A WAY TO INCORPORATION OF THERMODYNAMICS
INTO QUANTUM THEORY
O.N. Golubjeva 1 and A.D. Sukhanov 1,2∗
1

Peoples’ Friendship University of Russia, Moscow, Russia
2

Joint Institute for Nuclear Research, Dubna, Russia
(Received December 5, 2011)

We suggest an approach allowing restrict a gap between macro- and micro descriptions of nature (i.e. between
statistical thermodynamics and quantum mechanics) on the basis of a new heat bath model in the form of cold
and heat vacua. Despite of standard quantum mechanics we start from microtheory in the form of , k-dynamics
suggested by us earlier. Its concept, in general case, founds on use of complex wave function which amplitude and
phase are depended on temperature.
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1. STATEMENT OF THE PROBLEM
At present, the interrelations between the macroand microdescriptions of the nature attract special
attention. Methods of equilibrium thermodynamics
turn out to be very eﬀective in the description of
nano-objects. At the same time, methods of quantum mechanics are used more and more frequently
to analyze macroscopic phenomena. Thus, the gap
between the macro- and microtheories existing in the
19 and 20 centuries narrows continuously.
In this connection, a number of researchers formulated the problem of possible coordination between
these theories by incorporating thermodynamics into
quantum theory [1]. This idea suggests adapting
the apparatus of quantum theory to the description
of thermal phenomena, thus generating an illusion
about the complete reduction of the macrodescription to the microdescription.
In our opinion, the idea of incorporating thermodynamics into quantum theory by combining statistical thermodynamics with quantum statistical mechanics is not very promising. The reason for this is
that the types of statistical ensembles used in them
(the Gibbs ensemble and the Boltzmann assembly,
respectively) do not coincide.
We assume that it is much better to synthesize
two other theories, namely, statistical thermodynamics without considering quantum eﬀects and quantum
mechanics without considering thermal eﬀects. We
are guided by the important fact that the same type
of statistical collective (the Gibbs ensemble) is used
in them. In the framework of the (, k)-dynamics,
proposed by us [2], we managed to construct a more
or less holistic description of equilibrium quantumthermal phenomena, including macroparameter ﬂuctuations. Thus, we propose to modify both theories
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by moving in opposite directions.
To do this, the c-number apparatus of statistical thermodynamics, which makes it possible to
take equilibrium thermal macroparameter ﬂuctuations into account, must be incorporated into quantum mechanics with its operator formalism. Introducing the vacuum wave function at nonzero temperatures, we adapt quantum mechanics to the description of thermal eﬀects.
From the other hand, the conceptual apparatus of
statistical thermodynamics must be extended using
c-number random quantities as previously. Matching
the operator formalism with eﬀective macroparameters [3], we adapt statistical thermodynamics to the
description of quantum eﬀects.
2. MODIFICATION OF QUANTUM
MECHANICS FOR THE INCLUSION OF
THERMAL EFFECTS
In this paper, we refuse completely the density
matrix and have a deal with a complex wave function
depending on temperature. We renounce also an attempt to introduce the notion of temperature for isolated system and consider only a system in the heat
bath because there are no isolated system in nature.
We generalize the classical model of heat bath to the
quantum one and interpret it as quantum-thermal
vacuum.
Generalizing the apparatus of quantum mechanics
to take thermal eﬀects into account, we assume that
the zeroth law, i.e., the fundamental condition for
the equilibrium of the object with the thermal-type
stochastic environment, is initial in thermodynamics.
Therefore, it would be natural to start with the determination of the quantum state that is adequate for
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the equilibrium if the stochastic thermal action at the on the state |ψα . In the coordinate representation,
minimal value of eﬀective (but not Kelvin) tempera- relation (7) takes the form of the diﬀerential equation
ture is additionally taken into account.
for the unknown function ψα (q):
To do this, we turn to the universal geometric
 d
ψα − (iγeiα )q · ψα = 0.
(8)
properties of the Hilbert state space, in which the
i dq
Cauchy-Bunyakovsky-Schwarz inequality (CBSI) for
Solving it and using the normalization condition,
vectors
in the general case, we obtain the complex function

−1/4
|δp = δ p̂|ψ and |δq = δ q̂|ψ
(1)
2 1
ψα (q) = 2π(Δq0 )
(9)
cos α
holds. Here,


q2
× exp −
eiα , cos α = 0
δ p̂ ≡ p̂ − ψ|p̂|ψ;
δ q̂ ≡ q̂ − ψ|q̂|ψ
(2)
4(Δq0 )2
are the operators of momentum and coordinate ﬂuc- as the universal wave function ψα (q); here,
tuations.

,
(Δq0 )2 =
The CBSI for these vectors has the form of
2γ
the most general Schrödinger uncertainties relation
(10)
(SUR) [4]:
γ
and respectively
(Δp0 )2 =
.


2


(3)
Δp · Δq  ψ|δ p̂ · δ q̂|ψ ,
The physical meaning of the function ψα (q) can be
clariﬁed
if we take into account that, for α = 0,
where
Eq. (8) for the function ψ0 is equivalent to the equa(Δp)2 ≡ ψ|(δ p̂)2 |ψ; (Δq)2 ≡ ψ|(δ q̂)2 |ψ (4) tion for the state |0, which is assumed to be called
the cold vacuum. Accordingly, for arbitrary α = 0,
are the momentum and coordinate variances in the the state ψα describes an arbitrary vacuum. We
note that the standard way of obtaining this state
state |ψ, and
is related to the application of the Bogoliubov (u, v)
 

ψ|δ p̂ · δ q̂|ψ = δp|δq
(5) transformation.
In the state of the arbitrary vacuum, the equalihas the meaning of the momentum and coordinate ties
ﬂuctuations correlator of the object in the same state
(Δpα )2 = γ 2 (Δqα )2 ;
expressed in terms of the ﬂuctuation operators δ p̂

  iα 
δpα |δqα  = iγe δqα |δqα  = γ(Δqα )2 .
(11)
and δ q̂.
In thermodynamics, the equilibrium state is sta- hold for the average quantities. Substituting forble relative to small stochastic inﬂuence of environ- mulas (11) to SUR (3), we see that the correlated
ment. The correlation between corresponding typical state |ψα  is marked, because the SUR becomes satquantities is a mechanism for preserving this stabil- urated:


ity in this case. In other words, it is necessary that:
(12)
Δpα · Δqα = ψα |p̂ · q̂|ψα .
(a) the correlator (5) was non equal to zero; (b) the
In the cold-vacuum state |ψ0  (for α = 0), satuSUR had the form of equality, i.e. became saturated.
rated SUR (12) transforms into the saturated Heisen(Some heuristic considerations conﬁrming this stateberg uncertainties relation
ments will be stated below.)

 
1
U0
Accordingly to the Schwarz-fon Neumann theo= Δp0 · Δq0 = ψ0 | [p̂, q̂]|ψ0  = ≡ J0 . (13)
ω
2
2
rem the equality in the SUR (3) can be realized if the
vectors |δp and |δq are proportional to each other, Here, J0 is the measure of the purely quantum eni.e.
vironmental action
(for α = 0). Thus, for α = 0,



δ p̂ψ = (iγ · eiα )δ q̂ ψ.
(6) the correlator ψα |p̂ · q̂|ψα  has a minimum possible value. As it was to be expected, the state |ψ0 ,
Here, the real parameters γ > 0 and α  0. To sim- in really, has the sense of equilibrium state with the
plify calculations, we assume that the average mo- cold vacuum for it answers the minimal value of the
ω
mentum and coordinate in this state are zero.
. On this ground, from now
vacuum energy U0 =
2
It is interesting that the equation
on, we concede that saturated SUR (12) answers to
(p̂ − iγeiα q̂)|ψα  = 0,
(7) equilibrium state with arbitrary vacuum |ψα .
It is assumed to regard relation (13) as a fundamental
equality reﬂecting the presence of unavoidable
can be obtained from formula (6); it resembles the
purely
quantum
eﬀects in nature. This fact allows
result of the action of the annihilation operator
suggesting a hypothesis that the functions making it
possible also to take into account thermal eﬀects in
p̂ − iζ q̂
â = √
addition to the quantum ones. They can be found
2ζ
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among the functions ψα (q) providing saturation of
SUR (12) for α = 0.
To conﬁrm it, we pass from ψ0 to the function ψα
of the arbitrary vacuum. Then the correlator in the
right-hand side of saturated SUR (12) can be represented in the form

2


ψα |p̂ · q̂|ψα  =  tg2 α + J2 =  1 ≡ Jα ,
0
4
2 cos α
(14)
where the term in the radicand, which is additional
if (14) is compared with (13), is related to the phase
of the function ψα .
The expression (14) depends on the quantity Jα ,
which generalizes the measure J0 of purely quantum
eﬀects. Under our assumption it is capable of taking additional thermal eﬀects into account too. To
do this, it is necessary to relate the obtained expressions to the Kelvin temperature, which has no direct
preimage in quantum mechanics.
Of course, we did not infringe on the stability of
the framework of quantum mechanics without thermal eﬀects. We propose the solution only for a borderline area in which quantum and thermal eﬀects
cannot be neglected under equilibrium conditions.

We now compare two formulas (16) and (18) for the
coordinate variance. They coincide if we set
 ω −1
;
(19)
γ = ω; cos α = coth κ
T
 ω −1
.
sin α = ch κ
T
For such a choice of the parameter α = 0, we choose
only functions ψT such that correspond to the equilibrium with the environment at the temperature T :
(20)
ψT (q) = [2π(ΔqT )2 ]−1/4


q2
1
× · exp −
(1 − i
) .
4(ΔqT )2
sh κ Tω
They can be conditionally assumed to be the
functions of the “thermal” vacuum. Accordingly,
the correlator of coordinate and momentum ﬂuctuations (14) becomes


ψT |p̂ · q̂|ψT  ≡ JT =

2
2
.
+
2
4
4 sh κ Tω

(21)

Here, the quantity (sh κ Tω )−1 in JT is directly related
to the phase of the wave function ψT .
We now pay our attention to the fact that the
quantity JT can also be immediately obtained from
3. INTERRELATION WITH KELVIN
the correlator through the variance of coordinate:
TEMPERATURE



δpT |δqT  = ω(ΔqT )2 = JT =  coth κ ω . (22)
2
T
We introduce the concept of thermal equilibrium
with the Kelvin temperature T , which is typical of Here, the dependence on the phase of the wave functhis state. To do this, we start from the experimen- tion ψT is hidden.
tally conﬁrmed Planck expression for the average enTogether with the interrelation between momenergy of the quantum oscillator in a thermostat:
tum variance and coordinate variance
UT ≡ E P l =

 ω

ω
coth κ
, κ=
,
2
T
2kB

(15)

(ΔpT )2 = ω 2 · (ΔqT )2 ,

(23)

both sides of saturated ”momentum–coordinate”
where κ has the meaning of fundamental world con- SUR becomes
stant reﬂecting the simultaneous stochastic action of
(24)
ΔpT · ΔqT = ω(ΔqT )2 = JT .
the quantum and thermal types.
Taking into account that, for the quantum oscil- Thus, they are expressed only in terms of one quanlator in the equilibrium state, the average kinetic and tity, namely, the coordinate variance (Δq )2 ; the
T
potential energies coincide, we obtain the coordinate ways of calculating it can be various.
variance in this state:
To clarify the physical meaning of the quantity JT ,

we
rewrite saturated SUR (12) in the ”thermalω
2 1

coth κ
,
(16) vacuum” state ψT (q) in the form
(ΔqT )2 = 2 · EP l =
ω 2
2ω
T

ω
UT

where we set m = 1 without loss of generality. Simi= ΔpT · ΔqT = JT0 = coth κ
, (25)
ω
2
T0
larly, we have
 ω
ω
coth κ
;
2
T

where we express the Kelvin thermostat temperature
(17) T0 explicitly. We stress that, in this relation, the
left-hand side of the equality is expressed in terms of
the object characteristics and the right-hand side, in
for the momentum variance.
In turn, calculating the coordinate variance in terms of the environmental characteristics.
At high temperatures, the saturated SUR
terms of the arbitrary-vacuum wave function ψα , we
Eq.
(12) transforms into the equality T = T0 having
obtain
the
meaning of the standard zero law (without con 1
.
(18) sidering temperature ﬂuctuations), i.e., the thermal
(Δqα )2 =
2γ cos α
(ΔpT )2 =
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at m = 1

equilibrium condition. This fact allows interpreting
dynamics: (, k) – dynamics // Teoret. Mat. Fiz.
Eq. (12) as a generalized zero law in the case where
2009, v. 160, N 2, p. 369 (in Russian).
the quantum and thermal eﬀects are taken into account simultaneously. This law is valid at any tem3. A.D. Sukhanov, O.N. Golubjeva. Quantum genperature.
eralization of an equilibrium statistical thermodynamics: Eﬀective macroparameters // Teoret.
Mat. Fiz. 2008, v. 154, N 1, p. 185 (in Russian).
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