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Two different types of electron motion are considered: the one-dimensional motion in the electric field, which time

dependence differs from sinusoidal one through instant jumps of phase, and the three-dimensional motion in the

sinusoidal field interrupted with elastic collisions. The dependencies of the characteristic electron energy and of the

characteristic dimensions of the space required for electron motion on the number of phase jumps or elastic collisions

are obtained.

PACS: 29.17.+w, 52.80.Pi

1. INTRODUCTION

When an electron moves in gas under the action of an
external field its continuous motion is sometimes in-
terrupted by collisions. Combination of sinusoidal os-
cillations with elastic collisions gives the phenomenon
of collisional heating, which is used for electron en-
ergy increase. If electron energy exceeds relevant
threshold value then the part of the energy obtained
with collisional heating is spent on nonelastic pro-
cesses. On the other hand, an electron acceleration
by the varying field in the collisionless media (in par-
ticular, the collisionless heating studied in [1], [2], and
[3]) goes without such energy losses. The processes
of collisional and collisionless heating are similar, but
not identical. In particular, they have different di-
mensions required for electron motion.

In [4], the rates of change of velocity and coordi-
nate squares during collisional and collisionless heat-
ing were estimated. The averaging of the difference
of full velocity and oscillatory one was made for each
successive elastic collision or field phase jump, inde-
pendently. But to present probability with the sum
of products of conditional probabilities and ones of
simple events the events should be disjoint. For the
mentioned difference, such case is approached with
decrease of the collision or jump frequency. In the
present work the sums over the collisions or jumps
are averaged with account of phase correlations, the
frequency is arbitrary, and the collisions are consid-
ered for three-dimensional motion.

2. MOTION IN THE FIELD WITH PHASE
JUMPS

It is assumed that field is applied in the direction z
and it consists of intervals with sinusoidal time de-

pendence, but with different initial phase values in
the different intervals. For the units of velocity and
frequency it is chosen the oscillatory velocity ampli-
tude and the radian frequency. Between the phase
jumps with the numbers n and n+ 1 the electron ve-
locity and coordinate time dependencies are

v(t) = vn + cos
(
t− tn + ψ+

n

)
− cosψ+

n , (1)

z(t) = zn + (vn − cosψ+
n ) (t− tn)+

+sin (t− tn + ψ+
n )− sinψ+

n ,
(2)

where t ∈ (tn, tn+1), vn = v (tn), zn = z (tn), and ψ
+
n

is the field phase value just after the n-th jump.
Some assumptions should be accepted for the

phase jump values ηn = ψ+
n − ψ−

n , where ψ
−
n is the

field phase value just before the n-th jump, and for
the time intervals τn = tn − tn−1 between the jumps.
In these assumptions, the words “density of proba-
bility” of the given value ξ of the quantity ξ′ mean
the limit of the ratio ∆P/∆ξ for ∆ξ→0, where ∆P
is the probability of ξ′ ∈ (ξ −∆ξ/2, ξ +∆ξ/2). It is
assumed that the density of probability of τn = τ is
equal to ν exp(−ντ) (as for Poisson process with the
frequency ν), and the density of probability of ηn = η
is given by the function Q(η), which obeys the equal-

ities Q(η + 2π) = Q(η) and
∫ 2π

0
dηQ(η) = 1.

Let the functions Φ±
n (ψ) be the densities of prob-

abilities of ψ±
n = ψ. Assuming Φ±

n (ψ + 2π) = Φ±
n (ψ),

one gets the equalities

Φ+
n (ψ) =

∫ 2π

0

dψ′Q (ψ′)Φ−
n (ψ − ψ′), (3)

Φ−
n+1(τ) =

∫ ∞

0

dτ ′ν exp(−ντ ′)Φ+
n (τ − τ ′). (4)

For an integer m, let us put Qm =
∫ 2π

0
dηeı̇mηQ(η),

Φ±
n,m =

∫ 2π

0
dψeı̇mψΦ±

n (ψ), and pm = ν(ν − ı̇m)−1.
From (3) and (4), it is followed Φ+

n,m = QmΦ−
n,m,

Φ−
n+1,m = pmΦ+

n,m, Φ+
n+1,m = QmpmΦ+

n,m.
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As Q(η) ≥ 0, for any real η, the relationships

|Qm| ≤
∫ 2π

0
dηQ(η) = Q0 = 1 take place. For m ̸= 0,

the mapping Φ+
n,m⇒Φ+

n+1,m leads to decrease of Φ+
n,m

with n increase, and so, each phase jump is accom-
panied with decay of higher harmonics of probability
distribution and with approach of phase distribution
to homogeneous one.

From (1) and (2) one can obtain the equalities

vn+1 = vn + cosψ−
n+1 − cosψ+

n , (5)

zn+1 = zn + (vn − cosψ+
n ) τn+1+

+sinψ−
n+1 − sinψ+

n .
(6)

Summation of (5) for n = 0, 1, . . . , N − 1 gives

vN − v0 =

N∑
n=1

(cosψ−
n − cosψ+

n−1), (7)

and ψ+
n − ψ+

l =
∑n
j=l+1(τj + ηj) for n > l. Let us

take the squares of the different sides of (7) and aver-
age them over τn and ηn with denoting the averaging
by the angle brackets. In the squares the products of
cosines may be replaced by the sums with use of the
equality 2 cosα cosβ = cos(α+ β) + cos(α− β). For
N≫1, when full velocity becomes much greater than
oscillatory one, v2N≫1, the main contribution to the
value of

⟨
(vN − v0)

2
⟩
give the summands with cosines

of the difference of phases, and with N increase, the
contribution corresponding to each fixed difference of
indexes becomes approximately proportional to N .
Taking into account the equalities ⟨exp(ı̇τn)⟩ = p1,
⟨exp(ı̇ηn)⟩ = Q1, for n≥l one gets the equalities⟨

cos(ψ−
n − ψ−

l )
⟩
= Re

[
(p1Q1)

n−l] ,⟨
cos(ψ+

n−1 − ψ+
l−1)

⟩
= Re

[
(p1Q1)

n−l] ,⟨
cos(ψ−

n − ψ+
l−1)

⟩
= Re

[
p1(p1Q1)

n−l] ,⟨
cos(ψ+

n − ψ−
l )

⟩
= Re

[
Q1(p1Q1)

n−l] ,
and summation of geometric progression gives⟨

v2N
⟩
≈fN, (8)

where f = Re
[
(1− p1)(1−Q1)(1− p1Q1)

−1
]
.

Multiplying together the different sides of the
equalities (5) and (6) gives the expression for the
difference zn+1vn+1 − znvn. For n≫1, the main
contribution to it gives the summand v2nτn+1, for
which

⟨
v2nτn+1

⟩
≈ (fn)/ν. For N≫1, taking the

sum, one gets ⟨zNvN ⟩≈
(
fN2

)
/(2ν). Taking the

squares of the different sides of (6) gives the expres-
sion for the difference z2n+1 − z2n. The main contri-
bution to it gives the summand 2znvnτn+1, for which
⟨2znvnτn+1⟩ ≈ (fn2)/ν2. As a result, one gets⟨

z2N
⟩
≈
(
fN3

)
/
(
3ν2

)
. (9)

For purely oscillatory electron motion (with zero
average velocity) the averaged value of the velocity
square is equal to 1/2 (in the chosen velocity units).
For low frequency of phase jumps (ν ≪ 1), one has
|p1| ≪ 1 and f≈1, and from (8) it is followed that
average increase of the velocity square per jump is
equal to the doubled average value of the oscillatory
velocity square.

3. MOTION IN SINUSOIDAL FIELD
WITH ELASTIC COLLISIONS

Here it is assumed that the field with sinusoidal time
dependence is applied in the direction z, but an elec-
tron motion is considered as three-dimensional, and
the designations θ and φ for relevant angles in spher-
ical coordinates are used. Let ψn be time instant
of the elastic collision with the number n (and the
value of phase, due to the choice of time unit). Let
τn = ψn − ψn−1, and so, ψn = ψ0 +

∑n
j=1 τj for n≥1.

Let xn, yn, and zn be coordinates of the point of n-th
collision. Let v±x,n, v

±
y,n, and v

±
z,n be velocity compo-

nent just before (index −) or just after (index +)
the collision. Let θ+n and φ+

n be relevant angles just
after the collision, and vn be absolute value of ve-
locity (which is not changed in elastic collision). It
is assumed that motion directions just after collision
have isotropic distribution, as in the model of hard
spheres, and the density of probability for all these
directions is equal to 1/(4π), with respect to solid an-
gle. The density of probability of τn = τ is assumed
to be equal to ν exp(−ντ). The introduced quantities
are connected through the equalities

v−x,n+1 = v+x,n = vn sin θ
+
n cosφ+

n ,

v−y,n+1 = v+y,n = vn sin θ
+
n sinφ+

n ,

v−z,n+1 = vn cos θ
+
n + cosψn+1 − cosψn,

xn+1 = xn + v+x,nτn+1,
yn+1 = yn + v+y,nτn+1,

zn+1 = zn + (vn cos θ
+
n − cosψn) τn+1+

+sinψn+1 − sinψn.

Taking the sum of squares, one can get the equality

v2n+1 − v2n =
= 2vncos θ

+
n (cosψn+1 − cosψn)+

+1− cos (ψn+1 + ψn)− cos τn+1+
+ [cos (2ψn+1) + cos (2ψn)] /2.

(10)

The stage of the process is considered, at which
N≫1 and vN≫1. The sum of the equalities (10)
over n = 0, 1, . . . , N is being taken and averaged over
the values of θ+n and τn+1 with denoting the averag-
ing with the angle brackets. The main contribution
to the sum give the averaged differences 1− cos τn+1,
and one gets the relationship⟨

v2N
⟩
≈N/

(
ν2 + 1

)
, (11)

which corresponds to (8) with Q1 = 0. Similarly,
the sum of the equalities for r2n+1 − r2n, where
r2n = x2n + y2n + z2n, is being taken and averaged, also,
over the values of φ+

n . The main contribution to the
sum give the averaged values of v2nτ

2
n+1, and one can

get the relationship⟨
r2N

⟩
≈N2

[
ν2

(
ν2 + 1

)]−1
. (12)

It is worthy to compare the increase of ve-
locity square per collision in three-dimensional
and one-dimensional cases. In 1-D case, starting
from the equality vn+1 = cosψn − cosψn+1 − vn,
and introducing the variables v′n = (−1)nvn
and ψ′

n = ψn + πn, one comes to the equal-
ity v′n+1 = v′n + cos

(
ψ′
n+1 − π

)
− cosψ′

n, which
also corresponds to the collisionless motion in

175



the field with phase jumps on π. In this
case, Q(η) =

∑+∞
n=−∞ δ(η − π − 2πn), Q1 = −1,⟨

v2N
⟩
≈(2N)/

(
4ν2 + 1

)
. So, the ratio of the values of

energy increase per collision for 1-D and 3-D cases at
ν≪1 is 2.

4. CONCLUSIONS

Comparison of the relationships (8), (9), (11), and
(12) shows, that the rates of electron energy change
through field phase jumps and elastic collisions
are similar, but the rates of coordinate change
somewhat differ, in connection with change of the
electron motion direction for the collisions and
absence of its change for the jumps. It should
be noted, that collisional and collisionless heating
may be used in the different cases. In contrary to
the collisional heating, the collisionless one, as any
acceleration in the given field, may take place at
anyhow small gas pressure. But if the pressure is
not too small then a combination of the phase jumps
with the collisions gives combined features of the
process development. Perhaps, in particular, sparse
collisions give considerable decrease of the motion
space dimensions without considerable change of the
energy increase rate.
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ÈÇÌÅÍÅÍÈÅ ÝÍÅÐÃÈÈ È ÄÂÈÆÅÍÈÅ ÝËÅÊÒÐÎÍÀ Â ÏÐÎÑÒÐÀÍÑÒÂÅ
Â ÑÈÍÓÑÎÈÄÀËÜÍÎÌ ÏÎËÅ ÑÎ ÑËÓ×ÀÉÍÛÌÈ ÑÊÀ×ÊÀÌÈ ÔÀÇÛ ËÈÁÎ

ÓÏÐÓÃÈÌÈ ÑÒÎËÊÍÎÂÅÍÈßÌÈ

Â.Îñòðîóøêî

Ðàññìîòðåíî äâà ðàçíûõ òèïà äâèæåíèÿ ýëåêòðîíà: îäíîìåðíîå äâèæåíèå â ýëåêòðè÷åñêîì ïîëå, çàâè-

ñèìîñòü êîòîðîãî îò âðåìåíè îòëè÷àåòñÿ îò ñèíóñîèäàëüíîé ìãíîâåííûìè ñêà÷êàìè ôàçû, è òðåõìåð-

íîå äâèæåíèå â ñèíóñîèäàëüíîì ïîëå, ïðåðûâàåìîå óïðóãèìè ñòîëêíîâåíèÿìè. Ïîëó÷åíû çàâèñèìîñòè

õàðàêòåðíîé ýíåðãèè ýëåêòðîíà è õàðàêòåðíûõ ðàçìåðîâ ïðîñòðàíñòâà, òðåáóåìîãî äëÿ äâèæåíèÿ ýëåê-

òðîíà, îò êîëè÷åñòâà ñêà÷êîâ ôàçû ëèáî óïðóãèõ ñòîëêíîâåíèé.

ÇÌIÍÀ ÅÍÅÐÃI� ÒÀ ÐÓÕ ÅËÅÊÒÐÎÍÀ Ó ÏÐÎÑÒÎÐI Ó ÑÈÍÓÑÎ�ÄÀËÜÍÎÌÓ
ÏÎËI Ç ÂÈÏÀÄÊÎÂÈÌÈ ÑÒÐÈÁÊÀÌÈ ÔÀÇÈ ÀÁÎ ÏÐÓÆÍÈÌÈ ÇIÒÊÍÅÍÍßÌÈ

Â.Îñòðîóøêî

Ðîçãëÿíóòî äâà ðiçíèõ òèïè ðóõó åëåêòðîíà: îäíîâèìiðíèé ðóõ â åëåêòðè÷íîìó ïîëi, çàëåæíiñòü ÿêîãî

âiä ÷àñó âiäðiçíÿ¹òüñÿ âiä ñèíóñî¨äàëüíî¨ ÷åðåç ìèòò¹âi ñòðèáêè ôàçè, òà òðèâèìiðíèé ðóõ ó ñèíóñî¨-

äàëüíîìó ïîëi, ÿêèé ïåðåðèâà¹òüñÿ ïðóæíèìè çiòêíåííÿìè. Îòðèìàíî çàëåæíîñòi õàðàêòåðíî¨ åíåðãi¨

åëåêòðîíà òà õàðàêòåðíèõ ðîçìiðiâ ïðîñòîðó, ïîòðiáíîãî äëÿ ðóõó åëåêòðîíà, âiä êiëüêîñòi ñòðèáêiâ

ôàçè àáî ïðóæíèõ çiòêíåíü.
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