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3AAYA ONTUMAJIbHOIO
YNPABJIEHU] NPOLLECCOM
KOJIEBAHUA CTPYHbI

PaccmaTpuBaercs 3amada MUHMMA3ANIAW (yHK-
LHUOHaNa

I(u,z):%jzz(tl,x)dx%j[ FZ(;#X)} dx+

+%ii[zz(t, X)+u’(t, x)]dxdt (1)

Ha pCIICHUAX KpaeBOﬁ 3aJa4yu

o%z(t,x) _, az(t,x)
ot =a " +u(t, x), (2)
oz(t,,
26,00 =100, 22 g0, @
z(t,00=0, z(t,1) =0, (4)

rie 0<x<I,t,<t<t,, umcma a, t,20,
t>~t, 1>0 f(x)eL,(0,1),

9(x)eL,(0,1) samamsl. Pacemorpum ciemyro-

u  (QYHKIUH

11€€ MHOXXECTBO.
Q={(t,x):telt),t,],x[0,1]}.

®yukums  U(L, X) € L, (Q) HassBaercs pomy-
CTUMBIM yrpasjicHueM. [[ns (ukcupoBaHHOTO
nonyctumoro ynpasienus U(t,X) penienuem

Z(t,x) samaum (2)—(4) cumraercst 0600IICH-

noe pemenue Z(t,X) eW,°(Q). Homycrumoe
ympasiicHHE, Ha KOTOPOM peallu3yercsi MHHU-
MyMm ¢yHknuoHana (1), Ha3bIBaeTCs OITH-
MaJbHBIM  yrpaBiieHHeM. [IpuMeHsisi MeToj
MHOouTene Jlarpamka [1, ¢. 31], npuxoaum k
TaKOMY YTBEPKIACHUIO.
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Teopema 1. J[ns HaxoxaeHWsi onTuMaibHOro ympasienus U(t,X) B 3amade
ontumusanu (1) — (4) ©MeeM CIIeTyIOIIyI0 CHCTEMY COOTHOIICHHIA:

~ ay(t,x) 22 0°1(t,X)
ot ot ox?

+u(t, x),

2(ty, x) = £(x), y(t, x) = 9(x),

2(t,0)=0, z(t,1) =0, y(t,0)=0, y(t,1) =0,

ap(t’ X) _a2 azq(t’ X) _

ot ox*

2(t, x), %

=—-p(tx),

p(t,x) = 2(t, x), q(t, x) = y(t, ),

p(t,00=0, p(t,1)=0, q(t,0)=0, q(t,1) =0,

u(t,x)+q(t,x) =0, (5)

rae oyakunn  P(t, X) u q(t, X) — mOXHUTENN Jlarpamxka.
[IpearonoxeHne O CyIeCTBOBAHHH 3aBHCHMOCTEH
|

p(t,x)= j [Riu(t,%,5)z(t, ) + Ry, (t,X,5)y(t,9)] ds, q(t,x)=

:j [R,,(t,X,5)Z(t,s) + Ry, (t, X, 8) y (t,5)] ds

MIPUBOAUT K TAKOMY BBIBOY.
Teopema 2. @ynxmmm R (,%,8),i =12, j=12, seusorcs  pemrennenm

HEJIMHEWHOW CHUCTEMbl HMHTETPO-TU(pPEpeHINANBHBIX YPaBHEHUH C YacCTHBIMH
MIPOU3BOAHBIMU

oR,, (1, X,5) L a O°R,,(t,X,S) L a 0°Ryy (L, X,8)
ot os® Ox?

—j R, (t, X, A)Ry, (t, A, 5)d A + 8(x —5) =0,
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2
aRlzg;x,s) +q29 Rzéitz, X$) R,(t,X,S) —j R, (t, X, AR, (t,A,8)d A =0,
2
aRzl(at;x,s) 20 Rzg(tzx ,S) + Ry (t,%,8) = [ Ryp (£, X, W) Ryy (1,1, 8)d 2 = 0,

w Rip(t,8) + Rt X,9) = [ Rt X )R,y (11,8)dR =0,

rae O(X) — nenbra-Qpynkius Jlupaka yaoBIETBOPSET CIEAYIOIMM TOMOTHUTETHBIM
YCIIOBHSIM:

R,(t,%,0)=0, R,(t,x,1)=0, R,(t,x,00=0, R, (t,x,1)=0

u(t, %,8) =8(X—5), Ry,(t,%,5)=0, Ry(t,X,5)=0, Ry (t,X,5)=8(x~5s)

2 mNX . ©NS
IlockonbKy  CHpaBENJMBO  COOTHOILICHHUE d (X - S) =—> sin I—Sln —_—
[2, . 272] , TO BrIOJIHE €CTECTBEHHBIMHU SIBIISIOTCS CIACAYIOIINE PEICTABICHHS
2 < TNX
R, (t,%,8) = —Zrnll(t)sm I—s n=

I , Ry, (t,%,8 Zrm(t)smﬂ—nxsmn—nS
R, (t,x,8) == Z 21('[)smTCTnXsm , R,(t,x,8)== Z r,(0)sin T sin 212
rae Ty ,i=12,j=12, -

Heu3BecTHbIE GYHKIUH. B pe3ynpraTe Jerko npuxoaum
K TaKOMY BBIBOJLY.

Teopema 3. Jinst maxoxaenus dynxmmii Iy (t),1 =12,

.2, ] =1,2, momyunm cucre-
My OOBIKHOBEHHBIX U PEPEHINATEHBIX YPaBHEHUH

drnu(t)_ @
Cdt ( I j[”ﬁ() oy (®]-r,)r, () +1=0,
) (090507000

dr, (1) ( ann )’

dt T) o O+ s () = (D10 =0,

d rn22(t) +r
dt

n12 (t) Tl (t) - rnzzz (t)l‘ =0. (6)
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HpI/I 9TOM UMCHOT MECTO AOIIOJIHUTCIbHBIC YCIIOBUA

rnll(tl):l r12(t1) 0, 21(t1) 0, 22(t1) Ln=12,. (7

3ameuanue. CpaBHEHHE BTOPOIO U TpPETHOTO ypaBHEHWH cuctembl (6) u
COOTBETCTBYIOMINX yciaoBuid (7) yKa3plBaeT Ha CYIIECTBOBAaHHE 3aBUCHUMOCTH

M2 )= rn21(t)-

[Ipencrarnsisi HEM3BECTHBIC (DYHKIIMU y(t,x), Z(t,X), q(t,x), p(t,X) H

u (t, X) OCPECTBOM psiioB Dyphbe

Zyn smn—nx, izn smn—nx an smn—nX
n=1

p(t,x):ip (t)smnl—nx, u(t,x)= iun smn—nX
n=1

n=
U NPUHUMAas BO BHUMaHUE PaBeHCTBO U, (t) = —qn( ), BMECTO CUCTEMBI COOTHOLIIE-

Hul (5), mojyyaeM CIeAYIOIIy0 OECKOHEUHYIO CUCTEMY YPaBHEHUI:

dy;t(t) _ _[“T”T z,(t)—g, (1),

z,(t, ) for Yo () =0,

dpn an
[ h

dqn( dan (1) _
dt - pn( )’
pn (tl):Zn(tl)’qn(tl)zyn (tl),n=1,2,...,
rac
2 2
A —T'([y (t,x sm—dx Z, I_-([Z (t.x sm—dx
|

q,(t) = Igj'q(t,x)sin nl_nxdx’ p, (1) :IZ

0

ot—\ —

p(t,x)sinnl—nxdx,

2
u, (t)==
I

| 2I 2I
u tx sm—dx f == f sm—dx =— sm—dx
{ |£ g, |£g |
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OToil cucTteMe ypaBHEHHWH MOXHO TIOCTaBUTh B COOTBETCTBHUE MATPHUILY
A, getBepTOro nopsaka

0 1 0 0
_(an%)z 0 0 1
1 0 0 («'ﬂﬂ%)2 |

0 0 -1 0

CoOcTBeHHbIE UKca MaTpuibl A | paBHbL:

knlz_a‘n_iﬁn’ 7\’n2 =OLn_f—iBn’ }\‘n3:_a’n+iBn’ 7\’n4 :an_iBn’

I G R SR
" 2 o 2 '
Teopema 4. Marpuua exp(A,t) nmeer Bux

Snll (t) San (t) Sn13 (t) Snl4 (t)
SnZl(t) Sn22(t) Sn23(t) Sn24(t)
Snan(t) Sna(8)  Spas(t)  Spau() |
Sn 41 (t) Sn42 (t) Sn43 (t) Sn44 (t)

rae

exp(A,l) =S, (1) =

rae
S, (1) = cosh(a, t)cos(B, t), s, () = o, sinh(a, t)cos(B, t) —B, cosh(a, t)sin(B, t),

S5 (t) = —a, cosh(a, t)sin(B, t) — B, sinh(o, t)cos(B, t), S, (t) =sinh(o t)sin(B,t),

a,, sinh(a, t)cos(B,t) + B, cosh(a, t)sin(B,t)
o, +B,

sn12 (t) = ! Sn22 (t) = COSh(ant) COS(Bnt),

a, cosh(a, t)sin(B,t) — B, sinh(a,t)cos(B,t)

Suaz (1) = —sinh(a,t)sin(B,t), $,,,(t) = o + B

a,, cosh(a, t)sin(B,t) — B, sinh(a,t) cos(B,t)

Snls(t) = o2+ Bz

v Sy (t) =sinh(a, t)sin(B,t),

_ a, sinh(o,t) cos(B,t) +B, cosh(a,t)sin(B,t)
o +B; ’

S,a(t) =cosh(oy,t) cos(B,t), S,u(t) =
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S0 (t) = —sinh(a, t)sin(B,t), S,,,(t) =—a, cosh(a,t)sin(B,t) —B, sinh(o.,t) cos(B,t),

8,34 () =—a, sinh(a, t) cos(B,t) + B, cosh(a, t)SiN(B,t), S,,,(t) =cosh(o,t)cos(B,t).
DnemenTsl MaTpuusl S, (L) onpeneseHbl ¢ MOMOLIBIO MAKeTa MPUKIALHBIX [PO-
rpamm Mathematica 5.2 [3, c. 266]. Eciu BBecTH 0003HaYCHHS

_ Zn(t) _ pn(t) _ Snll(t) Snlz(t)
X”(t){ynm] ""(t){qn(t)] F"“(t)‘[sm(t) sm(w]

F ('[)— SnlS(t) Sn14(t) = (t)— Sn31(t) Snaz(t) F (t)— Snsa(t) Sn34(t)
s ®) S ® ] " S S ®] " [se) s ®)]

Otcro1a HEMOCPECTBEHHO HAXOUM
X, (tl) = Fnll(tl _t)xn (t) - I:n12 (tl _t)}"n (t)1
)"n (tl) = Fn21(t1 - t)Xn (t) + Fn22 (tl - t))“n (t) (8)

U3 coormomenwmit 0, (t,)=12z,(t,), p,{t)=Y,(t) n=12,..., crexyer, uro

L, (t)=x,(t), n=12,.... [Tosromy Ha ocHOBaHHH (8) HMeeM

A (1) =[Fo(t — ) - F,(t, - t)]il[an(tl —t) - Fu(t - t)x, (1). )
N3 paBeHcTB

pn (t) = r-nllzn (t) + r-n12 yn (t)

d, (t) = T2, (t) YL (t)

crenyer takoe cootnomenne A, (t) =R, (t)X, (), rae marpuua umeer Bux

R (t) = rnll(t) rnlz(t)
()= L) )]

Cpasuenne paserctsa (9) u coornomenus A, (t) =R, ()X, (t) npusomur k ciemyro-
EMY 3aKJTFOUCHHIO.
Teopema 5. Marpuny R (t) MOXHO HaliTH ¢ IOMOLIBIO COOTHOLICHHUSI

R n (t) = [Fnlz (tl - t) - Fn22 (tl - t)]_l[FnZI (tl - t) - Fnll (tl - t)]

[IpencraBiser MHTEpeC NalbHEHIIEe HCCIeI0BaHUE MOCIEHETO COOTHOLICHHS C
MOMOIBIO YHCIEHHO-aHAINTHYECKUX METOA0B. B 3akiioueHue cieayer OTMETHTH
1e71ec000pa3HOCTh 0000IIEeHNs Pe3yNbTaToB, MOJYYEHHBIX B JaHHOW pabore, Ha
Clly4ail cucTeM ¢ IpoOHBIMHU MPOU3BOAHBIMH [4, 5].
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M.M. Koneys

3AJAYA OIITUMAJIBHOI'O KEPYBAHHS ITPOHECOM KOJIMBAHHS CTPYHU

PosrnsHyTa JiHiHO-KBagpaTHYHA 3a]ja4a ONTHMAIBHOTO KEPyBaHHS MIPOIIECOM KOJIMBAHHS CTPYHH.
Jns 1iei 3agaui, BUKOPHCTOBYKOUHM METOJI MHOXKHHUKIB JlarpaHxka, OTpuMaHi HEOOXiTHI YMOBHU
onTUMaibHOCTI. I3 IIUX yMOB BHBEJEHa CHUCTeMa iHTerpo-nudepeHuialbHUX PiBHAHb PikkaTi.
P03B’5130k OTpUMAaHOT CHCTEMH MPECTABICHO B 3aMKHEHIH (opMi.

M.M. Kopets

THE OPTIMAL CONTROL PROBLEM BY PROCESS OF VIBRATION OF THE STRING

In the present paper the linear-quadratic optimal control problem for vibration process of the string
is considered. For this problem the necessary optimality conditions are obtained by using the
Lagrange multiplier method. The system of integro-differential Riccati equations is derived from
this conditions. The solution of obtained system is represented in closed form.
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