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The cluster expansion of the Bernoulli random field percolation probability of the cubic lattice has been built. On its

basis, it has been obtained the upper guaranteed estimate of the percolation threshold and corresponding accuracy

estimates are proposed when some approximations are built.

PACS: 02.50.Cw

1. INTRODUCTION

We consider the set Z3 consisting of elements which
are named vertexes. Let ϕ be the binary symmetric
relation defined on this set. It is named the adjacency
and it is such that for each vertex x = 〈n1, n2, n3〉, all
vertexes y ∈ {x±ek; k = 1, 2, 3} where e1 = 〈1, 0, 0〉,
e2 = 〈0, 1, 0〉, e3 = 〈0, 0, 1〉 are adjacent to x. Such
adjacent relation transforms Z3 to the infinite peri-
odic graph [1] which is named the cubic lattice and,
further, we denote it by the same symbol Z3.

Let {c̃(x);x ∈ Z3} be the random uniform
Bernoulli field with values {0, 1} on the graph Z3.
It is completely defined by the probability c =
Pr{c̃(x) = 1} named the concentration. For each
random realization c̃(x), x ∈ Z3, there exists the set
W̃ = {x : c̃(x) = 1} one-to-one compared to it. It
is named the configuration W̃ . The probability dis-
tribution of random configurations W̃ is completely
defined by the random field {c̃(x);x ∈ Z3}.

The sequence γ = 〈x0,x1, ...,xn〉 consisting of
vertexes belonging to the configuration W̃ and such
that xi−1ϕxi, i = 1 ÷ n and xj �= xk at j �= k is
named the nonintersecting path γ on the W̃ having
the length n. Paths define the equivalence relation
on W̃ which is named the connection.

If there is the infinite nonintersecting path γ(x)
on W̃ having infinite length and the initial vertex x
then one may say that there exists the percolation
on W̃ from the vertex x. If the percolation prob-
ability P (c,x) = Pr{∃(γ(x) ⊂ W̃ )} > 0 then one
may say that the Bernoulli random field has the per-
colation from the vertex x at the concentration c.
For the cubic lattice, due to its uniformity, the per-
colation probability does not depend on the vertex
x, P (c,x) ≡ P (c). Therefore, there exists the value
c∗ = inf{c : P (c) > 0} named the percolation thresh-
old.

2. CLUSTER EXPANSION

Since the connection relation is defined on configura-
tions by means of paths settled in them, it decom-
poses each configuration on connected nonintersect-
ing components as each equivalence relation is done.
They are named clusters. If the cluster belonging to
the configuration W̃ contains the vertex x, it is de-
noted by W̃ (x). If the cluster W̃ (x) is infinite, and
only in this case, there exists the percolation on the
corresponding configuration. Let Γ be the class of all
finite clusters containing the vertex 0. Consequently,
the probability Pr{c̃(0) = 1} = c of the event when
the zero vertex is fulled up is summarized of the fol-
lowing probabilities. Firstly, it is all probabilities of
events when the chosen vertex is contained in one of
clusters from the class Γ, and, secondly, it is the prob-
ability of the event when this vertex is contained in
the infinite cluster. Consequently, it is fulfilled the
so-called cluster expansion [2]

c = P (c) +
∑

W∈Γ

P (W ), (1)

here P (W ) = Pr{W ⊂ W̃} is the probability of the
fact that the cluster W is contained in the configura-
tion W̃ . The cluster expansion is converged at each
concentration c according to its building. Therefore,
it may be the source of approximations of the perco-
lation threshold in that case when one may find some
upper estimates of remainders corresponding to ini-
tial terms of series (1). In such a case one may ob-
tain the upper estimate of the percolation threshold
c∗. Besides, generally speaking, more accurate upper
estimates of the percolation threshold are obtained
by more accurate estimates of series remainders.
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Upper estimates of the series (1) are built on the
basis of the concept of external border ∂+W [1] of
each finite cluster W . The border ∂W of the finite
cluster W is the set {x �∈ W : ∃(yϕx : y ∈ W )}. The
external border ∂+W of the finite cluster W is the set
{x �∈ W : ∃(γ(x) ⊂ Z3 : γ(x)∩(∂W ∪W \{x}) = ∅)}.

It is fulfilled the elementary estimate

P (W ) < (1 − c)|∂+W | . (2)

Obtaining of upper estimates of series (1) remainders
is based on the using of this inequality. However, in
the connection with the inequality (2), it is plausible
to do them by the following way: to introduce the
class Δ of all sets such that each of them may be ex-
ternal border of anything finite cluster containing the
vertex 0. In this case, the upper estimate of the sum
of probabilities P (W ) on all clusters W correspond-
ing to the same external border S ∈ Δ takes place.
This estimate is analogous to (2),

P [S] ≡
∑

W∈Δ : ∂+W=S

P (W ) < (1 − c)|S| . (3)

Then the upper estimate takes place

∑

S∈Δ: |S|≥n

P [S] <

∞∑

l=n

(1 − c)lNl, (4)

where Nl is the number of sets belonging to the class
Δ and having the “area” |S| being less than l.

Estimation of the series convergence interval and,
therefore, obtaining of the upper estimate of percola-
tion threshold are reduced to calculation of remainder
estimates of the last series in (4).

3. UPPER ESTIMATE OF NUMBER Nl

Thus, the important source of upper estimates of se-
ries remainders are produced by possibly more accu-
rate upper estimates of main term of the asymptotic
ln Nl when l → ∞. In problems of discrete percola-
tion theory on plane lattices, the upper estimates ob-
taining of the number Nl is based on the Kesten the-
orem which consists of the assertion: for each plane
lattice, the class Δ consists of simple closed contours
on the conjugate lattice which surround the vertex
0. Therefore, we obtain the reduction of the problem
under consideration to the estimation of the num-
ber of all pointed out contours having the length l.
We have proved geometrical theorem analogous to
Kesten’s one when the lattice is cubic.

Theorem 1. For cubic lattice, the class Δ con-
sists of all sets on it such that they are connected on
the conjugate lattice and may be imbedded by home-
omorphic way without edge intersection on closed ori-
ented surface in R3. Each set of the class Δ decom-
poses the surface on foursided faces when this imbed-
ding is done.

The proved theorem permits to construct the enu-
meration algorithm of the class Δ and, therefore, to
find upper estimates of the number Nl. Ii is proved
the following assertion.

Theorem 2. For cubic lattice Z3, it takes place
the inequality

Nl <
l − 2

4
5l−1 . (5)

4. UPPER ESTIMATE OF PERCOLATION
THRESHOLD

Upper estimates of percolation threshold are obtained
on the basis of lower estimates of those concentrations
Pr{c̃(0) = 1} = c for which the series

∑

l

(1−c)lNl [3]

is converged. In a result, as a consequence from the
inequality (5), we have gone to the following asser-
tion.

Theorem 3. The percolation threshold of uni-
form Bernoulli field on cubic lattice satisfies the in-
equality c∗ < 0, 8.

At last, the estimate (5) gives the possibility to
find the accuracy of approximation of the percolation
probability. In particular, in the case of restriction by
one series term P (W ) = c(1 − c)6 corresponding to
the cluster {0}, we obtain that the accuracy of such
a probability approximation is given by the estimate

c(1 − (1 − c)6) − P (c) ≤
∞∑

l=10, l– even

(1 − c)lNl ≤

≤ 1
20

∞∑

l=10, l– even

(l − 2)[5(1 − c)]l,

when c > 0, 8.

5. CONCLUSIONS

We have found the guaranteed estimates of perco-
lation threshold in the cite percolation problem on
three-dimensional lattice. Up to now rigorous math-
ematical results in discrete percolation theory con-
nected with concrete evaluation or accurate estima-
tion percolation characteristics are known only for
two-dimensional lattices.
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