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The formulas to describe synchrotron radiation and its polarization in toroidal magnetic field configurations are
presented. The radiated power and direction of polarization of the synchrotron radiation spot of runaway electrons
for medium-sized tokamaks are estimated. Two polarization models are proposed. It is shown that the polarization
measurements give additional diagnostics for the radiating relativistic electrons.
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INTRODUCTION

Synchrotron radiation provides information about
the runaway electrons in tokamaks. Polarization meas-
urements will give extra features.

In [1] the formulas that take into account curvature of
magnetic field lines have been derived. In [2 - 4] the radi-
ation formulae of a relativistic charge moving along
bent spiral path have been generalized. The new expres-
sions for frequency spectra and polarization components
of synchrotron radiation were obtained. The synchrotron
radiation spectrum of runaway electrons in tokamak was
recieved in [5].

In [6] the polarization pattern of the synchrotron ra-
diation of runaway electrons in tokamak has been calcu-
lated.

The synchrotron radiation is the powerful tool to di-
agnose the parameters of relativistic runaway electrons.
This diagnostic provides a direct image of the runaway
beam inside the plasma. The radiation was measured in
infra-red and visual wavelength ranges [7 - 10].

Analysis of experimental data has shown that the
description of the synchrotron radiation of runaway
electrons in tokamaks is the case when you need to take
into account the curvature of magnetic field lines.

In this paper, we will continue to study the polariza-
tion of synchrotron radiation in a toroidal magnetic field
configuration, using formulas from [3, 6].

The topology of toroidal magnetic fields and drift
trajectories, the electron energies take values that are
typical for medium-size tokamaks.

The paper is organized as follows. The formulas
proposed to describe the synchrotron radiation are given
in Section 1. Terms of using these formulas instead of
classical formulas of synchrotron radiation are written
out.

In Section 2, the spectrum and polarization
properties of radiation emitted by relativistic electrons
are derived. The formulas for calculating the direction
of polarization are given. The contribution to the
radiation in the defined direction from one or two
emitting points is considered.

In Section 3, the polarization in synchrotron radia-
tion spot is calculated and discussed. The influence on
the polarization pattern of unequal shift of drift
trajectories is shown.

ISSN 1562-6016. BAHT. 2015. Ne4(98)

1. RADIATION FORMULAE IN CURVED
MAGNETIC FIELDS

The spectral power density of the synchrotron radia-
tion emitted by relativistic electrons moving within
magnetic field lines with curvature radius R; and mag-

netic field B is expressed by [3, 4]
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here P. _g—;f B Q" is the total power emitted by a
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charged particle moving with velocity V, along a circu-
lar orbit of radius Ry, yc=4c/4, Ac z47r/(3y3§2) the
wavelength, Q=V, /Ry,

2 2
s :a)BrB/(Q RD), wg =eB/(ymc), e=e|, m, y are
the electron charge, mass, and Lorentz-factor, rg is the
Larmor radius, : = m,o denote the cases of n-and o-

characteristic  radiation

polarization,
F, =Kg3+dKy5/dx = (1/ 2)(K5/3 - K1,3),
F, =Kg3 —dK,/dx = (1/ 2)(3K5/3 + Kl/a)’
K, is the Macdonald function.
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Formulas (1) contain the parameter q, that deter-
mines the radiation mode. The parameter q, is defined
as the quotient of the acceleration of the particle motion
in the small Larmor circle to the centrifugal acceleration
due to movement on the larger circumference of radius
equal to the radius of curvature of the magnetic field
line. Also, it is the ratio of Larmor’s speed wgry to the
speed of centrifugal drift. This parameter indicates the
extent of changing the curvature radius along the parti-
cle trajectory. Formula (1) has classical synchrotron or
curvature radiation limits when g, >>1 or g, <<1,

respectively [3, 4].
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The parameter g, can be written as

a. =1'5(%jizoscmj[méevj[ozs)’

where energies E are measured in MeV, magnetic field
B is measured in T.

Equations (1) are valid for arbitrary values of the pa-
rameter ¢, . Formula (1) should be used whenever the
parameter value of the order of unity, g, ~1. In other
cases, the classical formulas of synchrotron radiation
can be applied.

Taking sum of components F=F_+F_ in eq. (1)
we obtain the formula of total spectral power. Then, the
formula obtained and eq. (15) in [5] corresponds to each
other (more details see in [4]).

In Fig.1, the spectra of total emitted power
(F=F,+F, ineq. (1)) for different particle energies
E and pitch angles « are shown. The vertical lines
show the range of wavelengths of visible light and infra-
red wavelengths. The magnitude of magnetic field is

B =2-10*G. The radiated power increases in magnetic
field B=3-10*G.

50MeV, =0.05
40MeV, ©=0.15

L {em)
Fig. 1. Spectra according eg. (1): magnetic field
B=2-10"G, curvature radius Rz =180 cm. Radiation
bands: visible light 0.38...0.75 pum (left) and infrared
wavelength 3...8 um (right)

2. TOROIDAL MAGNETIC FIELDS
AND ELECTRON TRAJECTORIES

Cartesian coordinates are taken as shown in Fig. 1.
The torus is described with coordinates (r,g, (0)2 coor-
dinates (r,9) with centre at major radius R and the
toroidal angle ¢, e,,e,,e, are the corresponding orts,
e, =e,.e,] . Magnetic surfaces and drift surfaces have

a toroidal topology. The major radius of nested magnet-
ic surfaces is R = R,, the major radius of drift surfaces is

R=R,+0.

So, there are two coordinate systems (r, %,¢) and
(rf,sf,go) corresponding to drift and magnetic torus,
respectively.
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Suppose, the toroidal magnetic field B, and plasma

current | are clockwise, radiating electrons are moving
counterclockwise.
Magnetic fields take the form [11]

- B, r
B(r'g)zl—rcoss/Ro{q(r)Roh‘g +e¢,}, @

here r =r,,9 =9, are the radius and poloidal angle of

magnetic surface, q(r) the safety factor. The subscript
f is omitted in eq. (2).

Suppose that the safety factor of the magnetic field
lines q(r, ) is equal that of the particle drift orbits g, (r)
when equal radii of magnetic field line surface r, and
drift surface r are considered [7].

The guiding center is moving along drift trajectory

speed v,. The electron pitch angle is
a=~v, [ <<1, where v, =agly, g =eB/(ymc),
B=B(r,4) the magnetic field at the point with drift
coordinates r, 9.

The electron velocity vector is given by
V=V, +V, (-sin®v, —cosOb, ), ©))

with

here t,,v,,b, are the tangent, normal, and binormal
to the drift path, the angle ® is measured from normal

v,, to the direction of vector -b,, ® = @, (Fig. 2).

V) c"ﬁ \
PR SN .
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Fig. 2. Coordinate systems on torus. Cartesian coordi-
nates (x,y,z); orts on a small circle of the torus

er.ey,€, (bottom left corner); Larmor’s circumference
and trihedron orts of the drift trajectory tp,vp,bp
(bottom right corner)

2.1. RADIATION POINTS

The detector is located at the point P, with Carte-
sian coordinates (- D,Y,0) (see Fig.2). The line of
sight is directed from the detection point P, to the radia-
tion point P, , denote unit vector in the direction PyP, as

n . The high energetic electrons emit their synchrotron
radiation practically along their velocity vector (3).

The coordinates of radiation point are founded out
after equating components —n,,—n, to the directional
cosines of velocity vector, i. e., equations vn+v =0 are
solved.
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For any r,$ the third coordinate of radiation point
takes a value @=7/2+Ap, where Ag is the first-
order correction with respect to r/R <<1, a <<1.

The electron position in Larmor circle, angle O, is
given by [6]

cos® = cos(9-9,), 4)

;
aq,(r)Rcos 9,

where cos$, = D/w/D2 +(apR)* .

From equation v, +vn, =0 follows

Y —RJrrcosller r
D gpR
r?/a?
1-[-r2/a2 "
tor of drift path, n=1..7, a is the small tokamak ra-

dius [11]. Larmor radius rg is not taken into account
because of its smallness. (see also, egs. (14), (15) in

[10])

The range of angles ¢ depends on pitch-angles « .
As can see from eq. (4), there are constraints on ac-
ceptable angles 9 when a <r/(qpRp cos ).

The shift 6 of the drift trajectory is given by [7, 10]

5(r)=q(r) y me?/(eB). (6)
Using this formula, one can model dependence of
6 on the radius r.

2.2. PARAMETERS FOR SYNCHROTRON
RADIATION FORMULAS

Ap =

cos3—asin®, (5)

QD(V)Z (n +1)Qo models the safe fac-

Auvailable coordinates (r, $, ¢) of the guiding center

of electron are given by (4), (5). At the point, the curva-
ture radius Ry (r, 9, ¢) of the drift trajectory is calculat-

ed. Then, the radius Ry is replaced by Ry (r,$) in for-
mula (1). Further, the value B(r,9) of magnetic field is

found at this point.
The parameter g, can be written as

0a :%B(rf e )RD(r,g)ﬁ, )
mc e

where Rp =Ry +0+ [_1+i2J rcos$ is the curvature
D)

radius of drift trajectory in a first-order approximation.
To calculate the magnetic field at the point

P, :(r,s,%j the displacement in equatorial plane of

the drift torus with respect to magnetic torus is taken

into account, then rf:\/r2+52—25rc059 and

_1C0S9=5 rherefore, the magnetic field val-

ue is expressed by

B = BOEHM]_

(8)

In Fig. 3, the total radiated power is shown. Note
that the maximum (white color) and minimum (black
color) values differ by 16 times.
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An inclination angle of the radiation spot is given by
(4) and is #/2+ 9, (measured in the poloidal plane in
such way as angle ). If the drift trajectory is wound in
opposite direction (—e 4 direction), one obtains a mirror
image relative to axis Oy. In this case, the inclination

angleis z/2-39,.
30
20

10

Z (cm)
o

220 200 180
y (cm)

Fig. 3. Total radiated power at the wavelength
A=0.5 pm; Ry=186 cm, 6=10 cm; r=10...30 cm;
D=186 cm; B;=2:10* G, a=0.12; E=40 MeV; 0o=1;
n=2; a=45cm
We can say that the figure ‘explains’ the experimen-
tally observed synchrotron spot [8] Fig. 12; [9] Fig. 6.

2.3. POLARIZATION VECTOR

As known, the direction of the larger axis of polari-
zation ellipse for synchrotron emission of relativistic
electrons moving on a circular orbit coincides with the
direction of particle’s acceleration [12]. Let » be an
angle between the axis 0z and the electron acceleration
a . Taking into account the smallness of angle between

a
the line of sight and axis Ox, we find that sin y =—-,
a

a -
c0s y =—%. The acceleration is found as the vector sum
a

of the acceleration due to movement along drift trajecto-
ry and the acceleration owing to Larmor rotation.
Then

-1+q,c0s0 - [bcos& + blq—asin gsin ®]

o

siny = , (9)
L+ 2bcosd - 2q, (1-bcos 9)cos® + o
and
qasinG)—&(l—qacosG))sinB
CoS y = 9o ,(10)
JL+2bcosd - 2q, (L—bcos 9)cos© + o
where b =———— b=b,|q (r)—i :
" o(r)Ro (. 9) T el

To describe the polarization properties we use the

Stokes  parameters  1,Q,U,V. According ([12]
eg. (5.28))
dp, dP
loc—24+—2,
di  da
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Qx (di—dijcos%,

di da
U dF, _ dP, sin2y ,
di  da

where 7 (0,7) is the angle between some arbitrary

fixed direction, axis 0z in our case, and the major axis
of the ellipse of polarization. The angle is measured
clockwise from the selected direction. The homogeneity
of the electron distribution function implies that V =0.

2.4. ONE OR TWO EMISSION POINTS ?

It follows from (4) that each & corresponds to two
values of ®. Substituting them into (5) we get two val-
ues of the angleg . It turns out that electrons radiate
from two different places.

We add up Stokes parameters for these two emitting
points, Q=Q,+Q,, U=U,+U,. Expressions (9),
(10) are substituted for sin y, cosy in trigonometric

formulas for doubled angles.
Then the degree of polarization is defined as [12]

( /1):_\/QI+U , (11)
and angle y

- u
1927 =—. 12
QZQ (12)

By definition, the angle y describes the direction in

the picture plane in which the intensity of the polarized
components has maximum.

Using Egs. (3)-(12) we will calculate the distribu-
tions of the total intensity I, degree of polarization 7z
and polarization directions 7 in the synchrotron radia-

tion spot from a homogenous electron beam with radius
el fmd - 1F 5=6(r), Y =Ry +5(0) is taken.

3. DISCUSSION

The monoenergetic distribution function and a given
pitch angle are supposed [7 - 10]. The distribution is
also homogenous in space.

The formula (1) of synchrotron radiation in curved
magnetic fields is valid for arbitrary values of parameter
Oa-

The distribution of total intensity in the area of syn-
chrotron spot is shown in Fig. 3. The radiation point
coordinates are plotted in (y,z)-plane. The color (gray

colormap) shows the radiation power (in arbitrary units)
at a given wavelength 4 (in this case, the wavelength
A =0.5um). The parameters for calculations are taken

as in the middle-sized tokamaks [7 - 10].
The power emitted at a given spot point depends
strongly on the values of « and y. In Fig. 3 we see

that the radiation is stronger in the area of larger mag-
netic fields (closer to axis z) than in the area with
smaller magnetic field (further from axis z).

This dependence may be the cause of the observed
heterogeneity in the synchrotron radiation spots ([8]
Fig. 12; [9] Fig. 6).
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Fig. 4. Polarization of the synchrotron spot (poloidal
projection) at the wavelength A=5 xm. Parameters:
Bo=2-10* G, E=50 MeV, @=0.12, r=10...30 cm,
Ry=180 cm, =10 cm, D=186 cm, qo=1, n=2, a=45 cm
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Fig. 5. Polarization of the synchrotron spot with drift
trajectories shift Ry+4(r) at the wavelength =5 zm
the values of &r) are given by (6): qo=1, n=2,
a=45 cm. Other parameters as in Fig. 4

At different values of the given (experimental) pa-
rameters, the parameter g, often takes value near unity

that evidenced in favor of using Egs. (1).

The directions of polarization in the synchrotron ra-
diation spot are shown in Fig. 4. The length of dashes is
proportional to the degree of polarization. Two models
have been taken to calculate the polarization. In the up-
per part of the figure, a case when the contribution to

ISSN 1562-6016. BAHT. 2015. Ne4(98)



the polarization comes from two emission points has 3. Ya.M. Sobolev. Influence of magnetic line curvature

been considered. The degree of polarization varies from on spectrum and polarization of synchrotron radia-

0 to 72%. This range of values depends on « and y. Po- tion of a charged particle // Radio Physics and Radio

larization directions are orthogonal. Astronomy. 2001, v.6, Ned4, p.277-290.
The lower part of the figure shows the case when the http://journal.rian.kharkov.ua/index.php/ra/article/vi

radiation comes from a single point (as it discussed in ew/868/731

subsection 3.4). The absolute value of the degree of 4. Ya.M. Sobolev. On the synchrotron radiation of ul-

polarization is almost unchanged. The degree of polari- trarelativistic electrons moving along curved spiral
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CHUHXPOTPOHHOE U3JIYUYEHHUE U EI'O TOJIAPU3ALNA OT YBEIAIOIUX 3JIEKTPOHOB
B TOPONJAJTBHOM MAT'HUTHOM ITOJIE

AM. Cobones
Ipemnararorcst hopmMymsl A onmucanuss CHHXpOTpoHHOTo m3nydeHus (CH) u ero monspusanuy B TOPOUAAITb-
HBIX KOHQUTYpaIUsIX MarHUTHOTO mouist. OTeHEeHBl W3y4aeMasi MOIIHOCTh U HAIpaBJICHUS MOJISIPH3AINY B TISTHE
CHHXPOTPOHHOTO H3IydeHUsl yOerarommx dSJIEKTPOHOB C MapaMeTpaMH, XapaKTEPHBIMHU I TOKAMAaKOB CPEIHUX
pasMepoB. PaccMmarpuBaroTcs 1Be Mojaenu GpopMupoBaHus nospusanun. [lokazaHo, 4TO U3MEpEHHUE MOJIPU3aANN
CH MoxeT OBITh JOMOJIHUTETHHBIM CPEICTBOM ISl TUATHOCTUKU U3TYUYaIONINX PEISITUBUCTCKHUX 3JIEKTPOHOB.

CHAHXPOTPOHHE BUITPOMIHIOBAHHS TA MOT'O MOJSAPU3ALIA BIJI YTIKAIOUYHNX
EJIEKTPOHIB ¥ TOPOITAJIbHOMY MATHITHOMY TOJII
AM. Cobones

IIpomnonyrOTHCS (HOpMYIH, SKi ONMUCYIOTh CHHXPOTpOHHE BunpoMinoBaHHs (CB) Ta iioro moyspusaiiito B TOpoi-
JATbHIK KoH(Diryparii MaraiTHOTO moJist. J[aHi OI[iHKK MOTYKHOCTI BUTIPOMIHIOBAHHS 1 HAIIPSAM TOJSApHU3AIlii y IIIsIMi
CHHXPOTPOHHOTO BUIPOMIHIOBAHHS YTIKAIOUHMX EJEKTPOHIB Ui TOKAMAaKIiB CepeaHiX po3MipiB. Po3risHyTo ABi mMo-
nspu3aniitai moneni. [Tokazano, mo BuMipioBaHHs nossgpusanii CB Moxke ciyryBaTH 10JaTKOBHM 3aCO00M IS JTia-
THOCTHUKH PEJATHBICTCHKUX EICKTPOHIB.
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