NONLINEAR ROTOR DYNAMICS OF 2D MOLECULAR
ARRAY: TOPOLOGY RECONSTRUCTION
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Molecular layers with rotational degrees of freedom and quadrupolar interaction between linear molecules are investigated theoretically. We found earlier that alternative orientation of the molecules along and perpendicular to an
axis of the rectangular lattice is preferable. Here we find the integral of motion and give the topology analysis of
the possible dynamical phases and special points in the long-wave limit. We find the strong anisotropy in the angle
space: directions of easy excitation (“valleys”) exist. We show the potential relief reconstruction in dependence on
the adsorbed lattice anisotropy.
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1. INTRODUCTION

an adsorbing plane and rotated in this plane. In the
third section the dynamic equations of the molecular
Low dimensional systems are objects of a great inter- orientation oscillations are developed. In conclusion
est either as models or as description of real objects. we consider the whole picture of oscillations.
1D and 2D models are a necessary stage of inves2. ENERGIES AND EQUATIONS OF
tigation of dynamics and thermodynamics of more
MOTION
complex systems: crystals, atomic and molecular lattices [1–3]. 1D chain models are applied to the de- In this paper we consider nonlinear rotational dynamscription of linear lattice dynamics and thermody- ics of molecular 2D layer with realistic quadrupolar
namics of molecular cryocrystals [4, 5] (that can be interaction between two linear molecules [4].
There are another several contributions to the ingeneralized into 3D systems [4, 6]) in order to investeraction
between the molecules. These contributions
tigate nonlinear dynamics [7] and thermoconductivhave
the
same
structure of terms [4] but their coeﬃity [8]. Real objects where 1D and 2D models can be
cients
depend
on
the distance between molecules and
applied to are adsorbed structures [9] or crystals with
molecules’
parameters.
Therefore, the model with
low-dimensional motives. Some approximations are
quadrupolar
interaction
between
the molecules is the
necessary to simplify system’s description because of
simplest
one
but
it
reﬂects
the
most
essential features
the complexity of models even for 1D molecular chain.
of
real
interactions
and
classical
dynamics
of the linFor linear models such approximations are a force maear
adsorbed
molecules.
trix (harmonic expansion near equilibrium position)
Let us consider the most realistic situation when
instead of parameters of interaction between molethe
adsorbed molecules rotate in the plane of the
cules, and given parallel ordering of molecules [4–6].
In nonlinear consideration such approximations are substrate. Then the potential energy of the oriena model potential and 1D rotation [7–9]. In arti- tational part of interaction between the molecules in
cles [10, 11] the equilibrium state, oscillation spec- the 2D layer should be written [11]. Several symtrum and density of states were found for 1D and 2D metric orderings that can provide minimum of the
orientation potential energy in the adsorbed molecumolecular array with quadrupolar interaction.
In this paper we use approximations of one degree lar layer with rectangular lattice were considered in
of freedom for every molecule as in [7–9] and very stiﬀ the work [11]. The absolute minimum of the potentranslation potential as in [7, 8], so translation vibra- tial energy is reached for the alternative ordering of
tions can be neglected. In this model for 1D [10] and the molecules for both directions in the layer:
2D [11] adsorbed molecular systems, the structures
φ2n,2m = 0; φ2n,2m+1 = π/2; φ2n+1,2m = π/2;
(1)
with alternative orientation ordering are stable and
or φ2n,2m = π/2; φ2n,2m+1 = 0; φ2n+1,2m = 0.
are observed experimentally [9]. The article is constructed as follows. In the second section the poten- It means that each molecule has the nearest neighbors
tial energy is derived for the orientation interaction that are oriented perpendicularly to it. Stability of
of the molecules placed in a rectangular lattice on this structure was conﬁrmed by investigation of small
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oscillations [11]. It is important that these structures
are observed in the experiments [9].
Let us consider oscillations of the adsorbed molecular layer. Lagrangian
system is L = K − U
 of the
Ji,j φ̇2i,j are the total potential
where U and K = 12
and kinetic energies that are obtained as the sum
of the energies for the {i, j}-th molecule with the
moment of inertia Ji,j = J0 and angle velocity φ̇i,j .
Then the system of Lagrange equations of the motion
is [11]:
J0 φ̈i,j = 2Γ{a sin 2φi,j
+ b[sin 2(φi,j − φi+1,j ) + sin 2(φi,j − φi−1,j )]
+ c[sin 2(φi,j + φi+1,j ) + sin 2(φi,j + φi−1,j )]}
+ 2Γρ−5 {−a sin 2φi,j

by conditions ψ̇ = 0, ψ̈ = 0 and φ̇ = 0, φ̈ = 0. Then
the set of equations (5) can be rewritten as:
1
) cos m + 2c(1 +
ρ5
1
sin m [a(1 − 5 ) cos p + 2b(1 +
ρ

sin p [a(1 −

1
) cos p] = 0;
ρ5
(6)
1
)
cos
m]
=
0,
ρ5

Solutions of equations (6) can be obtained by solving
several simple systems. The ﬁrst simple system is
cos m = 0; cos p = 0.

(7)

Its solution m1 = π/2 + πj; p1 = π/2 + πn coincides with conditions (1) of energy minimum of the
molecular array. It coincides with the chain case.
(2)
The second simple system is

+ b[sin 2(φi,j − φi,j+1 ) + sin 2(φi,j − φi,j−1 )]
+ c[sin 2(φi,j + φi,j+1 ) + sin 2(φi,j + φi,j−1 )]}.

a(1 − ρ15 ) cos m + 2c(1 +
sin m = 0.

1
ρ5 ) cos p

= 0;

Here φi,j is the angle between the molecular axis in It yields solutions
the site i, j and axis Ox of rectangular lattice of the
a(ρ5 − 1)
);
m2 = πj; p2 = arccos(±
molecules. The parameters of the interaction are:
2c(ρ5 + 1)
5
3
35
R0b
3Q2
3
; ρ=
; a0 = ; a = ; b = ; c =
5
4R0a
4
4
8
8
R0a
(3)
where Q is the quadrupolar moment of a molecule, ρ
is the parameter of anisotropy, the lattice constants
are R0a and R0b . Condition ρ ≥ 1 is applied only
to meet the requirement of crystallography where inequality R0b ≥ R0a is generally used.
The obtained system of equations (2) is nonlinear
and diﬀerential-diﬀerence. It is naturally to begin its
investigation starting with the linear approximation
for 1D [10] and for 2D rectangular [11] lattices. Longwave limit for arbitrary amplitudes and nonlinearity
for 1D case was investigated in [12]. We will consider
the long-wave limit for the 2D rectangular lattice.
Let us rewrite equations (2) for two sublattices.
They are caused by separating the molecules into two
subsystems in equilibrium state for even (φ2m,2n ) and
odd (ψ2m±1,2n or ψ2m,2n±1 ) sites. Then the sites of
the same type are equivalent and the set of equations
can be transformed into a system of diﬀerential equations. Then we introduce more convenient variables
Γ=

(8)

(9)

where sign + is for j = 2n + 1 and sign - is for
j = 2n. As we can see below these stationary points
correspond to low saddle points. As the system approaches a square lattice of the molecules (ρ → 1)
the deviation from the values p = π/2 + πj vanishes.
The third simple system of equations is
sin p = 0; sin m = 0.

(10)

Its solutions are m3 = πj; p3 = πn. When j + n =
0, ±2, ±4... the solutions correspond to peaks of the
eﬀective potential. The solutions of the type j + n =
2i + 1 correspond to the high saddle points. These
solutions coincide for 1D and 2D lattices.
The forth simple system of equations
sin p = 0;
a(1 − ρ15 ) cos p + 2b(1 +

1
ρ5 ) cos m

= 0;

(11)

has solutions
p4 = πj;

m4 = arccos(±

a(ρ5 − 1)
).
2b(ρ5 + 1)

(12)

The system (11) is not satisﬁed for the chain (ρ → ∞)
m = φ − ψ; p = φ + ψ
(4) because of | cos m4 | = a/2b > 1. The rectangular lattice yields new solutions at condition | cos m| ≤ 1 or
and dimensionless time t → τ = tω0 ; ω02 = Γ/J0 .
ρbs ≤ ρ ≤ ρbg ;
Then the system of the equations can be written as
(13)
1
a − 2b
a + 2b
= ; ρ5bg =
= 4.
ρ5bs =
1
1
a + 2b
4
a − 2b
p̈ − 8{(1 − 5 )a cos m sin p + (1 + 5 )c sin 2p} = 0;
ρ
ρ
The rectangular array of the molecules has solutions
1
1
m̈ − 8{(1 − 5 )a cos p sin m + (1 + 5 )b sin 2m} = 0. on condition | cos m| = 1, which coincide with (10). It
ρ
ρ
means that at conditions ρ = ρbg or ρ = ρbs the peaks
(5) and the high saddle points of the eﬀective potential

change their behavior.
Therefore all special points of the system of equaVery important information about dynamics of the tions could be obtained from the solutions of the more
system can be obtained from the special (stationary simple systems. This is the complete set of the special
or ﬁxed) points of the equations that are determined points of the system.
3. TOPOLOGY. SPECIAL POINTS
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4. INTEGRAL OF MOTION AND PHASES
We obtain integral of the rotational motion of the
molecular array: Wef = Wk + Wp . It includes “kinetic” Wk and “potential” Wp contributions:
Wk =

1 2
(ṁ + ṗ2 );
2

Wp (m, p) = 4{(1 −

1
)2a cos m cos p
ρ5

(14)

1
+ (1 + 5 )[b cos 2m + c cos 2p]}.
ρ
Potential relief for Wp over the space of angles is
shown in Fig. 1. Analysis of linear oscillations with
arbitrary dispersion [10, 11] has demonstrated strong
dependence of the relief on dispersion (wave number)
but for not large k the relief do not change strongly.
Existence of only one motion integral means that the
system is not integrable, nevertheless it is possible
to obtain some qualitative consequences about its
behavior. Motion of a molecular chain and rectangular array is stochastic in space of angles because
of complex potential [13]. An excitation energy is
determined by temperature or by diﬀracting particles (electrons, neutrons etc.) in structure experiments. We can point out several intervals of energy
with qualitatively diﬀerent character of motion of the
molecules (dynamical phases) that can be related to
diﬀerent structural phases.
1) The phase I (Wmin ≤ Wef < WSL ) is a region
of ﬁnite rotating oscillations of the molecules near
equilibrium positions m1 , p1 (7):

V
V
V

a

b
M

M

V
V

c

V
M

Level curves:

d
M

V
V
V

e
,

f

Fig. 1. The eﬀective potential Wp (14) relief
(15) (normalized height) as a counter plot function of
coordinates m = φ − ψ (horizontal) and p = φ + ψ
They are ellipses’ centers at valley bottoms in (vertical). Variables change in range [0; +3π]. High
Fig. 1a − e. The molecular conﬁguration is shown density of equidistant contours corresponds to high
in Fig. 1f . A structural data show the rotational gradient. The letter V points out ’valley’ of W .
p
arrangement. High boundary of this region is energy The parameter of the lattice anisotropy takes values
of lower separatrix WSL .
ρ5 = 10; 4; 3; 2; 1 at a − e panels. Panel f shows
2) Wef  WSL is a narrow region of motion with elementary cell of the lattice
energy of the low separatrix that coincides with energy of the low saddle points m2 , p2 in points (8):
4) Wef  WSH is a narrow region of motion
Wmin = Wp (m1 , p1 ) = −4(1 +

1
ρ5 )(b

+ c).

with energy of high separatrix that coincides with
a2 (ρ5 − 1)2
1
+ (1 + 5 )(b − c)}; (16) energy of higher saddle point m3 = πj, p3 = πn at
5
5
2c(ρ + 1)ρ
ρ
j + n = 2i + 1 (10):
The low separatrix separates a ﬁnite and inﬁnite motion (rotation) of the molecules in the chain or 2D
1
1
WSH = 4{−(1 − 5 )2a + (1 + 5 )[b + c]}. (17)
array. All thermodynamic characteristics have a peρ
ρ
culiarity because of high density of states [1] and the
order-disorder phase transition at this energy.
The high separatrix separates a ﬁnite and inﬁnite mo3) The phase II (WSL < Wef < WSH ) is a region
tion (rotation) over p coordinate. All thermodynamic
of ﬁnite variation of p and inﬁnite variation of m becharacteristics have a peculiarity at this energy.
tween the lower separatrix WSL and higher separatrix
5) The phase III (WSH < Wef < WT ) is a region
WSH . A low-energy excitations along p  π/2 + πj
(’valleys’ on the potential) exist for the chain or of inﬁnite variation of p and m coordinates but some
2D array. Excitations along ’valleys’ do not destroy regions (islands) of angles near the peaks of the efstrong correlation between rotating molecules so that fective potential WT are forbidden. At these energies
p  π/2 + πj along j-th ’valleys’. The molecular mo- the transitions between ’valleys’ are possible when
tion is limited in the angle space by the higher sep- the system passes above the high separatrix.
6) Wef  WT is narrow region of motion with
aratrix curves. Structural data for this phase show
mean energy near the tops m3 = πj, p3 = πn at
rotational disorder (melting).
WSL = 4{−
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j + n = 2i of the eﬀective potential (10):
WT = 4{(1 −

1
1
)2a + (1 + 5 )[b + c]}.
ρ5
ρ

are shown in bottom panel in Fig. 2. We can see that
the bottom part of the eﬀective potential changes
(18) only quantitatively.

At this energy all thermodynamic characteristics usually have a peculiarity because of high density of
states. The system undergoes the phase transition
into completely disordered phase.
7) The phase IV (WT ≤ Wef ) corresponds to completely disordered phase.
All these stationary points and corresponding energy intervals give qualitatively the same behaviour
for the chain and 2D array of the adsorbed molecules.
In the chain case (ρ → ∞), the ﬁne structures of the
valleys, top and saddle points as well as corresponding molecules’ orderings are shown in ﬁgures in [12].

1
2
3
4
10

10
4
3
2
1

5. THE TOPOLOGY RECONSTRUCTION
Signiﬁcant changes in the topology appear due to the
extreme points connected with solutions p4 , m4 (12)
of the forth simple system (11). These solutions exist
at ρbs ≤ ρ ≤ ρbg (13) and give two kinds of the new
saddle points with energy
WN = Wp (p4 ; m4 )

(19)
a2 (ρ5 − 1)2
1
+ (1 + 5 )[−b + c]}.
5
5
2b(ρ + 1)ρ
ρ
Fig. 2. Potential relief Wp (14) cross-sections at
When parameter ρ decreases, these solutions arise diﬀerent values of5 lattice anisotropy parameter ρ
at ρ = ρbg and the new saddle points coincide with (the same values ρ as in Fig. 1 are denoted at right
edge of each panel). Top panel shows cross-section
the old saddle points (17)
along top and high saddle points of the potential.
Bottom panel shows cross-section along bottom of
−6ab + 2ac
.
WN = WSH = 4
the valley
a + 2b
= 4{−

As ρ decreases, pairs of new saddle points split
around a position (m = −πj, p = π) (m = π, p = π),
(m = 0, p = π). The old saddle points turn out into
peaks meanwhile the old peaks keep their positions
and role. At ρ = ρbs either positions or energies
of the new saddle points coincide with the old top
points values. Further system evolution goes with
the old peaks and saddle points that keep their positions but change their functions. In the limit case
ρ = 1 the old and the new local peaks have equal
height WN p = WT . The new saddle points come
to the middle position between the old and the new
peaks.
To describe these changes of the system graphically, we ﬁnd the eﬀective potential cross-sections
along the lines of the peaks and higher saddle points
p = 0; π. One of them is shown in top panel in Fig. 2.
The ﬁrst equation in the second simple system (8)
is also the equation of the valley bottom. So one can
exclude the variable p. The cross-sections along the
valley bottom of the eﬀective potential (14)

6. CONCLUSIONS

We considered the molecular adsorbed layer of linear
molecules with quadrupolar interaction. The molecules have only one rotational degree of freedom in
the plane of adsorbing surface. In this model, the
alternative ordering of the molecules along and perpendicular to the axes of the rectangular unit cell is
most stable. This structure has two physically diﬀerent sites per unit cell (two diﬀerent molecules’ orientation) and doubled lattice constants. The theoretically found equilibrium state coincides with experimentally observed structures. Equations of motion
are derived in long-wave limit. Their motion integral
has been obtained. The topological analysis of the
system gives the following results.
In the bottom the topology of the eﬀective potential completely coincides with the case of the molecular chain. The diﬀerence between 1D and 2D molecular structures consists in the dependence on the ratio
of the lattice constants in 2D case. The square molec(20) ular lattice has the most stable equilibrium structure
Wp (m) =
(wide interval of the phase I in bottom at Fig. 2). As
a2 (ρ5 − 1)2
1
2
= 4{−
cos m + (1 + 5 )[b cos 2m − c]} the ratio of the lattice constants is growing the spec2c(ρ5 + 1)ρ5
ρ
trum is softening and the chain limit comes quickly.
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The top part of the eﬀective potential consider- 6. W. Beim. Schwingungen kubischer Kristalle aus
ably changes its topology at ρ5 = 4, as ratio of the
hochsymmetrischen Molekulen // Ibid. 1963,
lattice constants goes to 1 starting from the chain
v. 3, N 10, p. 1927-1934.
case (ρ  1). The square molecular lattice has i)
the most drastic changes of the topology, ii) the most 7. S. Takeno, M. Peyrard. Nonlinear modes in coupled rotator models // Physica D. 1996, v. 92,
wide energy interval of the phase II and the most narp. 140-163.
row interval of the phase III (see top panel in Fig. 2).
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