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The fractional kinetic equations are a natural consequence of non-Gaussian properties in the behavior of many
complex systems. We consider the competition between normalized and anomalous transport in the presence of
temporal subordination. The anomalous transport is induced by fractional spatial derivatives as occurs in fractional
kinetic theory. It is shown that for large time the power tails of the probability density play a dominant role. This
supports and extends the Weitzner-Zaslavsky's result obtained in a simpler case.
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1. INTRODUCTION

Fractional calculus occupies an appreciable place in
the description of various kinds of wave propagation in
complex media, fractional kinetics of Hamiltonian sys-
tems, anomalous diffusion and relaxation, random
walks with a long-term memory and flights, pseudocha-
otic dynamics, etc (see, for example, [1-3] and refer-
ences therein). The fractional operator is a natural gen-
eralization of the ordinary differentiation and integra-
tion. Long-term memory effects characterize the frac-
tional operator with respect to time, whereas the non-
local (long-range) effects characterize it with respect to
coordinates. This new type of problems has increased
rapidly in areas in which the fractal features of a proc-
ess or a medium impose the necessity to use non-
traditional tools in “regular” smooth physical equations.
The language of fractional equations (FE) is in progress
now. While the linear FE have attained fairly broad
research activity, the study of nonlinear FE is at their
very beginning.

The fractional kinetic equations describe non-
Gaussian properties in the behavior of stochastic sys-
tems. In many cases of physical interest it is reasonable
to study simultaneously the Gaussian and anomalous
processes [4]. This means that the anomalous processes
lead to algebraically decreasing tails of a probability
distribution function (PDF), whereas the bulk of the
PDF is expected to be mostly Gassian in character.
Weitzner and Zaslavsky [5] have investigated the inter-
action of Gaussian and anomalous dynamics for a sim-
ple model in one-dimensional space. They have shown
that for large times the fractional derivative term domi-
nates in the solution and leads to power type tails in the
probability density. We intend to go on the study and
clarify what influence will have subordination on the
competition between normalized and anomalous trans-
port.

2. WHAT IS SUBORDINATION?
A subordinated process Y (U(t)) is obtained by ran-
domizing the time clock of a random process Y(r) using
a new clock U(t), where U(¢) is a random process

with nonnegative independent increments. The resulting
process Y(U(?)) is said to be subordinated to Y(¢),
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called the parent process, and is directed by U(¢),

called the directing process. The directing process is
often referred to as the randomized time or else opera-
tional time [6]. In general, the subordinated process
Y(U(t)) can become non-Markovian, though its parent

process is Markovian. The PDFs of the parent process
Y(¢) and directing one U(¢) determine the PDF of the

subordinated process Y (U(¢)) via the integral relation:

p' D)= [ p" (z.x)p" (1, 1)dx,
0

where py(t,x) represents the probability to find the
parent process Y(t) at x on the operational time T,

and pU (¢,7) is the probability to be at the operational

time T on the real time ¢ .
Let the subordinator U(¢) be an inverse-time stable

process, and the parent process satisfies Lévy (or Gaus-
sian) properties. Then the process Y(U(z)) describes

the subdiffusion [7].

3. MODEL AND ITS ANALYSIS

Consider the kinetic equation with fractional deriva-
tive in time

6ﬁPﬂ (x',t" Pﬁ (x',())t'iﬁ

ot'B I'(1-2) )
02Pg 0% Pg
- , l<a<2, 0<p<l,
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where ¢ is a constant, 0%/0 | x'|* the Riesz derivative,

oP/ot® the differential Riemann-Liouville operator,
B (x',0) the initial condition, I'(s) the gamma func-
tion. This equation determines the corresponding PDF.
B 2B
By changing the variables x =&2-9%x’ and ¢=g2-9¢
one can get ¢ out of this equation. Therefore we put it

equal to one. The Riesz derivative 0%/0|x'|* is easily

defined in Fourier transform space as —|k |* I%(k, 1),
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where }N’B(k,t) is the Fourier transform of the function

Fy(x',t). Then the Fourier transform of the right-hand

side of (1) gives —(k2 +elk |°L)}~’B (k,t) . Thus, for large
wavenumber and short wavelength the system exhibits
normal, Gaussian transport (if #1, then normal diffu-

sion becomes subdiffusion), while for the small
wavenumber and large wavelength, the system behaves
anomalous in kinetics.

Using the results of Refs. [5,7], it is easy to repre-
sent the solution of Eq. (1) in the form

By(x,0) = J.(:OFﬁ(z)Pl(x, Pz)dz,

where the function

_ 1 u—zuB B-1
FB (Z) = E Bre u du

is expressed in terms of the Bromwich integral. The
PDF P (x,7) = B3—1(x,1) is the same one denoted by

P(x,t) in Section 2 in the paper of Weitzner and
Zaslavsky. For the initial condition PB(x,O) =9(x) the

PDF Fy(x,¢) is written as a Fourier integral
1 (o _
By =—— [~ dre K B[P (K + k™)),

where one-

Eg(» =2 »"/T(Bn+1) is the
parameter Mittag-Leffler function. From above it fol-
lows that

r'(y+1)
TPy +1)

Next, we examine the simple relevant moment

J(:O B (2)zVdz=

Mg =[" |xldxBy(x,1).

The asymptotic expansion Mg for large ¢ takes the

form
pla
Mﬂ ~£ & -
7| pL(B/a)sint/a )
P01/ a) @)

+ _ +0(t2/5—3/5/0‘)}.
afl(f(-1/a))sinz/«a

The remaining terms give the corrections from anoma-
lous transport.
Denote Qg the solution of the equation only with

anomalous transport

0PQp(x,1) Qp(x,00~F

oth ra-p

aa
_9% 4 0<p<l.
olx|*

Following the same procedure as for My, we obtain

Ztﬁ/o,

Mo ~ BL(B/o)sin /o )

We are now prepared to compare the contribution of
normalized and anomalous kinetics in dependence of
the value of the parameters o and [, and we start with

the simplest comparison, namely between Mg and

MQB.

4. RESULTS AND DISCUSSION

To sum up, in leading order and for 1<o <2 and
0<pB <1, it is seen that Mg NMQ[} . However, the dif-

ference between M B and M % is not small unless
Pl 5o BA=1/9) For o not far from one, this relation
holds, but as o approaches 2, one requires increasingly

larger values of ¢ in order that /% dominates
PA-Va) The asymptotic expansion for Mp fails at

o= 2, and must then be very poor for small values of
2—o. If the value ¢ is sufficiently large, then the
anomalous transport under subordination is the limiting
form for the case with both Gaussian and anomalous
transport subordinated, however there may be signifi-
cant corrections. It should be pointed out that the long-
term memory effects (in the form of the fractional tem-
poral derivative) do not change a character of the inter-
action between the normalized and anomalous transport
distinctly.
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BJIMSIHUE BPEMEHHOM CYBOPJAUHALIUU HA B3AUMOJEACTBUE HOPMAJIBHOM
U AHOMAJIbHOW KMHETUK

A.A. Cmanucnasckuii

JlpoGHbIE KUHETUYECKUE YPABHEHHUS MOSBISIFOTCS] BCJICACTBUE HETAYCCOBBIX CBOIMCTB MTOBEAEHUSI CIOXKHBIX CHC-
TeM. MBI paccMaTpuBaeM CONEPHUYECTBO MEXIY HOPMaJIbHBIM (TayCCOBBIM) U aHOMAJIbHBIM TPAHCIOPTOM HpPHU
HaJIMYUK CyOOpANHALUHY. AHOMAJIBHBIA TPAHCIIOPT NPUBOIMT K TOSIBJICHUIO APOOHBIX MPOU3BOIHBIX 110 MPOCTPaH-
CTBEHHBIM TIEPEMEHHBIM B KMHETHUECKOM ONMCAHUM cHCTeM. ITokazaHo, 4TO Ha OOJBIIMX BPEMEHAX CTEHECHHBIC
XBOCTHI (DYHKIMU DPACIHPENEIICHNUsI BEPOSITHOCTH HMIPAIOT JIOMUHHPYIOIIYIO pOJb. DTO IOATBEP)KIAET PE3yJIbTaT
Beiinaepa-3aciaBckoro, moJy4eHHbII B OoJiee MPOCTOM CIIy4ae, U pacUIMpsIeT IPaHKLbl €r0 IPUMEHUMOCTH.

BILIMB TUMYACOBOI CYBOPJIUHAILIIL HA B3AEMO/JIIO HOPMAJIBHOI
N AHOMAJIBHOI KIHETUK

0.0. CmanicnaecoKui

JlpoGoBi KiHEeTHYHI PIBHAHHS 3'SBIISIOTHCS BHACIIIOK HETayCOBHMX BIIACTHBOCTEH ITOBOJKEHHS CKIIAJHHUX CHC-
TeM. MH pO3IJIAIaeMO CYNEPHHLTBO MK HOPMalbHUM (IayCOBHM) i aHOMaJIBHHM TPAHCIOPTOM IIPH HASBHOCTI
cybopanHarii. AHOMaIbHUN TPAHCHIOPT MPHBOIHUTH O MOSIBH IPOOOBUX MOXiTHHUX MO MPOCTOPOBUM HEPEMIHHUM y
KiHETHYHOMY onuci cucteM. [lokazaHo, 1110 Ha BEJIMKHX Yacax CTENeHI XBOCTH (YHKIIT po3moaiity iMOBIpHOCTI Bi-
JirpatoTh JoMiHyrouy poiib. Lle miaTBep/pkye pesynprar BeiinHepa-3aciaBchKoro, OTpUMaHHi B OUIBII MPOCTOMY
BUITAJIKY, 1 PO3IIUPIOE MEXI HOT0 3aCTOCYBaHHS.
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