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We study a superfluid Bose system with single-particle and pair condensates using a nonperturbative approach. The
self-consistency equations for two order parameters are obtained from the principle of maximum entropy. They are
analyzed numerically at zero temperature for dilute (gases of alkali-metal atoms) and dense (superfluid 4 He) systems.
It is shown that the pair condensate fraction is negligible for dilute systems and becomes dominant for dense systems.
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1. INTRODUCTION

We shall construct the quasiparticle description
of a Bose superﬂuid. Therefore, the statistical operaIn the present paper, we study a superﬂuid Bose systor should be approximated by the general quadratic
tem with single-particle and pair condensates withform of creation and annihilation operators as well as
out any restriction on intensity of interparticle interlinear terms in them [1, 2]:
action. To this end, we employ the formalism [1, 2]
developed by us earlier to describe a Bose superﬂuid.
ρ = exp(Ω − F ),
From the principle of maximum entropy, we present
1
F = a† Aa + (aBa + a† B ∗ a† ) + a† C + C ∗ a, (1)
a brief derivation of the coupled equations describing
2
the system at ﬁnite temperature. Their numerical
where we have omitted the repeated summation inanalysis at zero temperature shows that for dilute sysdices bearing in mind that, e.g., a† Aa ≡ a†p App ap or
tems (gases of alkali-metal atoms), the pair conden†
†
sate fraction is negligibly small in comparison with a C ≡ ap Cp . Thermodynamic potential Ω is found
single-particle condensate fraction. Such systems, as from the normalization condition Sp ρ = 1. The
expected, are well described by the Gross-Pitaevskii choice of ρ is based on the fact that it satisﬁes the
equation [3, 4]. The role of pair condensate becomes principle of spatial correlation weakening and Wick’s
determinative for dense systems. In particular, it is rule applies to it [1, 2, 8]. This statistical operator
found that the single-particle condensate fraction in can be used to describe the many-body system of ina superﬂuid 4 He is less than 10%. This result is in teracting particles in the language of free particles
a good agreement with experiments [5–7] on inelastic (or quasiparticles). The coeﬃcients in the quadratic
form (1) are chosen to satisfy the principle of maxineutron scattering in superﬂuid 4 He.
mum entropy.
2. BASIC EQUATIONS
It is more convenient to characterize the state by
the
condensate amplitudes bp , b∗p and by the followThe state of a superﬂuid Bose system is assumed
to be speciﬁed not only by the condensate ampli- ing correlation functions:

tudes bp = Spρap , b∗p = Spρa†p , but also by normal
fpp = Spρa†p ap and anomalous gpp = Spρap ap ,
†
= Spρa†p a†p single-particle density matrices,
gpp

where a†p and ap are the creation and annihilation
operators of spinless particles which meet the Bose
commutation relations. The condensate amplitudes
describe a single-particle condensate, while anomalous averages characterize pair correlations between
bosonic atoms and describe a pair condensation (similar to a condensation of Cooper pairs).
∗ Corresponding
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c
∗
fpp
 = fpp − bp bp ,
c
gpp
 = gpp − bp bp ,

c∗
∗
∗ ∗
gpp
 = gpp − bp bp .

(2)

A compact formulation of the theory is attained in
terms of a two-row correlation matrix fˆc containing
both normal and anomalous correlation functions and
a vector ψ̂, whose components are the condensate amplitudes [1, 2]:
 c

 
f
−g c
b
fˆc =
,
ψ̂
=
.
(3)
b∗
g c† −1 − f˜c
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The state of thermodynamic equilibrium is deter- Equations (11)–(13) completely describe a homogemined by the maximum of entropy S = −Sp ρ ln ρ neous state of a Bose superﬂuid with single-particle
at ﬁxed values of the total energy and total particle and pair condensates for a given energy E(fˆc , ψ̂).
number. The solution of this variational problem is
given by the following self-consistency equations [1,2]:
3. ENERGY FUNCTIONAL AND
(4)
fˆc = [exp β(ε̂ − μ̂) − 1]−1 ,
SELF-CONSISTENCY EQUATIONS
η̂ − μψ̂ = 0,
where

ε
ε̂ =
−Δ∗
and
εpp =


Δ
,
−ε̃

μ̂ =

∂E(fˆc , ψ̂)
,
∂fpc  p


μ
0

(5)


0
,
−μ

Δpp = 2

The subsequent analysis of the system can be done
if we specify the energy functional E(fˆc , ψ̂). It can
 
be constructed from the condensate energy functional
η
η̂ =
,
E(ψ̂) ≡ E(bp , b∗p ) = E(0, ψ̂) according to the followη∗
(6) ing formula [1, 2]:

∂E(fˆc , ψ̂)
,
∂gpc∗ p

∂E(fˆc , ψ̂)
.
ηp =
∂b∗p

E(fˆc , ψ̂) = Sp ρH(a†p , ap ) = RE(ψ̂)
with
R = exp

The quantities β = 1/T and μ entering Eqs. (4), (5)
are the reciprocal temperature and chemical potential, respectively. The matrix equation (4) has a form
of the Bose distribution function if ε̂ is interpreted as
the operator of quasiparticle energy. Equation (5) has
a structure of the well-known Gross-Pitaevskii equation [3, 4] without external potential. However, the
principle diﬀerence between these equations is that
the energy of the system E(fˆc , ψ) depends not only
on the condensate amplitudes but also on normal and
anomalous correlation functions. The system of coupled Eqs. (4), (5) describe an inhomogeneous state of
a Bose superﬂuid with single-particle and pair condensates if the energy functional is known.
For a homogeneous system, Eqs. (4), (5) are signiﬁcantly simpliﬁed. In this case the correlation functions and condensate amplitudes are given by:
c
c
fpp
 = fp δp,p ,



(7)

∂ c ∂
1 ∂ c∗ ∂
1 ∂ c∂
f
g
+
+
g
∂b ∂b∗
2 ∂b ∂b 2 ∂b∗
∂b∗

(14)

,

(15)
where H(a†p , ap ) is a microscopic Hamiltonian. We
have omitted the repeated summation indices, like in
Eq. (1). We choose the condensate energy functional
in the form of a binary interaction Hamiltonian,
E(ψ̂) =
+

1
2V


p1 ...p4

 p2
b∗p bp +
2m
p

(16)

ν(p1 − p3 )b∗p1 b∗p2 bp3 bp4 δp1 +p2 ,p3 +p4 ,

where V is the volume of the system. Therefore, from
Eqs. (14)-(16), we can obtain the explicit expression
for E(fˆc , ψ̂) [9]. For the latter Eq. (13) becomes:
b0 [n0 ν(0) − μ] +

c
c
gpp
 = gp δp,−p ,

bp = b0 δp,0 ,
(8)
c
. Therefore, according
where fpc = fpc∗ and gpc = g−p
to Eqs. (7), one ﬁnds

+

b0  c
f [ν(0) + ν(p)]+
V p p
b∗0  c
g ν(p) = 0,
V p p

(17)

where we have employed Eqs. (8) and introduced the
(9) density of a single-particle condensate n0 = b∗ b0 /V .
0
Next,
Eqs.
(10)
allow
one
to
ﬁnd
ε
and
Δ
through
p
p
where
c
.
the correlation functions fpc = fpc∗ and gpc = g−p
∂E(fˆc , ψ̂)
∂E(fˆc , ψ̂)
εp =
,
Δ
=
.
(10)
p
The
subsequent
substitution
of
equilibrium
correla∂fpc
∂gpc∗
tion functions (11) into these quantities gives equaThe correlation functions fpc and gpc are found to tions for ξp = εp − μ and Δp . We should also elimibe [1, 2, 9]:
nate the correlation functions in Eq. (17). After some
algebraic manipulations, we come to the following
ξp
1
βEp
fpc = − +
,
coth
system of coupled equations [9, 10]:
2 2Ep
2
Δp
βEp
p2
,
(11)
gpc = −
coth
− μ + n0 [ν(0) + ν(p)] −
=
ξ
p
2Ep
2
2m


ξp
βEp
1 

where

[ν(0) + ν(p − p)] 1 −
coth
−
,
2V 
Ep
2
ξp = εp − μ, Ep = ξp2 − |Δp |2
(12)
εpp = εp δp,p ,

Δpp = Δp δp,−p ,

p

and εp , Δp are given by Eqs. (10). The condensate
amplitudes b0 satisfy the following equation:
∂E(fˆc , ψ̂)
− μb0 = 0.
∂b∗0

(13)

Δp =

1
1 
Δp
βEp
ν(p)b20 −
,
ν(p + p )
coth

V
2V 
Ep
2
p


b∗
b0 2n0 ν(0) − ξ0 − 0 Δ0 = 0.
(18)
b0
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The obtained equations have three types of solutions.
The ﬁrst, with zero values of n0 and Δp , describes the
normal state in which both condensates are absent.
The second type of solution, with n0 = 0 and Δp = 0,
breaks U (1) symmetry and describes the state with a
pair condensate only (this condensate is similar to a
condensation of Cooper pairs in a Fermi superﬂuid).
Finally, the solution with n0 = 0 and Δp = 0 also
characterizes the state with broken U (1) symmetry.
However, in this state both single-particle and pair
condensates exist. Note that the derived equations
have no solution of the type Δp = 0, n0 = 0.
It is easy to see that the total particle number is
given by:

c
(fpc + b∗p bp ), fpp
≡ fpc .
(19)
N (fˆc , ψ̂) =
p

Using Eqs. (11), we can ﬁnd the total particle density:
(20)
n = n0 + npair + nquas ,
where



1  ξp
βEp
,
npair =
− 1 coth
2V p Ep
2


1 
βEp
nquas =
−1 .
coth
2V p
2

(21)
(22)

The ﬁrst term in Eq. (20) is the particle density in a
single-particle condensate, the second one is the pair
condensate density, and the last term represents the
contribution of quasiparticles. The obtained expression for the total particle density should be used to
eliminate the chemical potential in Eqs. (18).
4. ZERO TEMPERATURE AND
CONTACT INTERACTION
Here we study the system at zero temperature and
with contact interaction between atoms, ν(p) = ν =
const. In this case Eqs. (18) are signiﬁcantly simpliﬁed because the quasiparticle density turns to zero
and Δp does not depend on momentum, Δp ≡ Δ.
Moreover, the structure of equations allows us to consider b0 and Δ as real and positive quantities. In view
of the aforesaid, we ﬁnd the following system of coupled equations:


ν  ξp
− 1 − μ + Δ = 0,
(23)
V p Ep


ν  1
Δ 1+
(24)
− νn0 = 0,
2V p Ep
where
ξp = p2 /2m + α,

α = 2νn0 − Δ.

As we see, it exhibits a gap which is given by the
following expression:
δ=



α2 − Δ2 = 4νn0 (νn0 − Δ).

(27)

The total particle density at T = 0, according to
Eqs. (20)-(22), becomes
n = n0 + npair = n0 +



1  ξp
−1 .
2V p Ep

(28)

The comparison of Eq. (28) with Eq. (23) yields the
expression for the chemical potential:
μ = Δ − 2ν(n0 − n).

(29)

Now we return to the coupled Eqs. (23,24). First, let
us eliminate the chemical potential in Eq. (23) using
Eq. (29). Then we replace the summation by integration over the variable x = p2 /2m in both equations.
The integral that appears in Eq. (24) diverges at the
upper limit. The physical reason of this divergence
is that we have taken a delta-like contact potential
with zero radius of interparticle interaction. In order to remove the divergence, we introduce a typical length scale r0 for the range of interaction. In
subsequent numerical computations, we will assume
that r0 coincides with the value of a repulsive core
of the interaction potential which is typically equal
to a few angstroms. When integrating over the variable x, having the dimension of energy, we will cut
oﬀ the divergence by x0 = (h̄k0 )2 /2m = h̄2 /2mr02 .
In addition, it is convenient for numerical analysis
to introduce the following dimensionless quantities:
x̃ = x/x0 , Δ̃ = Δ/x0 , α̃ = α/x0 , ñ0 = n0 r03 , ñ = nr03
and to consider α̃ = 4gñ0 − Δ̃ as the sought quantity,
instead of ñ0 . Consequently, Eqs. (23,24) in dimensionless form are written as
ñ = α̃ + Δ̃/4g+
⎛
⎞
 ∞ √
1
x̃
+
α̃
+ 2
dx̃ x̃ ⎝ 
− 1⎠ ,
8π 0
2
2
(x̃ + α̃) − Δ̃
⎛
⎞
√
 1
Δ̃ ⎝
x̃
g
⎠ = 1,
dx̃ 
1+ 2
α̃
2π 0
(x̃ + α̃)2 − Δ̃2

(30)

(31)

√
where g = (νm 2x0 m/h̄3 ) = (νm/h̄2 r0 ) is a dimensionless coupling constant and ν is related to swave scattering length a by the well-known expression ν = 4πh̄2 a/m. We see that the dimensionless
coupling constant is determined by the ratio of the
scattering length to radius of interaction potential:
g = 4πa/r0 .

(32)

(25)

Equation (30) reﬂects the fact that the total particle
The spectrum of single-particle excitations has the density is the sum of the particle densities in singleform:

particle and pair condensates (the ﬁrst and second
2
(26) terms, respectively).
Ep = (p2 /2m + α) − Δ2 .
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Fig. 1. Pair condensate fraction ñpair /ñ as a function of the coupling constant g for various values of
the total particle density ñ

Fig. 3. Pair condensate fraction ñpair /ñ as a
function of the coupling constant g at the density of
liquid 4 He, ñ = 0.36

Fig. 2. Energy gap δ̃ in the single-particle excitation spectrum as a function of the coupling constant
g for various values of the total particle density ñ

Fig. 4. Energy gap δ̃ in the single-particle excitation spectrum as a function of the coupling constant
g at the density of liquid 4 He, ñ = 0.36

5. NUMERICAL ANALYSIS
A. Dilute gases with a condensate. BoseEinstein condensation in dilute atomic gases was ﬁrst
realized in 1995 [11–13]. The particle density in condensed atomic cloud is n ∼ 1013 ... 1015 cm−3 . Then
the corresponding dimensionless density ñ, which enters Eq. (30), is of the order 10−11 ... 10−9 , where we
have taken r0 ≈ 3Å. The atomic interaction in such
dilute systems is usually modeled by the contact interaction potential expressed through the scattering
length a. For 87 Rb and 23 Na, the scattering lengths
are 90 a0 and 19.1 a0, respectively, where a0 ≈ 0.53 Å
is the Bohr radius [14]. From Eq. (32), we can
ﬁnd the values of dimensionless coupling constant:
g ≈ 200 for 87 Rb and g ≈ 42 for 23 Na. The numerical analysis of Eqs. (30), (31) is presented in Figs. 1
and 2. Figure 1 shows the dependencies of the pair
condensate fraction ñpair /ñ on the coupling constant
g for the indicated above values of the total particle
density. From this ﬁgure we can conclude that the
pair condensate fraction is several orders less than the
single-particle condensate fraction. Therefore, the
dilute systems are described by the Gross-Pitaevskii
equation with a high level of accuracy [3,4,14]. Moreover, in the limit g → 0, the pair condensate fraction
tends also to zero and, thereby, n0 → n. Figure 2

demonstrates the dimensionless energy gap δ̃ = δ/x0
as a function of the coupling constant g for various
values of the total density. We see that at small densities, the gap remains small even for large values of
the coupling constant. Its value tends to zero as the
coupling constant tends to zero. In the limit g → 0
we obtain the gapless Bogolyubov spectrum [15].
B. Superfluid 4 He. A superﬂuid 4 He represents a
dense system in which Bose-Einstein condensation is
also manifested. However, the experiments on inelastic neutron scattering [5–7] predict the single-particle
condensate density to be less than 10%. Here we analyze the derived self-consistency equations at helium
density, n ≈ 2.18 · 1022 cm−3 . The interaction potential of helium has a strong shortrange repulsion
whose radius is r0 ≈ 2.55 Å, followed by a weak intermediate range attraction. Therefore, the dimensionless density entering Eq. (30) is ñ ≈ 0.36. The
scattering length a for 4 He atoms varies from 46.1 Å
to 100 Å depending on the used interaction potential [16]. Thus, according to Eq. (32), the dimensionless coupling constant g lies in the interval from 227
to 492.
Figure 3 shows the behavior of the pair condensate fraction depending on the coupling constant at
helium density. It signiﬁcantly exceeds the singleparticle condensate fraction. For the indicated above
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values of the coupling constant, the pair condenin liquid 4 He under pressure // Phys. Rev. 2011,
sate fraction is about 90... 95%. This means that
v. B83, 100507(R).
the single-particle condensate fraction is just about
5... 10%. This fact agrees with the condensate fraction 8. A.I. Akhiezer, S.V. Peletminskii. Methods of
Statistical Physics. Oxford: “Pergamon Press”,
in a superﬂuid 4 He measured in experiments [5–7].
1981, 450 p.
Figure 4 presents the dependence of the dimensionless energy gap δ̃ = δ/x0 in the single-particle 9. A.S. Peletminskii, S.V. Peletminskii. Quasiparexcitation spectrum on g at helium density. For exticle theory of superﬂuid Bose systems with
ample, at g = 227 we have δ̃ ≈ 13.45 or in the temsingle-particle and pair condensates // Low.
perature units δ ≈ 12.5 K. Note that it is somewhat
Temp. Phys. 2010, v. 36, p. 693-699.
greater than the value of the roton gap Δrot ≈ 8.65 K
and less than the maxon energy Δmax ≈ 14 K.
10. Yu.M. Poluektov. Self-consistent ﬁeld model for
spatially inhomogeneous Bose systems // Low.
Temp. Phys. 2002, v. 28, p. 429-441.
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