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Ïðåäñòàâëåíû ðåçóëüòàòû àíàëèòè÷åñêèõ è ÷èñëåííûõ èññëåäîâàíèé, öåëüþ êîòîðûõ ÿâëÿ-

åòñÿ îïðåäåëåíèå èçãèáíûõ õàðàêòåðèñòèê æåëåçîáåòîííûõ áàëîê, óïðî÷íåííûõ ïîëèìåð-

íûìè ñòåðæíÿìè èç àðìèðîâàííûõ âîëîêîí. Ñ ïîìîùüþ ñïåöèàëüíîãî ìåòîäà êîíå÷íûõ

ýëåìåíòîâ, âêëþ÷àþùåãî ðàçëè÷íûå ýëåìåíòû äëÿ ïðîöåññîâ áåòîíèðîâàíèÿ è àðìèðîâàíèÿ,

ïðîâåëè àíàëèç æåëåçîáåòîííûõ áàëîê, àðìèðîâàííûõ ïîëèìåðíûìè ñòåðæíÿìè. Äëÿ îöåíêè

õàðàêòåðèñòèê ïðîãèáà ïîä äåéñòâèåì íàãðóçêè è ïðîãèáà áàëêè ïîä äåéñòâèåì ðàáî÷åé

íàãðóçêè èñïîëüçîâàëè äâà ðàçëè÷íûõ óðàâíåíèÿ ýôôåêòèâíîãî ìîìåíòà èíåðöèè. Çíà÷åíèÿ

ïðîãèáà æåëåçîáåòîííûõ áàëîê ñ ïîëèìåðíûìè ñòåðæíÿìè ïîä äåéñòâèåì ðàáî÷åé íàãðóçêè,

ïîëó÷åííûå êîíå÷íîýëåìåíòíûì ìåòîäîì, õîðîøî ñîïîñòàâëÿþòñÿ ñî çíà÷åíèÿìè èç óðàâ-

íåíèé ìîìåíòà èíåðöèè. ×èñëåííûå çíà÷åíèÿ ðàçðóøàþùåãî ìîìåíòà òàêæå õîðîøî ñîãëà-

ñóþòñÿ ñ àíàëèòè÷åñêèìè çíà÷åíèÿìè, ïîëó÷åííûìè â ðåçóëüòàòå ïðèìåíåíèÿ ìîäåëè çàâè-

ñèìîñòè äåôîðìàöèè îò íàïðÿæåíèÿ äëÿ áåòîíà. Äëÿ êîíñåðâàòèâíîé îöåíêè ïðîãèáà ïðåä-

ñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî àíàëèçà, êîòîðûå ïî÷òè íå ñïðîãíîçèðîâàëè âíåçàïíîå

óìåíüøåíèå ïîêàçàòåëÿ æåñòêîñòè ïðè èçãèáå æåëåçîáåòîííûõ áàëîê ñ ïîëèìåðíûìè ñòåðæ-

íÿìè âñëåäñòâèå ðàçðóøåíèÿ çàùèòíîãî ñëîÿ áåòîíà.

Êëþ÷åâûå ñëîâà: àðàìèäíîå âîëîêíî, êîíå÷íîýëåìåíòíûé àíàëèç, áåòîí, àðìè-

ðîâàííûé âîëîêíèòîì, ýôôåêòèâíîå çíà÷åíèå ìîìåíòà èíåðöèè, èçãèáíàÿ

õàðàêòåðèñòèêà.
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N o t a t i o n

E f – elastic modulus of fiber-reinforced polymer (FRP)

Es – elastic modulus of steel

�fc – cylinder compressive strength of concrete

fr – modulus of rupture

I cr – fully-cracked moment of inertia

I e – effective moment of inertia

I g – gross moment of inertia

M cr – cracking moment

M max – maximum bending moment in the beam

M uc1 – ultimate moment estimate from rectangular stress block analysis

M uc2 – ultimate moment estimate from the adopted concrete stress-strain models

M uf – ultimate moment estimate from finite element analysis (FEA)

M ut – experimental ultimate moment

�b – bonding coefficient

� – longitudinal reinforcement ratio

�b – balanced reinforcement ratio

Introduction. The noncorrosive, nonmagnetic, and nonconducting nature;

high strength-to-weight ratio; and fatigue resistance make FRP materials a strong

alternative to steel reinforcement. FRP reinforcement is commonly used in structures

where the magnetic nature of steel reinforcement is a cause of concern, such as

research facilities, magnetic resonance imaging rooms of health facilities, and

magnetic levitation train facilities. FRP reinforcement is also preferred over steel

reinforcement in concrete structures subjected to aggressive environments, such as

coastal structures, infrastructure facilities, and bridge decks exposed to chlorides and

deicing salts. In North America, several research projects have been launched to

stimulate the use of FRP reinforcement in bridge decks to overcome the

reinforcement corrosion problem. In the light of these projects, bridge decks

containing FRP reinforcement were constructed in US and Canada in recent years

[1–3]. Several developed countries have established their standards and regulations

for FRP-reinforced concrete [4–6].

The comparatively high tensile strength and low elastic modulus of FRP bars

cause serviceability limit states to be as critical as the ultimate limit states in the

design of concrete beams reinforced with FRP bars. The present study mainly deals

with the load-deflection behavior of FRP RC beams with the critical review of the

literature devoted to the deflection response of FRP RC beams [7–15].

The gradual transition in the flexural response of a steel-reinforced concrete

beam due to the formation and propagation of flexural cracks along the span is

accounted for in ACI 318M-05 [16] by the use of the following effective moment

of inertia (I e) equation:
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where I g and I cr are the gross and fully-cracked moments of inertia, respectively,

M cr is the cracking moment, and M max is the maximum bending moment in the

beam.

Recent studies [8, 13] indicated that Eq. (1), which is originally an empirical

equation developed by Branson [17] based on the test results of steel-reinforced

concrete beams, overestimates the rigidities of FRP-reinforced concrete beams.

ACI 440.1R-06 [4] provides the following effective moment of inertia equation for

FRP-reinforced concrete beams by reducing the weight of the gross moment of

inertia:
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where � is a coefficient accounting for the different bond properties and elastic

modulus of FRP. ACI 440.1R-06 [4] gives the following equation for �:
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where � is the longitudinal reinforcement ratio and �b is the balanced

reinforcement ratio.

Many studies in the literature aimed at determining an effective moment of

inertia that yields deflection estimates in closest agreement with the experimental

results. Gao et al. [9] proposed the following expression for � in Eq. (2) based on

their experimental results:
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1 , (4)

where E f and Es are the elastic moduli of FRP and steel, respectively, and �b is

a bond coefficient depending on the FRP material. Yost et al. [13] tested 48 GFRP

RC beams made with normal-strength (NSC) and high-strength (HSC) concrete

and proposed the following equation for �b based on the linear regression

analysis of their test results:

�
�

�b
b

� �0 064 013. . . (5)

Theriault and Benmokrane [10] and Masmoudi et al. [11] proposed a constant

value of 0.6 for � and found the agreement of Eq. (2) with �� 0.6 with the

experimental results. Different from these studies, Toutanji and Saafi [12] proposed

that Eq. (1) can be modified for FRP RC beams by replacing the power 3 in the

equation with an expression, which was obtained empirically from the results of

experiments on GFRP RC beams, accounting for the elastic modulus of FRP and

the reinforcement ratio.
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Bischoff [18, 19] established that Eq. (1) provides close estimates in reinforced

concrete beams with I Ig cr ratios smaller than 3. Due to the low elastic moduli of

FRP bars, I Ig cr ratio reaches values much greater than 3 in FRP RC beams.

Therefore, Eq. (1) significantly overestimates effective moments of inertia of FRP

RC beams. By using the tension-stiffening model of the CEB-FIP Model Code

[20], Bischoff [18] developed the following effective moment of inertia expression,

which models the cracked portions of a beam and the uncracked portions between

the cracked portions with springs in series:
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Comparing with the previous test results [14], Bischoff and Scanlon [21] indicated that

Eq. (6) closely estimates the flexural responses of FRP-reinforced concrete beams.

Thus, as an initial study, this research investigated the flexural performance of

FRP RC beams using the finite element analysis (FEA) program ANSYS [22],

which has scarcely been used in the field of civil engineering [23–33]. For this

purpose, this study selected nine reinforced concrete beams tested by Rashid et al.

[14]. The experimental and numerical (FEA) ultimate flexural moment capacities

of the beams were compared with the analytical values obtained from the rectangular

stress block approach and two different stress-strain models. The first model was

proposed for HSC by Wee et al. [34] and the second one for NSC by Todeschini et

al. [35]. The experimental and numerical load-deflection curves were also compared

with the analytical curves obtained using the effective moment of inertia expressions

of Bischoff [18], ACI 318M-05 [16], and ACI 440.1R-06 [4]. The numerical and

analytical load-deflection curves were found to be in close agreement with the

experimental ones at service load levels. This agreement was maintained up to the

first peak in the load-deflection curve, corresponding to the crushing of cover

concrete. Beyond the first peak, the numerical and analytical deflection estimates

were found to remain on the unconservative side.

1. Numerical Study.

1.1. Analyzed Beams. In the present study, nine reinforced concrete beams

constructed and tested by Rashid et al. [14] were analyzed. The specimens tested

by Rashid et al. [14] were adopted in the numerical study mainly for the following

reasons:

Rashid et al. [14] tested FRP RC beams with different flexural and shear

reinforcement ratios. Consequently, numerical analyses of these beams were

considered important in understanding the flexural behavior of FRP RC beams

with varying amounts of reinforcement.

In their study, Rashid et al. [14] reported the measured material properties of

concrete, steel, and aramid FRP (AFRP), which were used in the FE models of the

specimens. Furthermore, the deflections and crack widths of the specimens along

the course of loading were also presented in the study of Rashid et al. [14].

Consequently, the authors of the present study were able to compare the numerical

results with the experimental results and this comparison yielded important

conclusions.
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Each of the analyzed beams had a 150 300� mm cross-section and a total

length of 3.0 m. The beams were subjected to third-point loading with a clear span

of 2.4 m. The reinforcement details of the specimens are illustrated in Fig. 1 and

Table 1. As given in Table 1, all of the FRP RC specimens were over-reinforced as

suggested by ACI 440.1R-06 [4]. Beam DS4T2 contained only steel reinforcement

to serve as reference. Rashid et al. [14] reported that the beams DF2T1, DF3T1,

and DF4T1 were tested to investigate the influence of longitudinal reinforcement

ratio on the flexural behavior of FRP RC beams, while the tests on AF2T1 and

DF2T1 provided information on the influence of concrete strength on the flexural

behavior. Finally, by testing DF3T1, DF3T2, and DF3T3 in the program, Rashid et

al. [14] aimed at investigating the influence of lateral reinforcement ratio on the

flexural behavior of FRP RC beams.
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T a b l e 1

Reinforcement Details of the Specimens

Specimen Tensile reinforcement ratio (%) Volumetric shear

reinforcement ratio (%)Actual Balanced

AF2T1

BF3T1

CF3T1

DF2T1

DF3T1

DF4T1

DF3T2

DF3T3

DS4T2

0.39

0.59

0.59

0.39

0.59

0.85

0.59

0.59

2.17

0.11

0.36

0.29

0.26

0.31

0.30

0.18

0.18

9.87

1.47

1.47

1.47

1.47

1.47

1.47

3.57

4.62

3.57

Fig. 1. Cross-sectional details of the test beams.



Rashid et al. [14] reported that the �16, �10, and �6 steel bars had average

yield strengths of 466, 533, and 354 MPa, respectively, and the AFRP bars had a

tensile strength of 1760 MPa and an elastic modulus of 53 GPa. The concrete

strength was obtained as 84.5 MPa in beams DF2T1, DF3T1, DF4T1, DF3T2,

DF3T3, and DS4T2; 42.8 MPa in beam AF2T1; 85.8 and 85.6 MPa in beam

BF3T1 and beam CF3T1, respectively, from the cylinder tests.

1.2. Finite Element Model. Reinforced concrete structures are commonly

analyzed using the finite element method through separated and distributive

models. Separated models simulate the reinforcing bars using link or pipe

elements, which are connected to the nodes of the concrete elements (Fig. 2a). In

distributive models (Fig. 2b), on the other hand, reinforcement is introduced to the

model by assigning number, position, angle, and reinforcement ratio to the

reinforced material in each direction of the three dimensional space using the real

parameters of the Solid65 element [24, 25, 30]. In other words, no additional

elements are used for the reinforcement. Although separated models assume a

perfect bond between the reinforced and reinforcing materials, these models were

adopted in the present study since the studies in the literature [24, 30] indicated

that FE analyses based on separated models provide closer estimates to the

expeimental results.

1.3. Material Models.

1.3.1. Concrete. Two different concrete stress-strain models were used in the

present study for the NSC and HSC beams. In the analytical calculations and

numerical analysis of beam AF2T1, which had a concrete strength of 42.8 MPa,

Todeschini et al. [35] stress-strain model was adapted, while Wee et al. [34]

stress-strain model for HSC was used in rest of the beams, whose concrete strength

values exceeded 80 MPa. The equations used in both stress-strain models are

illustrated in Fig. 3. In the numerical analyses, concrete plasticity was modeled

implementing multilinear isotropic hardening and using the values obtained from

the stress-strain models. In multilinear isotropic hardening, the behavior of

concrete in the three-dimensional space of the principal stresses is defined by the

following equation based on von Mises criterion [36]:
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Fig. 2. Reinforcement modeling in FEA: (a) separated model; (b) distributive model.
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where � e is the equivalent stress, �1 , � 2 , and � 3 are the principal stresses, and

� y the threshold stress, which is the stress value at which a material passes from

elastic state to plastic state. When the threshold stress is exceeded in concrete, the

material is assumed to have a nonlinear behavior. In other words, the von Mises

criterion is employed to differentiate between the linear and nonlinear types of

material behavior.

1.3.2. Steel and FRP Reinforcing Bars. In the numerical and analytical

studies, behavior of the steel rebars was idealized as bilinear isotropic based on von

Mises yielding criteria. The AFRP bars were assumed to have a linear stress–strain

relationship up to rupture. The discrete technique, which assigns bar or beam

elements to the reinforcement, was implemented. In the models, Link8 elements

corresponding to the reinforcing bars were connected to the concrete mesh nodes

(Fig. 2a). Therefore, the concrete mesh shared the same nodes as the reinforcement

mesh and both constituents occupied the same space in the model, preventing

independent choice of the concrete mesh due to restriction by the location of

reinforcement.

1.4. Cracking and Crushing of Solid65 Element. Solid65 element adopts the

Willam–Warnke [37] model for the failure surface of concrete in a triaxial stress

state. Willam–Warnke failure criterion is a five-parameter mathematical model

applicable to regions of high compressive stresses, developed by the incorporation

of two additional parameters to a previous three-parameter model applicable to

regions of tensile or low compressive stresses. By the inclusion of the two

parameters, the straight meridians in the model were transformed into smooth

curved meridians. Close agreement of the values obtained from this model with the
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Fig. 3. Concrete stress-strain models.



experimental data in the operating range, smooth, continuous, and convex failure

surface, and the use of parameters attainable from standard test data makes the

Willam–Warnke model advantageous over the other failure models [38].

In ANSYS, a Solid65 element reaches the crushing state and its stiffness

nullifies when all of the principal stresses are compressive and the maximum

principal compressive strain reaches the crushing strain. Solid65 element adopts

the maximum tensile stress criterion (tension cutoff) for cracking of concrete in the

presence of a principal tensile stress. Accordingly, smeared crack model allowing a

maximum of three mutually perpendicular cracks at each Gaussian integral point is

used when an element reaches the cracking state.

In ANSYS, the concrete material strength criterion data table includes the

cracking and closure shear transfer coefficients, the uniaxial tensile and compressive

strengths, the biaxial compressive strength, the confining pressure, the uniaxial and

biaxial compressive strengths under confining pressure, and the tensile stress

release coefficient. Usually, ANSYS only requires the first four parameters to be

defined. In the present study, a value of 0.5 was used for the cracking shear transfer

coefficient and a value of 0.9 for the closure shear transfer coefficient, based on the

suggestions of the previous researchers [24]. The concrete cylinder strengths

reported by Rashid et al. [14] were used as the uniaxial compressive strengths of

the beams. The uniaxial tensile strengths were determined from uniaxial

compressive strengths using the following equation given in ACI 318M-05 [16]:

f fr c� �0 62. , (8)

where f r is the modulus of rupture (tensile strength in bending) and �f c the

compressive strength of concrete. In order to accurately simulate the whole damage

process of RC beams, the constitutive relation data table was also defined in

ANSYS as well as the concrete material strength criterion data table. The values of

the parameters used in the FEA of each specimen are tabulated in Table 2.
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T a b l e 2

Values of the Parameters Used in the Concrete Material Strength Criterion Data Table

in ANSYS

Specimen Parameter

Shear transfer coefficient Uniaxial tensile

cracking stress (MPa)

Uniaxial crushing

stress (MPa)Open crack Closed crack

AF2T1

BF3T1

CF3T1

DF2T1

DF3T1

DF4T1

DF3T2

DF3T3

DS4T2

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.5

0.9

0.9

0.9

0.9

0.9

0.9

0.9

0.9

0.9

4.06

5.74

5.74

5.69

5.69

5.69

5.69

5.69

5.69

42.8

85.8

85.6

84.5

84.5

84.5

84.5

84.5

84.5



1.5. Nonlinear Solution in ANSYS. ANSYS uses hybrid method in nonlinear

problem solving, which applies load steps using the incremental method and

performs iterations using the Newton–Raphson method in each step. The

convergence is forced in every load increment so that the equilibrium state

becomes the eventual solution of the overall FE equations.

A rectangular mesh, which is more appropriate for the Solid65 element, was

preferred in the present study. Each beam was divided into a total of 16875

rectangular prism shaped mesh elements. Two concentrated loads were applied to

the upper surface of the beam, each at 18 nodal points. The loading and support

conditions of the beams and the reinforcement details are illustrated in Figs. 4 and

5, respectively.

2. Results and Discussion.

2.1. Failure Modes and Load–Deflection Behaviors. Rashid et al. [14]

reported that their specimens failed in two distinct failure modes. All of the beams

except BF3T1, DF2T1, and DF3T1 failed in flexure. In these specimens, an initial

failure occurred once the unconfined cover concrete crushed. After this initial

failure, the load-carrying capacities of the over-reinforced beams increased to a

limited extent, after which a final failure occurred due to the crushing of the

confined concrete inside the stirrups. The beams failing in flexure were severely

cracked and had extensive deformations at failure (Fig. 6) as a result of the low

elastic modulus of AFRP. The extensive cracking and deformations in the beams at

failure were accurately estimated by the FEA, as indicated in Fig. 7. In beams

BF3T1, DF2T1, and DF3T1, on the other hand, the failure was in a flexure-shear

120 ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2013, ¹ 6

A. Buyukkaragoz, I. Kalkan, and J. H. Lee

Fig. 4. Loading and support conditions in the FE model.

Fig. 5. Reinforcement details of specimen DF3T2 in the FE model.



mode as a result of the formation of a diagonal tension crack through the

compression zone causing the compression zone to cease to contribute to the shear

resistance. Due to the limited dowel action in the FRP bars, the beams failed

suddenly after the formation of this diagonal crack. Rashid et al. [14] reported that

the amount of stirrups in BF3T1, DF2T1, and DF3T1 could not prevent this

flexure-shear failure despite having a sufficient amount of shear reinforcement

according to the ACI 318-99 [39] code requirements. In FEA, all of the specimens

failed in a flexural mode and the specimens did not experience diagonal cracking,

which may be attributed to the fail in estimating the low dowel action of the FRP

bars in the analyses.

Figure 8 compares the experimental load-deflection curves of the beams with

the analytical load–deflection curves obtained by using two different effective

moment of inertia expressions [Eqs. (2) and (6)] and the numerical curves obtained

from the FEA. In Fig. 8i, the effective moment of inertia expression [Eq. (1)]

given in ACI 318M-05 [16] was used instead of the expression [Eq. (2)] given in

ACI 440.1R-06 [4]. Equation (1) is applicable to concrete beams reinforced with

steel bars. As shown in Fig. 8, the numerical analyses continued until the

maximum load given by the program, so they did not include the tails of the curves

beyond the ultimate loads, which are not of interest in the present study.

FRP-reinforced concrete beams have a distinct characteristic that

differentiates them from the steel-reinforced concrete beams. Due to the low elastic

modulus of the reinforcing material, a sudden drop in the stiffness of the beam
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Fig. 6. Specimen DF3T2 at failure (from [14]).

Fig. 7. Deformations and cracks in specimen DF3T2 at failure.
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Fig. 8. Load–deflection curves of specimens AF2T1 (a), BF3T1 (b), CF3T1 (c), DF2T1 (d), DF3T1 (e),

DF3T2 (f), DF3T3 (g), DF4T1 (h), and DS4T2 (i).



takes place once the cover concrete outside the stirrups crushes. If the beam has a

high amount of tension reinforcement, the load-carrying capacity of the beam

continues increasing after this sudden drop, meaning that the beam possesses

postcracking stiffness. If the beam has a low amount of tension reinforcement, the

sudden drop in the rigidity due to the crushing of the cover concrete cannot be

recovered and the beam fails. Figure 8 indicates that the recovery in the rigidity

after the sudden drop took place in all beams except for DF2T1, which failed

suddenly due to the low amount of tension reinforcement when the cover concrete

crushed. The results of this study agreed with the findings of Lau and Pam [40],

who found out that FRP RC beams should be designed over-reinforced so that they

do not fail suddenly after cover concrete crushing.

It can be seen in Fig. 8 that the deflection estimates obtained from the FEA are

in close agreement with the experimental results. As mentioned previously, some

differences between the experimental and numerical curves arises due to the fact

that the analysis programs cannot correctly estimate the sudden drop in the

stiffness once the cover concrete crushes. FEA generally provided conservative

deflection estimates up to the first peak in the load-deflection curve corresponding

to the initiation of cover concrete crushing. However, the deflection estimates from

the FEA do not remain on the conservative side beyond this peak. The analytical

load-deflection curves were also in close agreement with the experimental ones at

the initial stages of loading. As the applied load increases and the extent of flexural

cracking in the beam increases, the differences between the analytical and

experimental curves become large. In beam DS4T2 (Fig. 8i), the analytical and

numerical curves can be seen to be in close agreement with the experimental curve

almost up to the ultimate load since the degradation in the stiffness of the beam

takes place gradually and no sudden drops in the stiffness takes place up to the

proximity of the ultimate load. Nevertheless, the formation of new flexural cracks

and the propagation of the existing cracks result in sudden drops in the stiffness of

the FRP RC beams along the increasing portion of the curve due to the low elastic

modulus of AFRP. FEA and analytical expressions fail to estimate these drops

accurately, which result in unconservative deflection estimates in the further stages

of loading. Finally, the load–deflection curves indicate that the effective moment of

inertia expression proposed by Bischoff [18] estimates the load–deflection

responses of FRP RC beams more accurately compared to the effective moment of

inertia expression given in ACI 440.1R-06 [4].

2.2. Service-Load Deflections. Since the service-load deflections are

controlled in the design of RC beams, the accuracy of the deflection estimates from

FEA and analytical expressions under service loads need to be assessed. In the

present study, the service moments of the beams were determined according to the

compressive stress limitations given in EC2 [41], which limits the maximum

compressive stress in a beam to 60% of the characteristic strength of concrete

under the characteristic combination of loads and 45% of the characteristic strength

for the quasi-permanent loading when linear creep needs to be taken into account.

The service moments corresponding to these two stress limits and the deflection

values corresponding to these service moments are tabulated in Tables 3 and 4. The

service moments can be seen to around 45 and 30% of the ultimate moments for

the maximum compressive stress in the beam in the order of 60 and 45% of the
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concrete strength, respectively. Previous studies [42, 43] suggested that the service

moment should be in the order of 35% of the ultimate moment in FRP RC beams,

which approximately corresponds to a limit stress of 45% of the concrete strength.

Tables 3 and 4 indicate that the deflection estimates from FEA and the expression

proposed by Bischoff [18] are in close agreement with the experimental values at

both service moment levels. The deflection estimates obtained using the effective

moment expression in ACI 440.1R-06 [4] are significantly below the experimental

values. Both FEA and the analytical expression of Bischoff [18] overestimate the

experimental deflection values and provide conservative estimates while the

estimates from the ACI 440.1R-06 [4] expression are on the unconservative side.

In particular, the agreement of the analytical estimates from Bischoff’s expression

are remarkable with a mean value of the analytical to experimental deflection ratio

close to unity at both service load levels.
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T a b l e 3

Service Moments and Service-Load Deflections of the Beams at 0.6 �fc

Beam M

M

s

ut

Midspan deflection (mm) �

�
FEA

exp

�

�
ACI

exp

�

�
an

expTest

�exp

FEA

�FEA

ACI

� ACI

Bischoff

�an

CF3T1

DF2T1

DF3T1

DF4T1

DF3T2

DF3T3

DS4T2

0.40

0.44

0.42

0.46

0.41

0.42

0.67

22.30

21.85

23.95

17.75

16.25

14.71

8.01

22.28

25.38

20.48

17.72

19.57

20.29

6.51

19.65

16.17

15.87

14.95

10.46

12.06

8.17

22.29

22.53

20.01

19.07

15.56

16.30

8.10

1.00

1.16

0.86

1.00

1.20

1.38

0.81

0.88

0.74

0.66

0.84

0.64

0.82

1.02

1.00

1.03

0.84

1.07

0.96

1.11

1.01

Mean

Stdev

%COV

1.06

0.28

27

0.68

0.20

30

1.04

0.20

19

T a b l e 4

Service Moments and Service-Load Deflections of the Beams at 0.45 �fc

Beam M

M

s

ut

Midspan deflection (mm) �

�
FEA

exp

�

�
ACI

exp

�

�
an

expTest

�exp

FEA

�FEA

ACI

� ACI

Bischoff

�an

CF3T1

DF2T1

DF3T1

DF4T1

DF3T2

DF3T3

DS4T2

0.30

0.33

0.29

0.34

0.30

0.31

0.50

15.14

14.20

15.15

10.86

8.47

8.63

5.87

13.66

13.30

12.86

11.19

12.11

12.89

4.63

10.21

6.94

7.91

6.83

4.73

7.56

6.09

14.03

12.44

12.39

11.51

9.45

12.29

6.02

0.90

0.94

0.85

1.03

1.43

1.49

0.79

0.67

0.49

0.52

0.63

0.56

0.88

1.04

0.93

0.88

0.82

1.06

1.12

1.42

1.03

Mean

Stdev

%COV

1.06

0.28

27

0.68

0.20

30

1.04

0.20

19



2.3. Ultimate Moments. Table 5 compares the ultimate moment estimates

obtained from FEA (M uf ), the rectangular stress block method (M uc1) of the ACI

Codes [4, 16], and the concrete stress-strain models (M uc2) with the experimental

ultimate moments (M ut ) reported by Rashid et al. [14]. The M uc2 values in the

table were calculated using the Wee et al. [34] and Todeschini et al. [35]

stress-strain models. The M Muf ut , M Muc ut1 , M Muc ut2 , and M Muc uf2

moment ratios are also presented in the table with their means, standard deviations

(StDev), and percent coefficients of variation (%COV) for comparing the estimated

values to the experimental ones. It can be seen that FEA and concrete stress-strain

models generally overestimated the experimental values of the FRP RC beams and

the moment estimates obtained from the rectangular stress block analysis provided

closer agreement with the experimental values. The overestimation of the

experimental values by FEA and the analytical model containing the concrete

stress-strain models might be related to the reductions in the ultimate load-carrying

capacities of the beams caused by the diagonal shear cracks resulting from the low

dowel action of the AFRP bars. As previously mentioned, these diagonal cracks

were not accurately estimated by FEA, so the numerical analyses yielded to higher

ultimate moment estimates not subject to reductions from diagonal cracking. In the

steel-reinforced beam (DS4T2), nonetheless, the numerical and analytical moment

estimates were much below the experimental moment. The close agreement of the

moment estimates from the concrete stress-strain models and FEA is also noteworthy.

Conclusions. A number of AFRP-reinforced concrete beams tested by Rashid

et al. [14] were analyzed using the FEA program ANSYS [22]. The experimental

load-deflection curves from the study of Rashid et al. [14] and the numerical

curves from FEA were compared with the analytical curves obtained by using the

effective moment of inertia expressions given in the ACI 318M-05 [16] and ACI

440.1R-06 [4] codes and the expression proposed by Bischoff [18]. The

experimental, numerical, and analytical deflection values at two service load levels
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T a b l e 5

Ultimate Moments of the Beams

Beam Ultimate flexural moment (kN m� ) M

M

uf

ut

M

M

uc

ut

1 M

M

uc

ut

2 M

M

uc

uf

2 Failure

modeTest

(Mut )

FEA

(Muf )

ACI

(Muc1)

Model

(Muc2)

AF2T1

BF3T1

CF3T1

DF2T1

DF3T1

DF4T1

DF3T2

DF3T3

DS4T2

44.17

59.46

67.21

48.06

62.77

60.02

62.41

60.80

107.20

54.00

79.60

79.60

46.80

79.60

74.88

77.76

79.92

84.00

45.35

59.32

59.31

47.16

58.88

61.33

56.78

56.78

91.19

41.23

80.68

73.95

57.22

76.24

74.87

72.04

72.02

96.20

1.22

1.34

1.18

0.97

1.27

1.25

1.25

1.31

0.78

1.03

1.00

0.88

0.98

0.94

1.02

0.91

0.93

0.85

0.93

1.36

1.10

1.19

1.21

1.25

1.15

1.18

0.90

0.76

1.01

0.93

1.22

0.96

1.00

0.93

0.90

1.15

Flexure

Flex-shear

Flexure

Flex-shear

Flex-shear

Flexure

Flexure

Flexure

Flexure

Mean

Stdev

%COV

1.18

0.18

15

0.95

0.06

7

1.14

0.15

13

0.98

0.14

14



given by the EC2 [41] code for the characteristic combination of loads and for the

quasi-permanent loading were also compared. Finally, the ultimate flexural

capacities of the beams were determined analytically using the rectangular stress

block analysis [4, 16] and the stress-strain models proposed by Wee et al. [34] and

Todeschini et al. [35] for HSC and NSC, respectively and these analytical values

were compared with the experimental and numerical ultimate moments of the

specimens. Based on the FEA of the specimens and comparison of the experimental,

numerical, and analytical results, the following conclusions were drawn:

1. In steel-reinforced concrete beams, both FEA and analytical effective

moment of inertia expressions provide conservative deflection estimates in close

agreement with the experimental values. In FRP RC beams, FEA accurately

estimates the deflection values up to the first peak in the load-deflection curve

corresponding to the crushing of the cover concrete. Beyond the first peak, the

significant reduction in the stiffness due to the low elastic modulus of AFRP causes

the numerical and analytical deflection estimates to be smaller than the experimental

values. The deflection estimates from FEA and the effective moment of inertia

proposed by Bischoff [18] are in a close agreement with the experimental values at

service load levels, while the ACI 440.1R-06 [4] effective moment of inertia

expression yields unconservative deflection estimates.

2. The analytical ultimate flexural moment estimates based on the rectangular

stress block method of the ACI Codes [4,16] are in close agreement with the

experimental ultimate moment values. The analytical estimates obtained using the

concrete stress-strain models were found to be in close agreement with the ultimate

moment values from FEA, which may be attributed to the reductions in the

moment capacities of the beams due to formation of diagonal shear cracks prior to

reaching the ultimate load levels. The rectangular stress block analysis can be said

to yield conservative ultimate moment estimates even in the presence of diagonal

shear cracks at loads below the ultimate flexural capacity.

3. The severe cracking and extensive deformations in the AFRP RC beams

due to the low elastic modulus of AFRP were correctly estimated by FEA. The

failure of some specimens in a flexure-shear mode rather than a pure flexure mode

due to the low dowel action in the FRP bars was not accurately estimated by FEA,

which may be attributed to the shear transfer coefficient values used in the FE

model. Further research on the evaluation of the shear transfer coefficient values

that need to be used in FRP RC beams will be necessary for the accurate estimation

of the shear-flexure failures in FRP RC beams.

Ð å ç þ ì å

Ïðåäñòàâëåíî ðåçóëüòàòè àíàë³òè÷íèõ ³ ÷èñåëüíèõ äîñë³äæåíü, ìåòîþ ÿêèõ º

âèçíà÷åííÿ çãèíàëüíèõ õàðàêòåðèñòèê çàë³çîáåòîííèõ áàëîê, çì³öíåíèõ ïîë³-

ìåðíèìè ñòðèæíÿìè ç àðìîâàíèõ âîëîêîí. Çà äîïîìîãîþ ñïåö³àëüíîãî ìåòî-

äó ñê³í÷åííèõ åëåìåíò³â, ùî âêëþ÷àº ð³çí³ åëåìåíòè äëÿ ïðîöåñ³â áåòîíó-

âàííÿ é àðìóâàííÿ, ïðîàíàë³çîâàíî çàë³çîáåòîíí³ áàëêè, àðìîâàí³ ïîë³ìåðíèìè

ñòðèæíÿì³. Äëÿ îö³íêè õàðàêòåðèñòèê ïðîãèíó ï³ä ä³ºþ íàâàíòàæåííÿ ³ ïðîãè-

íó áàëêè ï³ä ä³ºþ ðîáî÷îãî íàâàíòàæåííÿ âèêîðèñòîâóâàëè äâà ð³çíèõ ð³â-

íÿííÿ åôåêòèâíîãî ìîìåíòó ³íåðö³¿. Çíà÷åííÿ ïðîãèíó çàë³çîáåòîííèõ áàëîê ³ç
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ïîë³ìåðíèìè ñòðèæíÿìè ï³ä ä³ºþ ðîáî÷îãî íàâàíòàæåííÿ, îòðèìàí³ ñê³í÷åííî-

åëåìåíòíèì ìåòîäîì, äîáðå ç³ñòàâëÿþòüñÿ ç³ çíà÷åííÿìè ç ð³âíÿíü ìîìåíòó

³íåðö³¿. ×èñëîâ³ çíà÷åííÿ ðóéí³âíîãî ìîìåíòó òàêîæ äîáðå óçãîäæóþòüñÿ ç

àíàë³òè÷íèìè çíà÷åííÿìè, îòðèìàíèìè ïî ìîäåë³ çàëåæíîñò³ äåôîðìàö³¿ â³ä

íàïðóæåííÿ äëÿ áåòîíó. Äëÿ êîíñåðâàòèâíî¿ îö³íêè ïðîãèíó ïðåäñòàâëåíî

äàí³ ÷èñåëüíîãî àíàë³çó, ÿê³ ìàéæå íå ñïðîãíîçóâàëè ðàïòîâå çìåíøåííÿ

ïîêàçíèêà æîðñòêîñò³ ïðè çãèí³ çàë³çîáåòîííèõ áàëîê ³ç ïîë³ìåðíèìè ñòðèæ-
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