ti) a significant density gap takes place and it is 12
located between the d-band level of different components x=0%
of the binary alloy. Anyway, it is obvious that this gap can- 1
not be a superposition of those two different d-bands of Ti x=0,5%
and Mn because it is even smaller than the free electron 10 a
distribution. N *=1%

~DoS

5. Conclusion 8

The ARTA method based on the Lloyd formula devel-
oped in this work appears to be a useful technique for cal-
culation of DoS of metallic alloys because it provides ana-
lytical expressions for direct evaluation of DoS through the
series of simple mathematical equations. This method can
be easily spread to the systems consisting of more than 2 4 L_.’-—-
components. It should be noted that it is also computa- @
tionally fast and accurate. In comparison with the classi-
cal CPA and other applications of Lloyd, there is no need x=5%
to use scattering perturbation and r-space average cluster /
representations. The results obtained in this study can be
applied to the construction of reference system character-
istics which can in turn be used in more precise techni- 0 y y v y
ques, e.g. the cluster approximation for CPA. And finally ' ' ' '
we claim that some mismatches of DoS behavior can be
caused by approximations that we used in describing the Figure 2. The dependence on energy
atomic structure (e.g. density of alloy and hard sphere di-  of DoS of Al;_,Ni, reduced by free

x=4%

ameters). In our opinion the use of corresponding experi- electron density for the case of small
mental data would improve the results of calculations. Ni fractions.
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HabOnunxeHHsa cepeaHboi penyliikoBaHo!l T-MmaTpuu,i: BaJileHTHa
30HAa HEeKpUCTaNiYHUX MEeTaniYHMX cnnasiB

M. 9kibuyk, O. Bonkos, C. Bakapuyk

JlbBiBCbKMIA HalioHanbHWiI yHiBEpcUTET iMeHi IBaHa PpaHka
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B uiin po60Ti MM NPOMNOHYEMO HOBE HabGNMXEHHS AN PO3PaxyHKY NYCTUHU CTaHiB 6arato KOMMOHEHTHUX
MeTasliyHMX cucTem 3a gonomoroio dopmynm Jinonga. B upomy HabNMXEHHI MW PO3MNSAaEMO CepenHe
3HaYeHHs kBagpaTty T-MaTpuLi, sk napHy peniky (BigobpaxeHHs) cucTemMmn poacitoBadiB. AHaNITUYHNIA BU-
pas, OTpMMaHuii B paMkax Takoi Teopii, 6yno anpobosaHo Ha 6iHapHux cuctemax TipMn;_, 1a Al Nij 4.
Pe3ynbTat poctatHbo f00pe y3rooXylThCs 3 MPOrHO30BaHOI0 NOBEAIHKOI0 NOAIOHMX CUCTEM.

KnouoBi cnoBa: ryctuHa craHis, T-matpuusi, popmyna Jinoviga, HabivkeHHs1 aTOMHUX 060J10HOK,
CTPYKTYPHWIA pakTop, NoABiviHWI criias.

PACS: 71.22.+i, 71.20.Be, 71.15.La, 71.15.Mb, 71.15.Cr, 71.15.Hx, 71.10.-w
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