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The general quantum theory, that describes all types of X-and-y-rays coherent radiations, which arise in the collision

of relativistic electrons with a crystal target, is described briefly. Such types of coherent radiations as: ordinary

coherent bremsstrahlung and channeling radiation, emitted by a relativistic electron; different types of coherent

polarization radiations, emitted by the crystal atoms and nucleus; the interference of these two types of coherent

radiations can be described within the framework of the present theoretical model.

PACS: 03.65.Pm, 03.65.Ge, 61.80.Mk

1. INTRODUCTION

Let us consider the total X-and-y-rays radiation,
which arises in the collision of relativistic electron
with a single crystal target. On the whole we will
concentrate our attention upon the case of high elec-
tron energies E > mc? and photon energies hw < E.

For the most applications the interaction of the
relativistic electrons with the radiation field can be
treated as a small perturbation. On the other hand,
the interaction of the electron with crystal atoms, in
principle, can be handled rigorously by including it
in the unperturbed Hamiltonian. The interaction of
the electromagnetic field with crystal atoms and nu-
clei can be included in the unperturbed Hamiltonian
for electromagnetic field in the crystal media too.

So it is convenient to use the quantum electrody-
namics in Furry notation [1].

2. GENERAL CROSS SECTION

2.1. The total Hamiltonian for the system of
relativistic electron, crystal and
electromagnetic radiation

Classical Hamiltonian of the system of relativistic
electron, crystal and electromagnetic radiation has
the form:

H:H8+HQ_C+HT+HT—(:+H€—T’7 (]')

where H,. is the Hamiltonian of free relativistic elec-
tron, H._. is the Hamiltonian of interaction between
relativistic electron and crystal, H, is the Hamilto-
nian of free electromagnetic radiation, H,_. is the
Hamiltonian of interaction between radiation and

crystal, H._, is the Hamiltonian of interaction be-
tween relativistic electron and radiation. The inter-
nal state of crystal is conserved, therefore the Hamil-
tonian of the crystal is not included.

Let us choose the eigenfunctions ¢, (7)e™
and A, (FMe~™t of corresponding operators:
I:Ié = H,+H,. . and ﬁ; = H, + H,_, as the gen-
eralized coordinates of the fields.

Thus in our case the unperturbed states for the
relativistic electron satisfy the Dirac equation:

iEnt/h

(-ichéﬁ +mc?f — ma) U7, t) = —Ue_o(P)O(F, 1),

ot
(2)
where He_. = Ue_.(7), and U._.(7) is the poten-
tial energy of interaction the relativistic electron with
static crystal potential.
The unperturbed states of the electromagnetic
field in the crystal media A(7, t) satisfy the Maxwell
equation:

1 82 477'—3

V- sam| Am 0 =-Tiwn, @

where j(7, t) is the current density inside the crys-
tal matter in the presence of the electromagnetic
field, which means as a result of field scattering
on the crystal electrons and nuclei, ie. j(7, 1) =
FED (7, t) + juel) (7, 1), Besides, the Coulomb gauge
V - A = 0 should be used.

Finally, the Hamiltonian of interaction between
relativistic electron and radiation can be presented
in the form:

1 -
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where: J = —ecw+0:z’w is the current of the relativistic
electron; (7, t) = >, Cpe iEnt/Map, (1) is the com-
plete wave function of the incoming relativistic elec-
tron; e~*nt/M), (7) are the electron wave functions,
which characterize relativistic electron states in the
crystal media and satisfy the equation (2); wave am-
plitudes C), are obtained by ”sewing together” com-
plete electron wave function on the boundary crystal-
vacuum, (|C,|? is the probability of the population
the state ¥, (7,t)); A(F, t) is the vector-potential of
the electromagnetic field in the crystal media, which
satisfies the equation (3) with taking into account
the boundary conditions on the boundary crystal-
vacuum, as well.

Hamiltonian of interaction H._, (see Eq.4) is
treated as a small perturbation.

2.2. Cross section of all types of coherent
radiations of relativistic electrons in crystals

Quantum transitions occur between electron states
and between photon states, which are described by
the eigenfunctions of the Hamiltonian operators H !
and }AIﬁ, for electron and electromagnetic field inside
the crystal matter.

Solution of our task can be obtained within the
framework of the first-order theory of perturbation.
The radiation process describes by the first order
term of the S-matrix. Corresponding Feynman di-
agram is shown in Fig.1.

Solid lines in Fig.1. represent the unperturbed
states of the charged particle, i.e. electron in the
initial state |¢) and in the final state |f), which are
the solutions of the Dirac equation for electron in the
crystal potential (see Eq.2); and wavy line represents
the unperturbed photon states described by func-
tions A7 (7,t), which are the solutions of the wave
equation (see Eq.3).

Fig.1. Feynman diagram
describes all types of ra-
diation, which arise in
e the collision of relativistic
electron with crystal

(1 i)

Matrix element of the radiation process has the form:

- [ [ g
(5)

Expression for electron wave function is the follow-
ing:

. E, +mc? ﬁn
Yn(Tit) =~ EF -
0=\ 5w —

110

> on (e,
(6)

where ,, are two-component unit spinors. The pho-
ton field A(7,t) is given in the form of the Bloch

waves:
2mh .
—V I:VCZ {g.a,xag,xe’[(“g)““t]+H-C~ ;
g,A
(7)

where vectors g are the crystal reciprocal lattice vec-
tors. In the expression (5) must be used one of the
single item of the sum (7).

After integrating matrix element (5) over the time
we obtain:

where matrix element M;_, s has the form:
_ikF%(F) .

/27rhc/d3 wf (MG - &
)

The number of the final states in the interval of
the particle momenta d3py is Vd3py/(2nh)3. The
number of the final states in the interval of the
photon momenta h*d®k is Vd®k/(27)%. Therefore
the probability of the transitions into these states,

which relates to the one particle and one photon, is
2 Vd®p; vdik
(@nh)3 (2m)3

S(l)f =2rM;y -0 <

Mi—>f

|Sis The square of §-function is:

[270(E; — Ep)|* = 2aT6(E; — Ef).  (10)
Dividing the probability of the transitions into final
states on the time T, we obtain that the number of

transitions per unit time into the interval of momenta
d3pfh3d3k is equal:

The cross section is defined as a ratio of velocity
of transition dP and the flux of the initial particles
|Jmc|, Wthh is defined as |Jine| = |U;|/V, where:
T; = c*p;/E; is the velocity of the initial particle,
V' is the volume which was used for normalization.
Using such calculations one can obtain the following
cross section:

h \? E;mc
3 i
dO'O[(TnC) T)Zhw | l/—>f|
R dPkd?p;
E,—F¢— —_ 12
Xa( T f hw) (27rmc)6 ( )

where

—ilszi(f') . (13)

M= /dSW}F(F)O:Z' Cine

In the case hw <« E, we can assume E; ~ F; = E and
simplify the expression for matrix element M’ .
Let us calculate the product of matrices in the expres-
sion (13), using the properties of Pauli spin-matrices



(14)

Thus we obtain a rather simple expression for matrix
element M, ,

TAeT
= Ufgl /d?’?”(b
me2y

Usually we are not interested in the electron spin
states. Therefore we must perform summation in the
cross section over the final electron spin states and
averaging over the initial electron spin states, which
lead to:

HEP- AT (Mga(F). (15)
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3. SOLUTIONS OF THE WAVE
EQUATIONS (2) AND (3)

For the simplicity it is convenient to choose a crys-
tal with cubic lattice and use the Cartesian coordi-
nate system connected with cubic edges. We sup-
pose that crystal lattice has finite numbers of periods
—N1/2 < ny < Ni/2 in the direction, which creates
a small angle with momentum of incoming relativis-
tic electron, and infinite numbers of periods for other
two directions —oo < n; < oo (¢ = 2,3). Within the
framework of the present model the main task is in
the searching solutions of the wave equations (2) and
(3), which satisfy boundary conditions. Outside the
crystal equations (2) and (3) describe free relativistic
electron and free electromagnetic field, respectively.
On the boundary crystal-vacuum the wave functions,
which represent solutions of (2) and (3) inside the
crystal, must be ”sewn together” with wave func-
tions, which represent solutions of (2) and (3) outside
the crystal.

3.1. Wave equations for the waves in the
media with periodical heterogeneity

3.1.1. Equation for charged particles

We can search for the solution of the Dirac equa-
tion (2) in the form of (6) and transform it into
the Pauli equation [2]. Then we can see that for
relativistic electrons, if £ > mc?, the wave func-
tions ¢(7) approximately satisfy Schrodinger equa-
tion for particle with mass M = E/c> = my and
energy € = (E? — m2c*)/2E. The accuracy of such
approximation is order of ~ 1/y = mc?/E. In-
troducing variables: K2 = p2/h* = 2Me/h? and

Ver(F) = 2MUE,C(F)/E2, we can rewrite this equa-
tion in the form:

Ver (M) o(F) -

Potential function V,,.(7) is the following sum of
atomic potential functions Vi, (¥ + Ry j):

(V24 K] () = - (17)

Ver(7) = > Var(F + By ),

Lj

(18)

where REJ‘ =L+ 7+ ﬁﬁ,j are coordinates of crys-
tal atoms; L= aini + dang + dsns are lattice vectors
(n1,2,3 — integer numbers, @; 2,3 — periods of the crys-
tal lattice); 7; are structure vectors; iy ; are thermal
displacements of crystal atoms from their equilibrium
positions.

Equation (17) describes the scattering of the plane
waves on the potential deepening. Therefore, on the
whole, the Schrodinger equation, which corresponds

o (17), can have discrete energy levels ¢, < 0 and
space-localized wave functions ¢, (7), corresponding
to them.

3.1.2. Equation for electromagnetic field

Now let us consider the equation (3) in the trivial case
of the spreading the electromagnetic field in the crys-
tal matter with frequency, which is larger than the
atomic and nuclear resonance frequencies w > wg.
In that case the propagation of the electromagnetic
field inside the crystal can be described as a process
of purely elastic Waller scattering of electromagnetic
waves in the crystal medium with periodically dis-
tributed electron density o.,(7) = ¢7 (F)¢s(7), where
@s(7) is the wave function of the crystal electron sub-
system. The quantum mechanical state of the crys-
tal remains unchanged during the scattering process.
Therefore one can suppose that the current density
induced by mono-harmonic component of the electro-
magnetic field A, (7) looks like:

2
FED () = o (7) A (F 19
Ju ' (7) mCQu( ) Aw (), (19)
Evidently that the mono-harmonic components of the
vector-potential of the electromagnetic field in a crys-
tal matter satisfy the wave equation:

e2

w2
T A0 = T A o
One can see, that components of vector-function
A, (F) = > a €\ a2 (7), which satisfy equation (20),
are independent. If we introduce the following desig-
nations: w?/c® = k'* and (4me2/me?) e, (F) = V. (7),
we obtain the wave equation for scalar function
ay A (7) which is analogous to (17).

In spite of such similarity of (17) and (20), they
have vital difference: periodical functions V,,.(7) and
V! () in these equations have different signs. Equa-
tion (17) describes the scattering of the plane waves

on the potential deepening. Equation (20) describes
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the scattering of the plane waves on the potential
barrier. Therefore equation (20) has only continuous
spectrum of frequencies w > 0, and all wave functions
ay A (7) are the plane waves.

Further we will concentrate our efforts to the
methods of obtaining solutions of stationary wave
equations (17) and (20) with periodical potential
functions +V,,(7) and —V/ (7), respectively [3].

3.2. Born approximations

If we assume V,.(7) = 0 in the equation (17) (or
VI.(¥) = 0 in the equation (20)), then the equation
has solutions, which are plane waves e**”. We have
such solutions in the emptiness outside the crystal
target.

We supposed (see Eq.14), that inside the crystal
target V,,(7) < K2 (or V/.(7) < k'*). Then the scat-
tered wave is much less than initial incoming plane
wave, and V.,.(7) in the equation (17) (or V/.(¥) in
the equation (20)) can be considered as a perturba-
tion. So, the solution of (17) can be obtained in the
form of rather quickly convergent series:

0(7) = 0O (1) + 9D ) + O () + ..

where [¢("FD(7)| < |p(™ ()| (for (20) we can write
analogous series).

It is convenient to obtain such solutions using the
method of Green functions. With the help of the
Green function method the solution of differential
problem like (17) (or (20)) can be converted into the
integral problem:

o) = [ G,

and then using (21), the iterative method can be ap-
plied.

Green function of operator (V2 + K?) can be de-
fined as the function G(7,7), that satisfies the equa-
tion:

(21)

P o(7)d>r (22)

(V2 + K2 G(F,7) = 6(F — 7).

Representing Green function by its Fourier integral

(23)

1
G(F,7) = BleFTG(R, 7 24
77 = g [ PReTGER) 4
and substituting it into equation (22), we obtain

equation for Fourier transformation of Green func-

tion: B
etk

woRE

d (25) we can write:

1 —ik-(F—7")
)=—— [ d&’kE =
(2m)3 k2 — K2

27 zk\'r | cos @

~  k’dksin0dody

_ / sm(k|F—F'|)kdk
2772|77'—F’| . K _K? :

Gk, 7) = — (25)

Then using (24) an

=

G(7,
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3.2.1. The whole Born series

Using the explicit expressions of the Green
function (26) and initial plane wave func-
tion we can obtain the Born series:
B(7) = o() +
+Z/ /G )G (P — T 1)V (Fa1) X ...
_’ 7? ) (T2)G(T2 — Tl)V(T1)¢0(T1)d T1.. dgrn .

(27)
In the whole Born series (27) we can use the repre-
sentation of the Green functions in the form of their
Fourier integrals (24), and after integration over the
space coordinates we can obtain the Born series in
the momentum representation:

¢(F‘)—>eiﬁﬁ{1+n§:1 )//

77,q17“

(ki — @ )2
X — eﬁ ﬁ(q X
(ki —q1 — ¢2)? — K2
—iGnT g7

‘ :3 F(ijn) B diqn b

(ki = @1 — .. = 4n)* — K2
(28)
where: F(G,) = F.r(§) are the Fourier transforma-

tions of the potential function V (¥) = V,.(7) (Vor (7)
is defined by Eq.18), and vectors ¢, denote the mo-
mentums, which are passed to the scatterer (atom or
crystal) during the n-multiple scattering, i.e. ¢, =
kn — kn—1.

The Fourier transformation of the crystal poten-
tial (18) can be written as a product:

F..(q) = Zexp zq(L+rj+uLJ)] F.(q) =
L

= S(Pe”V P D(PFu(d),

where S(q) = Y., e7'T is a structure factor, e="V(@
is a Debye factor, D(q) is a diffraction factor, and
F,+(g) is the Fourier transformation of the atomic po-
tential. One can write the diffraction factor for the
crystal with cubic lattice, which has finite number of
periods —N;/2 < ny < Np/2 and infinite numbers
of periods for other two directions —oco < n; < oo
(i = 2,3) in the form:

(29)

sm(qzaN1/2

b(a) = sin(q.a/2)

2 /Cl Z(S t

where g; are the transverse components of the recip-
rocal lattice vectors.

The Fourier transformation of the atomic poten-
tial is represented by the formula:

(30)

47re

For(q) = 12 = Fou (D), (31)
where F'(§) is the atomic form-factor.
Thus for obtaining wave function ¢(7), which is

the solution of wave equation (17) in the form of Born



series, it’s necessary to substitute complete expres-
sion of F,.(¢) in the form of (29) into (28) and to
integrate every term of the sum.

Completely analogous result can be obtained for
searching the amplitudes of electromagnetic waves
with definite polarization ag xs which are solutions
of wave equation (20). For this aim we must replace
K — w/cand Vo, (7) = =V (7)-p™" in Eq.28, where
polarization factor is p”‘/ = é% . é%‘/.

3.3. High energy approximation of Bethe
equations

From formulae (28), (29) and (30) it follows, that
the solution of wave equation type (17) can be rep-
resented as a superposition of the plane waves with
wave vectors l% + g;, where g, are transverse compo-
nents of the reciprocal lattice vectors, i.e.

B(7) = 3 Ag,(2)e BT, (32)
g

which is the consequence of the Bloch theorem [4].
Besides, we must take into account that the am-
plitudes of plane waves Ag, (z) are slowly-changing
functions of the longitudinal coordinate z. Ampli-
tude Ag, (z) has a visible changing on the lengths of
lg,, which are more larger than crystal period a1, ie,
lg, > a1. It means, that the wave ¢(7) spreads un-
der the small angle respectively the crystal plane and
therefore l; has large z-component, which is parallel
to the crystal plane. (Such condition is the same, that
is necessary for application of the eikonal method.)

Substituting (32) into wave equation (2), multi-
plying it by e~i(*i+3)7 and averaging over the vol-
ume of the crystal cell, and then using the condition
(dAg,/dz))/Ag, ~ a1/l < 1, we obtain the system
of equations:

L d 2 7
22]62%14@} (Z) = |:(k;t + gt)2 - kt2:| Aﬁt (Z) +
+ SUFG-@Ag(),  (33)
g

where F(g; — ;) is the Fourier transformation of
the potential function (V(F)), averaged along z-
coordinate. This system of equations is the high
energy approximation of known Bethe equations [4].
They describe the multiple scattering of waves in the
crystal.

If crystal thickness is so small, that a single scat-
tering is predominate, then in the sum over g, in (33)
all amplitudes Ag (z) are small in comparison with
Ap. In this case the system of equations (33) spreads
into the system of independent equations, and their
solutions lead to the result of Born approximations.

One can search for the general solution of the sys-
tem Eq.33 in the form:

—iAz

A=

gt (Z) = Bg‘te (34)

Substituting (34) into (33) we obtain the system of
algebraic equations for amplitudes Bg,:

(262 + B2 = (R + 2] B, =+ Y F(G — 5By,

(35)
which has solutions if parameter A satisfies the ”sec-
ular” equation:

det | (26X + B2 — (ko + 5] 65,5, — F (G — 70)| = 0.

(36)
It is easy to see, that parameter A, = E;/(2hv.k.)
has linear correlation with so-called ”energy of trans-
verse motion” of the relativistic particle F; in the
averaged crystal potential (V (7)),.

Equation (36) makes it possible to obtain the
functional dependence of this parameter from trans-
verse wave vector Et + g¢, i.e. to obtain the zone
structure of the levels of the so-called ”transverse en-
ergy”. The electron states can be subdivided into
three groups:

1. strongly bound (localized) states which have the
separated narrow energy zones, i.e. discrete energy
levels;

2. feebly bound or nearly free states for which en-
ergy zones are wide and covered;

3. intermediate between 1 and 2 states which have
the separated rather wide energy zones.

Determinant (36) is the two-dimensional analogy
to the Hill determinant. For two-dimensional case
the method of obtaining the exact solutions is not
developed.

For obtaining approximate solutions we need to
replace the infinite series of equations (35) by the sys-
tem of the finite number of equations [4]. The rank
of the system of equations can be estimated by the
number of the reciprocal lattice points per square of
atomic reciprocal screening radius. Crystal potential
is changing rather rapidly and therefore this number
is order of 100. Modern computers allow us to solve
such systems of equations and this method sometimes
is applied. But it is good enough for the description
of the nearly free states so as the rank of the system
in this case is relatively small.

3.4. Bound states or channeling

The representation of the coordinate wave function
of relativistic charged particle ¢(7) as a superposi-
tion of plane waves (see Eq.32) is inconvenient for
the description of the strongly bound states, which
are called ”channeling states”. For describing such
states within the framework of Bethe equations we
forced to solve the system of equations (35) with high
rank. In order to avoid such difficulties, the wave
functions of ”channeling states” we can calculate us-
ing another, the more convenient method. The com-
plete set of basis functions, which is used for repre-
sentation searching wave functions, must be created
using the set of channeling functions supplemented by
the set of plane waves orthogonal to the set of chan-
neling functions. The similar method was developed
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by C.Herring in 1940 for calculating wave functions
of crystal electrons [5].

3.4.1. Planar channeling wave functions

Let us suppose, that the conditions of the planar
channeling are satisfied. For general case we need to
have such basis which includes the wave functions of
electron bound (or channeling) states near the crys-
tal planes. (The axial case can be considered analo-
gously).

The system of equations (33) corresponds to the
Schrodinger-type equation in the coordinate repre-
sentation:

where (V(z, 7))y~ is averaged crystal potential V ()
over the square of the plane y x z. Equation (37) can
be solved by the method of variable separation. Its
solution looks like ¢ (x, 7)) = eiKmfigl (n,z), where
the function fz (n,ms satisfies the Schrodinger-type
equation:

h? (n

2 - . _
72m7vr + <V($7rl)>y72 - ef{‘l (7) le (na ‘T) - 07
(38)
where 7 = {y,z}, and ~v is relativistic particle

Lorentz-factor. Potential function (V(z,y, 2)), . has
rather complicated analytical expression. It can be
approximated by the close relative function with sim-
ple analytical expression. The Poschl-Teller poten-
tial Vo/ ch?(z/x0) [14] approximates averaged crystal
plane potential (V(z,#})), . well. And it was shown
in [10],[13], that for such plane potential the energies
of the crosswise motion are:

e(n) _ _h2C2 2v +n 2
2K i) ’

(39)

where: n is the main quantum number (n =
0,1,2,..); v = (1 — V1+16uw)/4 u =

(7/2)(Vo/me?)(2mzo/Ae)?; Vo and g are constants,
which are obtained by the way of fitting model po-
tential to the real one; E and ~ are energy and
Lorentz-factor of relativistic electron; A. is the Comp-
ton length.

f1(+)(n,m) = N,ch* (x/x0) x (40)
Gn(2v +n/2,1/2; —sh?(x/x0)),
fl(_)(n,x) = Nnchzy(z/xo)sh(:c/:ro) X
Gn(2v+ (n —1)/2,3/2; —sh*(z/x0)),
where
Gulpai) =14 -0 (| )%
k=1

P@+1..(p+k— 1)Zk
qg+1)...(g+k—1)

)
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are Jacobi polynomials with p = k+j + 1/2, ¢ =

p ) are binomial coefficients.

Factors N,, in (40) are the normalizing factors:

—(v+2+k+j ), and ( "

—1/2

mOZZCijB(p7Q) P

k=0 35=0

N, = (42)

where c; (and ¢;) is the coefficient with z¥ (27) Ja-

cobi polynomial (41). B(p,q) = I'(p)T'(¢)/T'(p + q)
are Euler B-functions.

3.5. Complete solution of Dirac equation (2)

Method of the orthogonalized plane waves (OPW)
can be applied for calculations which correspond to
the wide energy zones. Such method is described
in detail in [3], where the set of bound state wave
function, was represented by the axial channeling
functions ¢y (f), where cylindrical coordinate system
0,z was used with Z-axis along the atomic string.
Such axial channeling functions ¢, (p) were obtained
by A.Tamura [9] for model atomic-string potential
eW(p) = Ze*/p — C, where parameters Z and C
are defined by the fitting of model potential to the
real one. Here we will use the set of bound state
wave functions ¢y (p) [9] for description the (OPW)-
method. (The computations in the planar case are
analogous. )

Wave function is presented by superposition of
OPW which can be defined by the correlation:

OPW; = ‘E> = ‘nI_:> <n,E ’E> . (43)
oy

where |£) is a plane wave, and
In, L) = exp(iky L) (g + L) is normalized function of
the bound state that corresponds to L crystal cell.
OPW;: has behavior like plane wave far from the
crystal planes or strings and like localized state func-
tion |n, L) near the atomic strings and planes. These
properties of O PW; make them the most convenient
for calculations the middle states between strongly
bound and nearly free state functions. If integral pro-
jecting operator P is introduced by the correlation

P:Z’n,ﬁ> <n,I_;‘ , (44)
n,L
then OPWp can be represented in the form:
OPW; = (1- P) ‘/Z> . (45)

Solution of the equation (37) can be represented in
the form which satisfies the Block theorem:

@E:(l_p)ZAgt E+§t>.
Gt

(46)

The sum of the plane waves x; = > . Aj, |k + i) is
called pseudo wave functions. Substituting (46) into



equation (17) one can obtain the following equation
for the pseudo wave function

hz
{—(V? + k) + ewp} Xz = Ex;.

S (47)

where

eWp = (V(7)- + Z(E — B, p)ln.L){n,L|, (48)

n,L

which is called pseudo potential. Equation (47) is
called the ”equation of the pseudo potential”. This
equation is analogous to the well-known Hartree
equation which can be solved by iteration method.
Pseudo potential is not local, it depends not only
on coordinates, but on determining functions. But
it has more advantages than deficiencies. The main
convenience of method is that pseudo wave functions
and pseudo potential can be multi-definited. If some
combination of the channeling functions is added to
the pseudo wave function, then the new pseudo wave
function obtained by this way leads to the same true
wave function. So we have a possibility to optimize
pseudo potential. Solving equation (47) we obtain
the system of equations like (33) for amplitudes Az
of the pseudo wave function where instead of Fourier
components of the crystal potential we have Fourier
components of the pseudo potential. Pseudo poten-
tial is always less and smoother than real crystal po-
tential. Therefore solving the system approximately
we can limit it by less number of equations. Using
the property of multi-variant O PW -definition it is
possible to add to it the linear combination of the
channeling functions which makes the minimum of
the functional

J &p|Vx]?
J&pIx?
i.e. it makes maximum smooth pseudo potential.

This method makes it possible to minimize the num-
ber of equations (like (33)) for amplitudes x [3].

(49)

3.6. Complete solutions of Maxvell
equation (3)

3.6.1. The derivation of the set of the
dynamical equations

At first let us assume the frequency of the electromag-
netic field to be larger than the atomic and nuclear
resonance frequencies w > wg. In that case the prop-
agation of the electromagnetic field inside the crystal
can be described as a purely elastic Waller scattering
process. So we will be interested in solution of the
equation (20).

Inside the crystal matter vector potential A, (7)
we can represent in the form:

A7) = ana(2)w (7, (50)
h,\

where ay, »(z) are slowly varying functions of coordi-
nate z and () are transverse plane waves

1 -

Y A\ . .

Wy (1) = —=€} exp (zkh~r) . 51
h(_’) \/‘7 h ( )
Vectors é% are polarization vectors, and indexes

A =1,2 correspond to the two different transverse
photon polarizations. Wave functions @) must sat-
isfy Bloch’s conditions. It means that the mono-
harmonic electromagnetic waves in a crystal matter
must be represented as a package of plane waves with
discrete multitude of wave vectors, and the difference
between any couple of wave vectors is equal to the

arbitrary reciprocal lattice vector:
(52, Eh) = 0.

Let us remember that reciprocal lattice vectors are
defined as

kn =k + gin; (52)

Gh = Ghihohs = b1hy + bohy + bshs,

where integer numbers h; = 0; £1; £2;.... Wave func-
tions (51) must satisfy the condition of normalization
as well:

/ 1@';)‘(7”)117,’}: (md?’?" = 5h,h’5)\,)\’ . (53)
14

Substituting (50) into (20) and taking into ac-
count that amplitudes ap \(z) of waves wp(F) are
slowly changing functions comparing with their
phases, one can obtain the following set of the dy-
namical equations:

(2@'12;';162 + K% - Ei) ah7/\(2') = (54)
= 471'0[ Z F (Eh — ]_f'h/> (é%,é%:) ahl7)\/(2) R
Y

where a &~ 1/137, k% = ggw?/c?, ¢ is the crystal per-
mittivity, and

a (I;h — Eh/) = i/ o(7) exp [z (Eh — Eh/) ~F] d3r
Ve Jv.,

(55)
is the Fourier inversion of the electron density distri-
bution inside the simple crystal cell. Expression (55)
can be presented as a product of the atomic form-
factor, structure-factor and thermal-factor. Equa-
tions (54) are the Bethe equations analogous to (33).

3.6.2. Solution the set of the dynamical
equations, if Born approrimations can be
applied

First of all let’s obtain solution the set of dynamical
equations in the case, when the crystal thickness is
small enough. In that case ag,) is almost constant,
and the perturbation theory may be applied. We
can suppose that we have one big amplitude ag ) and
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small all other amplitudes ap . In this case we have
the following solution:

draF (Eh — Eo) (é’ﬁ, €(>)‘I>

gow?/c? — ki

apx = ap x - (56)

Substituting (56) into (50), we obtain solution of the
wave equation (20) in the first Born approximation.

3.6.3. Solution the set of the dynamical
equations in the case of strong diffraction
Bragg scattering

Let us suppose the photon energy to be in the X-rays
region I, < 200keV, i.e. the photon wave vector k to
be order of the reciprocal lattice vector § but |k| > |7.
Let us suppose that a strong diffraction Bragg scat-
tering can arise under a proper direction of incident
wave. If the crystal is sufficiently thick and its per-
fection is high enough, then scattering wave ampli-
tude can come up to the amplitude of the incident
wave (because we have the case of small denominator
eow?/c? — k2 in the expression (56)). Small number
of vectors ¢ satisfies this condition, so one can sup-
pose that under a proper direction of incident wave
the denominator is small for only one vector g. So
only two large amplitudes are possible, and the solu-
tion of (20) can be found in two-wave approrimation.
Let us designate the wave vectors of these waves as:

for
for

o o
ki =ko+nn a refractive wave,
i

ko = ko + gn + it the reflective wave,
(57)
where vector 71 is the unit vector perpendicular to the
crystal plane surface, which is the boundary crystal-
vacuum (i.e. 77 = z). It’s convenient to use such

polarization vectors:

i

—o —0 )

61 262:

(58)

1

ESiEST
[N

which describe o-polarized quanta and w-polarized
quanta:

1, 2]

];.' o , L. o
éﬂlT — [ 1i61] , é’72T — [ 2:’62} (59)
|1 | ko

Each index A and )\ can take significance o or .
Solution the set of the dynamical equations one can
search in the form:

a; A(z) = bj x exp(inz)

for both refractive and reflective waves (j = 1,2). It’s
convenient to introduce the following designations:

—2ko + Gn) - G AraF (0
Ag:( 0t Gn) Gn o AmaF(0)
Akiyit Akt
, AmaF(G) (2,8
AN
. = = , (60)
) 4komt

where F(0) and F(gp,) are significances of Fourier in-
version of the atomic electron density distribution.
Then the system of differential equations (54) leads
to such system of algebraic equations:

(1 + Fo)bix + F)¥ by n = 0,

FgPbia+(n+ A+ Fo)bo .y =0. (61)
Due to F;“/ =0 and FJ7 = 0, the set of four equa-
tions splits up into two independent subsystems of
equations for photons with o-polarization and -
polarization.! They have solutions if

n+ Fo Fy

det
R, nA 4R

‘ =0, (62)
where Fy = F7? stands for o-polarization, and

Fy, = F;”T' = F;/’T stands for m-polarization. The
last equation has solution if parameter 7 satisfies the

equality
A A2
MRS YL

By the way, we can note that an important feature
of result (63): due to Fy > F, both values n'*) < 0 at
any value of Ag. Then in two-wave approximation
one can write the solution of the wave equation (20)
in the form of wave superposition

(63)

A (P = ZCS {é'(ls) exp (il%?*’) +

s=1

—l—aségs) exp (iEgF) + c.c.} , (64)

and the amplitude of the reflected wave is

F(S)
Qs = g = s=1(1;2;3;4).
Ag/2 4\ A2/4 + FyY
(65)

We have four possible values of a, because of two
possible photon polarizations and two possible solu-
tions of equation (63). The solution (64) of the wave
equation (20) can be satisfied to the boundary con-
ditions by the proper selection of the constants Cs.
For the separated photon polarization the boundary
conditions look like:

dYoco=1,

s=1,2

Z Csas =0.

s=1,2

(66)

Remember that El = EO + ni where: EO is a wave vec-
tor of X-ray wave (in an emptiness) outgoing from
the crystal, k is a wave vector of X-ray wave inside
the crystal and vector nm is a small vector, which is
caused by the photon refraction on the border crystal-
emptiness. Unit vector 7 is directed from the crystal
to the emptiness and n(*) < 0.

1The coefficients Fy and F2 in the set of equations (61) are in fact proportional to the coherent elastic scattering amplitudes

of gamma quanta in the crystal cell.
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In Fig.2a,b it is shown the functional connection
between wave vectors of the radiated photon wave ko
and the couple of waves: refractive ki =k = ko +ni
and reflective kz = k‘h = ko + gn + 1.

Crystal vacuum
$ Ky ky ni
(& - i
NI ¢ Jo, ko
a X b

Fig.2. Boundary conditions

Such picture shows, that in the present model the
refractive index of the crystal is n < 1 (see Fig.2b).

3.6.4. The general set of dynamical equations

As it was shown in [11, 12], current density inside
the crystal matter j;(7,t) in the general case (see
Eq.3) has linear, local and synchronous dependence
from the vector-potential fY(F, t). Linear dependence
stands for electromagnetic field, which is much less
than internal electric field inside the crystal matter.
Locality means the current density to be a response to
the action of the field A(7,t) in the same point of the
physical space. Locality exists if the wave length of
the external field A > a4, where a4 is the dimension
of the scattering atom (or nucleus). This condition
coincides with condition of the dipole approximation
applicability in the task of photon scattering. Linear-
ity and locality can be extended on the sufficiently
general case of the current-field dependence. But it’s
necessary to replace synchronous dependence by the
causative dependence. It means that only values of
A(F,') at the times ¢’ < ¢ determine the current den-
sity j;(7,t) at the time . So we can write the suffi-
ciently general expression [11, 12]:
t
Je(Ft) = / G(Ft —t')yx A(F ¥
—0o0

', (67)

where G(7,t — t) is causative operator. Representing
A(7, ') in the form of the Fourier integral

2
- 1 e -
APt = o E é”\/o dw ax(F,w) e ™ (68)
A=1

and substituting it into (67), we obtain

1 [
Ji(7t) = o Z/o dwe™tay (7, w) x
A=1

0
X / dre " “TG(7,T) % &, (69)
—0o0
Expression of the projection the Fourier component
of the current density j; (7, w) on the polarization vec-
tor & is:
2
> G (W) - ax(Fw),

A=1

G (Fow) = (70)

where

G)\A/ / dre— T G«( ) —»)\’ )
Evidently, that the condition of the translational
symmetry must be added:

GV (7,w) = GV (F+ Lw)

where L is the lattice vector. Then in the two-wave
approximation we can write the following system of
the dynamical equations:

(22’Eh€z + K2 - Ei) ax(z, Eh,w) =

dm Y~ G (R — K, w)an (2, ks, w)
h', N

(71)

Equation (71) coincides with equation (54) if
GMX (Eh - Eh/7w) = CvF(Eh — /_ﬂ‘h/)(é%, é’zj) s

where on the right we have the matrix element of
the Reyleigh elastic photon scattering by atomic elec-
trons localized in the crystal cell. It consists of four
multipliers:

() =2>;¢" “ structure factor,
eV = v’ > Debye factor,

wt(§) = [ d°rVau(7) = atomic formfactor,
M = (@ en) “ polarization factor.

One can see that lattice vibrations were taken

into account in the =zero-phonon approxima-
tion. Evidently that polarization factors
p’T =p"? =p°" =p"? =0, and in this case the

set of dynamical equations splits up into two inde-
pendent subsets for o- and w-polarized photons The
product F,(7)p™ is the matrix element M (§) of
the Thompson photon scattering on the single atom.
All other processes such as: resonance elastic scat-
tering on atoms and nuclei, photo-effect, Compton
scattering, inelastic nuclear reactions can be taken
into account by summation of corresponding matrix
elements in the expression of the causative matrix
G,

Now we will consider the y-quanta propagating in
the crystal matter in the case of y-quanta energy close
to that of a nuclear transition. We assume that crys-
tal includes Mdssbauer nuclei with resonance energy
hwo and we are interested in propagation photons
with energies close to hwg.

We can write:

w) =

G (Fn — Fy
—Rp)? Z (M}i\};\,/> (el)

_ Zez(kh k?h/)TJ{ — w2 (kp
P
i 72 1 (nucl)
te 2k 4k, )ch (Mﬁ\fz\'> }7

q
q

p

(72)
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(el)

2 (k2 L2 . . !
where e~ ¥tk is Méssbauer factor; (M,f‘,i&)
P

(nucl)
) are amplitudes of atomic and nu-

and (M,?,’l\,,
clear photon scattering, respectively; constant C; = 1
in the point 7; the Mossbauer nucleus exists and
C; = 0, if it is absent. In the general case both
atomic electrons and nuclei will contribute to the
current (see Eq.3).

But in the compound crystal we can investigate
pure nuclear photon scattering by choosing such
properﬁrecﬁiprocal lattice vector with structure factor
Zj e!kn=kn)Tj — () for photon scattering on the elec-

tron subsystem and } C’jei(’;h_gh’m # 0 for photon
scattering on the Mdssbauer nuclei. Introducing new
designations for simplicity

oo oo
N+ Q@71 12
oo oo
det 21 n+A+ Q33
i 73
7\'/0' 77/0'
21 22

Equation (75) in the general case has four solu-
tions 7, (m = 1,2,3,4). So the electromagnetic
field inside the crystal matter can be presented in
the form:

A(w,7) = 24: iC&") {é’f exp (ZEY")F) +

m=1s=1
+a{™es exp (il_cém)F) + c.c.} ,  (76)
where index s denotes the photon polarization. Fi-

nally we must take into account the boundary condi-
tion, which looks like:

530?”=L
m=1

and similar to (66) (see Fig.2).

4
Yo cimalm =0 (17)
m=1

4. ALL TYPES OF COHERENT

RADIATIONS

4.1. Total coherent bremsstrahlung in Born
approximation

The total matrix element of the coherent

bremsstrahlung of relativistic charged particles in
the lowest Born approximation can be obtained in
the form:

ie

MCE

R = [MP5 + MPS + MPR] . (78)

mc2y

where two of three wave functions are chosen in the
zero Born approximation, and one of three in the
first Born approximation:
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hh' = 75 o (73)
(k()vn)

anx(z) = by,

we obtain the general set of the dynamical equations
in two-wave approximation

—nb{ = QI b7 + QIF0S + QITbT + QT bT

—(n+ A = QITH] + QSTbT + QST + Q55 bT
—nbT = Q70T + QTTbS + QITbT + QTF b

—(n+ ABE = QE7b] + QL7 + Q5 bT + Q5" b

(74)
which has solution if:
i 75
2 22 =0. (75)
n+&n 2
nTontA+QL
M = [ o A0 @), ()
s = [ o A0 @), (s0)
R K G LG LG R
Matrix elements MPS and MJPS  describe

bremsstrahlung emitted by a relativistic particle,
and MPE bremsstrahlung emitted by a crystal. So
as

G / &' G, 7 )V (F) )7

one can see: in case of M {9 relativistic electron radi-
ates, and then crystal gets recoil momentum; in case
of MP% crystal gets recoil momentum, and then rel-
ativistic particle radiates. So as the differential cross
section of radiation process (12) do ~ 0(E;—E;—hw),
the law of energy conservation in our case looks like
E; = Ef + hw. It means, that the crystal target has
the infinitely large mass M., — oo, and therefore the
energy received by crystal is F,. /2M,.. — 0,
where ¢ is the recoil momentum. Taking into ac-
count the law of energy conservation we have the
following identity: K7 — K7 — k* = 0. Using
this identity, we can represent the denominators in
the expressions for M{P° and MP® in the follow-
ing form: (K + k)? — K2 —(2K ¢k — 2[@1_@') and
(I?l —k)2— K}% = 2K,k — 2K, k. Besides, the product



€k k=0. Finally we have:

Bs _ e BS BST _
Mi%f_mcg,y [My° + M| =
—ieh gkA f)l f)f
7Fcrq71' ~ = ’ 82
may oD {1-@1-% 1—@f.k} 52

where ¢ = h(K; — I?f — k) is the recoil momentum,
F..(q) is the Fourier transformation of the crystal
potential, and @i,@f,l% are unit vectors v; = I?i/Ki,
Uf = I?f/Kf, k= E/k, respectively.

oA F )V o (AL (), (83)

= = T (=
3,0 (8 oy - @ )ett )

cow?/c? — k'?

(84)
MPR = hF' (K, — K; — k) x
y Z (€%, _Ri 'f?i)(zéf,g:,\« “ €k,
~ eow?/c? — (Ky — K;)?
(85)

We obtain the cross section of total radiation,
which arises in the collision of relativistic electron
and crystal, using expressions (82) and (85) in the
expression for total matrix element M&P} (78) and
substituting Mff’f into expression for cross section
(12). This expression differs from the cross section for
a single atom on the multiplier, which is well known
as a diffraction factor:

2

L

where vectors EE denote the relative coordinates of

(86)

the crystal atom, and L are lattice vectors. Taking
into account expression (30) (and the following crys-
tal description), one can see, that expression (86) is
proportional to the multiplier D(q), which includes
o-function 6(¢ — §);. After averaging the cross sec-
tion over the thermal displacements of the crystal
atoms from their equilibrium positions, one can se-
lect the coherent part of the cross section and inte-
grate it over d®p ¢ using 3 d-functions. In this way we
obtain spectral-angular distribution of radiated pho-
tons, which has extremely sharp maximum (see (30)).
In the final result we transit to the limit N1 — oo (N
is the number of crystal periods in the direction of the
fast electron motion). Thus the final expression for
spectral-angular distribution of radiated photons in
the system of units 7 = ¢ = 1 looks like:

d3o - 8w o
dwdQ) ) . a V(1 — onig)

x> [Mcg|? S*(G)e s <w -

g,A

gu
1—on, )’

where k and w are photon momentum and photon
energy, (1 is the solid angle, 7y, = E/k, V' is the vol-
ume of the crystal elementary cell, |Mcg|? is the to-
tal matrix element, S?(g) is the crystal structure fac-
tor, e=9°% is the Debye-Waller factor, u? is the mean
square of thermal vibrational amplitude of the crystal
atoms, and the summation performed over all recip-
rocal lattice vectors ¢ of the crystal and two photon
polarization directions €. The module square of the
total matrix element in (87) is:

6 — N
cri2 _ ¢ |. JZ-F@G) g
M = i { T

: (83)

L w—g
+F - =__ __
9 (G+Fk)?—k? }

where Z and F(§) are atomic number and atomic
form-factor of the crystal atom. The first part of the
right hand side of Eq.88 corresponds to the coher-
ent bremsstrahlung of the charged particle (CBS) and
the second part corresponds to the coherent polar-
ization radiation (CPR). Expressions (87) and (88)
coincide with the result of [19] (see formulae Eq.21,
Eq.22 of [19]). In the case if angle of radiation
0, = £(7,k) < 1/, then the first part of Eq.88 be-
comes dominant and Eqs.87 and 88 describe exactly
CBS in the low photon energy approximation. On
the other hand, if 6 > 1/, the contribution of CBS
becomes small and can be neglected, and CPR can
be observed separately. It’s evident, that exists such
radiation angle 6, that both matrix elements of CBS
and CPR give equal contributions (see formula 88).
In this case we can observe the maximum effect of
interference of these two types coherent radiations.

4.2. Effect of the dynamical diffraction

Formulae (87) and (88), obtained for CPR in the
first Born approximation are called as ”kinemati-
cal theory” [16]. For low electron energies, i.e. if
1/(B7)? > |x| with x being the electric susceptibil-
ity of the crystal, the influence of the crystal dielec-
tric properties can be neglected (i.e. we can accept
go = 1). It turns out that the maximum of the in-
tensity of CPR increases proportional to ~ 72 (Fig.3,
function number 1).

Within the framework of the kinematical theory of
CPR the influence of the crystal dielectric properties
can be taken into account by changing the dispersion
relation for the radiated photon to k? = gow?/c?,
where £g = 1 + x. It turns out that at high electron
energies the maximum of the intensity of CPR is lim-
ited by x and strives to the constant quantity with
increasing 7 (see Eq.23 in [19] and Fig.3, function
number 2).

For taking into account so-called dynamical effect,
we must use expression of A, () in the form of (64)
in the matrix element (13) and cross section (12). It
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turns out that in the expressions (87) and (88) in-
stead of vector ¢ we must use the sum g+ 7, where
value gii = 0, |7i| = 1, and n < ¢. In Fig.3 it’s shown
the relative peak intensity of CPR as a function of
electron Lorentz factor « [18]. The electron multiply
scattering and photon absorbtion are taking into ac-
count.

0,005

0,004

0.003 - Diamond 55 um

(111)

0
0,002 -

Photon /e / sr

0,001 -

0,000

0 500 1000 1500

Electron energy, MeV

2000

Fig.3. Intensity of CPR (or PXR(B)) as a function
of electron energy calculated: 1-using kinematical
theory for the case of low electron energy and
the influence of the crystal dielectric properties
is neglected; 2-for the mazimum intensity, i.e for
angle between electron velocity direction and crystal
plane ¢ = 0,/2 — 1/v, using kinematical theory;
3-the same conditions as for 2, and using dynam-
ical theory; 4-for the minimum intensity, i.e for
angle ¢ = 0r/2 — 1/20+?, using kinematical theory
formula; 5-the same conditions as for 4,and using
dynamical theory

It is shown, that at low electron energy dynamical
effect is negligibly small. At high energy, even in
the limit v — oo dynamical effect in the maximum of
CPR intensity is small too, and it is of order of several
per cents (see difference between functions number 2
and number 3 in Fig.3).

Analogous result was obtained by H. Nitta in [21]
too. Thus the kinematical theory of CPR with tak-
ing into account the influence of the crystal dielectric
properties (see [16]-[21]) is a good approach to the
reality.

Dynamical effect becomes considerable only in
minimum of CPR intensity, i.e for angle ¢ ~ /2 =
0p, where 0p is Bragg angle (see difference between
functions number 4 and number 5 in Fig.3) [18]. Such
considerable difference between functions 4 and 5 is
due to effective redistribution of the CPR intensity
between reflective and refractive waves at the radia-
tion angles, which satisfy the exact Bragg conditions.
However such case is not of interest for creation the
sources of coherent radiations.
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4.3. Channeling radiation

Planar channeling electron wave function has the

form:
2 i |
¥n(r) = Ei?( &p - )aﬁn(n)em’”,
E+mc? Un
(89)
where @, is two-component spinors, ¢,(r¢) is
the wave function of the transverse motion,

VE +mec22Ee’%i™ is wave function of longitudi-
nal motion, r; and 7; are transverse and longitu-
dinal components of vector 7, and the designation
K= p/h is used. The energy of the channeling radia-
tion hw < Ej, therefore we can assume F; ~ Ey = F,
and formulae (15), (12) can be applied for obtaining
cross section of channeling radiation.
Therefore matrix element is:

; o ()
Mch _ e / —ik-T  * —zKl i %
i—f mCQFY € ¢f(7"t)€
N TOM
X€y Ddi(r)e™ THdir =
ie - = = (i
= ey My @m)a(R + KD — R{Y)
(90)
where:

M}, =/6_%‘”(25}(”)5@'(ﬁt+ﬁl)¢i(7"t)d7”t- (91)

The square of the first d-function is

- SN |2

|em2 (ki + R - B[ =

= 2nr)% (k+ B - K7 | (92)

where L is the length of the box K; = (27/L)n;,

which was used for normalization in the bor wave

function (6).

The Dirac §-functions in the expressions (12) and

(90) reflect the energy and the longitudinal momen-
tum conservation in the radiation process:

hw+Ef—E; =0,

b+ KD KD =0, (93)
Designating the unit vector in the direction of photon
emission by 7i; and the unit vector perpendicular to
the channeling plane by €, we can write the wave
vector of the charged particle in the final state in the
following form:

— — (; w o o N .

Kl(f) = Kl(l) - [fig, — (g - €x) €x]
After integration (12) over the space of longitudinal
momentum two first J-functions vanish. Then taking
into account, that the total electron energy E has the
following correlation with its longitudinal momentum
hK and transverse energy E| :

E? = i?PK} +m*c* + 2EE, (E),  (94)



let’s write the explicit expression of the argument of
d-function, which reflects the law of energy conserva-
tion. From (94) we have:

E = E| +\/h*2K? + m2c4,

where the square root can be interpreted as an en-
ergy of longitudinal motion. Evidently that for the
emission process the following inequality F; > hw is
satisfied. So the second square root in the expression
of Ef, can be written in the form:

(95)

1
(i) _ _
E; =EY, 5B, (2hewp; - iy,

—R2w? [1 = (7 - €,)%]) + BV, (96)

Introducing designations: €;; = E®, — EW | and
B = ﬁfz)c/E(i)l and neglecting terms less than fiw/E,
the latest -function in (12) we can write in the form:

5 (hw(l — G- i) — eif) =

1— 0 -7k 1— 01

The probability of transitions during the unit time
interval of the emission process e — ¢’ + v is

dp?
il g2 1 o ‘M %
dzd(hw)dQ E?2q_ ﬁl g

X8 <hw ﬂ) . (98)
L — By - rig

where Mi)‘%f is defined by Eq.91.
5. CONCLUSIONS

It is shown, that within the framework of the quan-
tum electrodynamics in Furry’s notation, all known
types of coherent radiations, which arise in the col-
lision of relativistic electron with crystal, can be ob-
tained using the generalized coordinates of fields in
the form of the particular solutions of the wave equa-
tions (2) and (3).

The origin of different almost monochromatic ra-
diations are caused by the discrete spectra of the
transverse recoil momenta or the transverse recoil
energies. The transverse recoil momenta are equal
to the discrete multitude of reciprocal lattice vec-
tors because the transverse components of relativistic
electron wave functions and transverse components
of wave functions of radiation field satisfy the Bloch
theorem. Heterogeneity of the crystal matter in the
longitudinal direction obviously does not play a vi-
tal part. Such details were discussed in [16]. The
discrete spectrum of relativistic electron energies is
caused by the localization of electron function near
the separate crystal plane.

Let us pay attention to the conditions of coherent
maxima arising. In the case of the ordinary coherent

bremsstrahlung and in the case of coherent polariza-
tion radiation the condition of coherent maximum is

(see formula (87)):
gv
1—on, )

3 (w-

In the case of the channeling radiation the condition
of coherent maximum is (see formula (97)):

=)

0 (hw S S

1-06-7

These formulae differ from each other only by the

discrete values €;; <> §v. In [22] considered the case

of CPR generated by the channeling particles, where

the condition of coherent maxima arising keeps both
these discrete values.

All these types of coherent radiations have the
bremsstrahlung nature, so as all matrix elements,
which correspond to them, are inversely proportional
to the mass of radiating particle (see Eq.(88) and
Eq.(90)), and during the radiation process relativis-
tic electron loses the discrete part of transverse mo-
mentum or the discrete part of transverse energy.

The condition of the conservation the coherency
of radiation, in the main, is the constancy of the rel-
ativistic particle velocity ¥; (see formulae (99) and
(100)). Particle velocity changes due to the close col-
lisions with crystal atoms and electrons. The middle
length, where particle velocity does not change vital,
is the length of coherency. The length of coherency
can be limited by the: electron multiple scattering,
photon absorption, crystal defects. All these factors
can be taken into account using Monte-Carlo simula-
tions [18].

Let us emphasize, that matrix element of polar-
ization radiation, which includes a refractive photon
wave with wave vector k1 = ko+ii (see formulae (57)
and (64)), is equal zero because for ordinary crystals
parameter 7 is always n < 0, and therefore such pro-
cess is forbidden by the laws of momentum-energy
conservation. Only matrix element of polarization ra-
diation, which includes a reflective photon wave with
wave vector k1 = ko + gn + m7t is not equal zero. In
Fig.2 it’s shown, that on the border of crystal vec-
tor n7i is directed from emptiness into the crystal. In
this case the refraction factor n < 1, and thus the
radiation is not a kind of Cerenkov radiation.

(99)

(100)
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BCE BI/bl KOTEPEHTHBIX N3JIYYEHNI, KOTOPHIE BOSHUKAIOT IIPU
CTOJIKHOBEHUN PEJIATUBUCTCKUX 9JIEKTPOHOB C KPUCTAJIJIOM

B. JI. Mopoxosckut

Kparko wusmoxkena ob0mas TeopHus, KOoTopas OObSICHSAET BCE THIBI KOMEPEHTHBIX PEHTTeHOBCKOTO U
"/—HBHy‘IGHHﬁ, BO3BHHKAOIMUX IIPH CTOJKHOBEHHH PCJIATHBUCTCKHUX 3JJICKTPOHOB C KpI/ICTa.HJII/I‘IeCKOIL/'I MH-
meHbi0. Takwe TUMbl M3JAyYeHuit, KaK: OOBITHOE KOTEPEHTHOE TOPMO3HOE W3/IyUYeHHEe W H3JAyIeHue IIPHu
KaHaAJINPOBAHUM, UCIIyCKAEMbIE PEIATUBUCTCKUM JIEKTPOHOM; Pa3Hble BHUABI KOI'€PEHTHBIX NOJIAPU3aIINOH-
HBIX H3JIy9eHNi, UCIIYCKAEMbIX ATOMaMU K SAPAMU KPHCTAJIIA, — MOIYT OBITH OMMCAHBI B PAMKAX JIAHHOMN
TEOPETUYECKON MOJIEIN.

BCI BN KOTEPEHTHNX BUIIPOMIHIOBAHD, AKI BUHUKAIOTH ITPU
SITKHEHHI PEJIATNBICTCHKUX EJIEKTPOHIB 3 KPUCTAJIOM

B. JI. Mopoxoscovruii

AKa [OSICHIOE BCi THIIH KOIrepeHTHHX peHTFeHiBCBKOFO Ta

~Y-BUTIPOMIHIOBAaHb, Ki BUHHKAIOTH TPU B3AEMOJII PENSITUBICTCHKUX €JEeKTPOHIB 3 KPUCTAJTIYHOIO Mi-
menH0. Taki TUTM BUTIPOMIHIOBaHb, SK: 3BUYaiiHe KOMePEeHTHE raJbMOBE BHIPOMIHEHHS Ta BUIIPOMIHEHHS
pHU KaHAJTIOBAHHI, BUMPOMIHIOBAHI PEIATUBICTCHLKAM €JIeKTPOHOM; Pi3HI BHIN KOTE€PEHTHUX MOIIpPU3AITii-
HUX BUMPOMIHEHD, [2KEPEJIAMU AKUX € aTOMHU Ta f1pa KPUCTATIa, — MOXKYTh OyTH OMHCAHI B PAMKaX HAHOL
TEOPETHUYHOI MOJIEI].
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