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Âñòóï. Äëÿ ðîçâ’ÿçàííÿ çàäà÷ ðîçðàõóíêó ñèí-
òåòè÷íèõ ñåéñìîãðàì ó ãîðèçîíòàëüíî-øàðóâàòèõ
ñåðåäîâèùàõ ÷àñòî âèêîðèñòîâóþòü çîáðàæåííÿ
ïåðåì³ùåíü ó ÷àñòîòíîìó ä³àïàçîí³ ó âèãëÿä³ ðîç-
êëàäó çà ãîðèçîíòàëüíèìè õâèëüîâèìè ôóíêö³ÿ-
ìè, ÿêå âêëþ÷àº ³íòåãðàëè çà õâèëüîâèì ÷èñëîì.
Íåâ³äîì³ ôóíêö³¿ â³ä ãëèáèíè (âåðòèêàëüí³
ôóíêö³¿), ùî âõîäÿòü ó ö³ çîáðàæåííÿ, çàäîâîëü-
íÿþòü ñèñòåì³ çâè÷àéíèõ äèôåðåíö³àëüíèõ
ð³âíÿíü 1-ãî ïîðÿäêó ³ âèçíà÷àþòüñÿ íà îñíîâ³
ââåäåíèõ êðàéîâèõ óìîâ [1].

Òðàäèö³éíèì ìåòîäîì ðîçâ’ÿçêó ö³º¿ ñèñòåìè
º ìàòðè÷íèé ìåòîä Òîìñîíà–Õàñêåëà. Çà éîãî äî-
ïîìîãîþ ìîæíà áóäóâàòè ³íòåðôåðåíö³éí³ òî÷í³
ðîçâ’ÿçêè äëÿ ãîðèçîíòàëüíî-øàðóâàòèõ ñåðåäî-
âèù. Ìàòðè÷íèé ìåòîä çàáåçïå÷óº ñòðîãèé ìàòå-
ìàòè÷íèé ðîçâ’ÿçîê çàäà÷ òåîð³¿ ïîøèðåííÿ ñåéñ-
ì³÷íèõ õâèëü ³ ó âèïàäêó êîíöåíòðè÷íèõ ñôåð ³
öèë³íäð³â. Ìîæå áóòè åôåêòèâíî âèêîðèñòàíèé,
êîëè íåîáõ³äíî âðàõîâóâàòè íå³äåàëüíó ïðóæí³ñòü
³ àí³çîòðîïí³ñòü ñåðåäîâèùà, â³ëüíó ìåæó íà-
ï³âïðîñòîðó, âñåðåäèí³ ÷è íà ïîâåðõí³ ÿêîãî ðîç-
òàøîâàí³ äæåðåëà êîëèâàíü. Ó öüîìó ðàç³ ìîæíà
îòðèìàòè øâèäêîä³þ÷³ àëãîðèòìè, º ìîæëèâ³ñòü
ïðîàíàë³çóâàòè îòðèìàí³ ðîçâ’ÿçêè: âèä³ëèòè ³ç
ïîâíîãî õâèëüîâîãî ïîëÿ â³äáèòòÿ ÷è ðîçñ³ÿííÿ
çàäàíèõ êðàòíîñòåé ³ òèï³â [2].

Îäíàê îáëàñòü çàñòîñóâàííÿ ðîçðàõóíêîâî¿
ñõåìè Òîìñîíà–Õàñêåëà âèÿâèëàñÿ ïðèíöèïîâî
îáìåæåíîþ ï³ä ÷àñ áåçïîñåðåäíüî¿ êîìï’þòåðíî¿
ðåàë³çàö³¿, îñê³ëüêè äàº ïîìèëêè äëÿ âèñîêèõ ÷à-
ñòîò â îáëàñò³ êðèòè÷íèõ êóò³â ïîøèðåííÿ õâèëü.

Ó öüîìó âèïàäêó íåîáõ³äíî çíàõîäèòè ñóìè çðî-
ñòàþ÷èõ ³ ñïàäíèõ åêñïîíåíò, ùî ïðèçâîäèòü äî
âòðàòè òî÷íîñò³ [2]. ×åðåç öå âàæëèâèìè äëÿ ðîç-
âèòêó ìàòðè÷íîãî ìåòîäó ñòàëè ï³äõîäè, çà ÿêèõ
³íòåðôåðåíö³éíå õâèëüîâå ïîëå çîáðàæóþòü ÷å-
ðåç õàðàêòåðèñòè÷í³ ìàòðèö³ 5-ãî ³ 6-ãî ïîðÿäê³â
çàì³ñòü õàðàêòåðèñòè÷íèõ ìàòðèöü 4-ãî ïîðÿäêó.
Öå äàëî çìîãó âåñòè ðîçðàõóíêè äëÿ âèñîêèõ ÷à-
ñòîò â îáëàñò³ êðèòè÷íèõ êóò³â ïîøèðåííÿ õâèëü
[3, 6–11].

Ó çâ’ÿçêó ç âèêëàäåíèì ìè óçàãàëüíèëè ðîç-
ðîáëåíó ðàí³øå íàìè ìåòîäèêó ðîçðàõóíêó õâè-
ëüîâîãî ïîëÿ ó âåðòèêàëüíî-íåîäíîð³äíîìó ñå-
ðåäîâèù³ [4, 5] äëÿ âåëèêî¿ òîâùèíè øàð³â ³
âèñîêèõ ÷àñòîò, çîáðàæóþ÷è õâèëüîâå ïîëå ÷åðåç
ìàòðèö³ 6-ãî, à ïîò³ì ³ 5-ãî ïîðÿäêó. Äëÿ öüîãî
ï³äõîäè [7, 11] ðîçâèíóòî äëÿ âèïàäêó äîâ³ëüíî-
ãî äèïîëüíîãî åôåêòèâíî-òî÷êîâîãî äæåðåëà, ÿêå
çíàõîäèòüñÿ ó áóäü-ÿêîìó øàð³ íàï³âïðîñòîðó.
Òîä³ â ï³ä³íòåãðàëüíèõ âèðàçàõ äëÿ òðüîõ êîìïî-
íåíò ïåðåì³ùåíü ³ ÷èñåëüíèê, ³ çíàìåííèê, ÿê³
âèðàæåí³ ÷åðåç ì³íîðè õàðàêòåðèñòè÷íî¿ ìàòðèö³
ñåðåäîâèùà ï³ä äæåðåëîì ³ õàðàêòåðèñòè÷íî¿ ìàò-
ðèö³ âñüîãî ñåðåäîâèùà, ñë³ä çîáðàæóâàòè ÷åðåç
åëåìåíòè â³äïîâ³äíèõ ìàòðèöü 6-ãî (5-ãî) ïî-
ðÿäêó.

Òåîð³ÿ. Ó ñòàòò³ [4] âèâåäåí³ ñï³ââ³äíîøåííÿ
äëÿ õâèëüîâîãî ïîëÿ ó äîâ³ëüí³é òî÷ö³ â³ëüíî¿
ïîâåðõí³ ãîðèçîíòàëüíî-øàðóâàòîãî ñåðåäîâèùà,
çáóäæåíîãî ãëèáèííèì äæåðåëîì. Äëÿ äæåðåëà ÿê
äîâ³ëüíî îð³ºíòîâàíî¿ ñèëè ö³ ñï³ââ³äíîøåííÿ
ìàþòü òàêèé âèãëÿä:
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ßê â³äîìî, îáëàñòü çàñòîñóâàííÿ ðîçðàõóíêîâî¿ ñõåìè Òîìñîíà–Õàñêåëà º ïðèíöèïîâî îáìåæåíîþ ï³ä ÷àñ
áåçïîñåðåäíüî¿ êîìï’þòåðíî¿ ðåàë³çàö³¿, îñê³ëüêè âîíà ïðèçâîäèòü äî ïîìèëîê äëÿ âèñîêèõ ÷àñòîò â îáëàñò³
êðèòè÷íèõ êóò³â ïîøèðåííÿ õâèëü. Ó ñòàòò³ ðîçâèíóòî ï³äõîäè äî óñóíåííÿ ö³º¿ ïðîáëåìè äëÿ âèïàäêó äîâ³ëü-
íîãî äèïîëüíîãî åôåêòèâíî-òî÷êîâîãî äæåðåëà, ÿêå çíàõîäèòüñÿ ó áóäü-ÿêîìó øàð³ ãîðèçîíòàëüíî-øàðóâàòîãî
íàï³âïðîñòîðó. Çàïðîïîíîâàíèé ñïîñ³á ï³äâèùåííÿ òî÷íîñò³ äëÿ ìîäåëþâàííÿ òðèêîìïîíåíòíèõ ñåéñìîãðàì
´ðóíòóºòüñÿ íà ïåðåõîä³ â³ä çîáðàæåííÿ õâèëüîâîãî ïîëÿ ÷åðåç õàðàêòåðèñòè÷í³ ìàòðèö³ 4-ãî ïîðÿäêó äî éîãî
çîáðàæåííÿ ÷åðåç õàðàêòåðèñòè÷í³ ìàòðèö³ âèùèõ ïîðÿäê³â. Ï³ñëÿ çä³éñíåííÿ òàêîãî ïåðåõîäó ñòàëî ìîæëèâèì
îá÷èñëþâàòè õâèëüîâ³ ïîëÿ ÿê ó ðàç³ âåëèêî¿ òîâùèíè øàð³â ñåðåäîâèùà, òàê ³ äëÿ âèùèõ ÷àñòîò õâèëü.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, ñåéñì³÷íå õâèëüîâå ïîëå, ìàòðè÷íèé ìåòîä, ãîðèçîíòàëüíî-øàðó-
âàòå ñåðåäîâèùå, äèïîëüíå äæåðåëî, ñèíòåòè÷íà ñåéñìîãðàìà.
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ïåðåì³ùåííÿ â äàëåê³é çîí³:
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äå L–1 – îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà ôóíêö³é
çì³ííî¿ kη; η – çì³ííà ïåðåòâîðåííÿ Ìåëë³íà,
ÿêà ïîâ’ÿçàíà ç ôàçîâîþ øâèäê³ñòþ ñï³ââ³äíî-
øåííÿì η = σ + jc; k – ãîðèçîíòàëüíå õâèëüîâå
÷èñëî.

Äëÿ äæåðåëà ÿê äîâ³ëüíî îð³ºíòîâàíî¿ ïîä-
â³éíî¿ ïàðè ñèë (åôåêòèâíî-òî÷êîâà çñóâíà äèñ-
ëîêàö³ÿ) ïåðåì³ùåííÿ â äàëåê³é çîí³
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â³äïîâ³äíî [4]. Êð³ì òîãî, ââåäåíî òàê³ ïîçíà÷åí-

íÿ: 
2

21s
psv

η
α = + , 

2

21s
ssv

η
β = + , hs – òîâùèíà s-ãî

øàðó (â ÿêîìó çíàõîäèòüñÿ äæåðåëî), vps, vss, ρs –
â³äïîâ³äíî øâèäêîñò³ ïîøèðåííÿ ïîçäîâæíüî¿ òà
ïîïåðå÷íî¿ õâèëü ³ ãóñòèíà â s-îìó øàð³.

ßê ïîêàçàíî ó ïóáë³êàö³¿ [2], îá÷èñëþâàëüíà
ñõåìà, ùî ´ðóíòóºòüñÿ íà ï³äõîä³ Òîìñîíà–Õàñ-
êåëà, âèêîðèñòàíîãî äëÿ âèâåäåííÿ ôîðìóë (5),
ïðèçâîäèòü äî çíà÷íèõ ïîõèáîê íà âèñîêèõ ÷àñ-
òîòàõ â îáëàñò³ ãðàíè÷íèõ êóò³â ïîøèðåííÿ õâèëü.
²íøèìè ñëîâàìè, â îáëàñò³

( )Re 1ik h α >> , ( ) ( )Re Rei iα >> β        (7)

ðîçãëÿíóòèé ñïîñ³á âèÿâëÿºòüñÿ íåçðó÷íèì äëÿ
÷èñåëüíèõ ðîçðàõóíê³â. Ç îãëÿäó íà íåð³âíîñò³
(7), ö³ îáìåæåííÿ ñòîñóþòüñÿ ôàçîâèõ øâèäêîñ-
òåé, êîëè âîíè º ìåíøèìè çà íàéá³ëüøó
øâèäê³ñòü ïîøèðåííÿ â øàðàõ, à òàêîæ êóò³â ïî-
øèðåííÿ, á³ëüøèõ çà êðèòè÷íèé êóò, ùî â³äïî-
â³äàº íàéá³ëüø³é øâèäêîñò³ ïîøèðåííÿ â øàðàõ.
Öå ïîêàçàíî, çîêðåìà, ó ñòàòò³ [2] – ìàòðèöþ øàðó
Ci ïðåäñòàâëåíî ñóìîþ ( ) 122 e i ik h

i i i i i

− α ′ ′′= ρ α η +C C C
³  åëåìåíòè ìàòðèö³ i′C  ïîð³âíÿíî ç åëåìåíòàìè
ìàòðèö³ .i′′C  Âèÿâèëîñü, ùî â îáëàñò³ (7) åëåìåí-
òè ïåðøîãî äîäàíêó º íàáàãàòî á³ëüøèìè çà àá-
ñîëþòíîþ âåëè÷èíîþ, í³æ åëåìåíòè äðóãîãî.
Îäíàê, ÿêùî çíåõòóâàòè ìàòðèöåþ i′′C , òî ðàíã
ìàòðèö³ D äîð³âíþâàòèìå îäèíèö³, à ¿¿ ì³íîðè
2-ãî ³ 3-ãî ïîðÿäê³â – íóëþ. Îòæå, ùîá âðàõî-
âóâàòè ìàòðèöþ ,i′′C  ïîòð³áíî çá³ëüøóâàòè
òî÷í³ñòü âåäåííÿ ðîçðàõóíê³â ó ì³ðó íàáëèæåííÿ
äî îáëàñò³ (7).

Òàêèì ÷èíîì, òî÷í³ñòü ðîçðàõóíê³â ï³ä ÷àñ
îá÷èñëåííÿ ì³íîðà 2-ãî ïîðÿäêó ìàòðèö³ D, ÿêèé
º çíàìåííèêîì âèðàç³â (5), çà ôîðìóëîþ (6) çíè-
æóºòüñÿ ÷åðåç ïîãàíó îáóìîâëåí³ñòü ö³º¿ ìàòðèö³.

Ñë³ä îêðåìî çàçíà÷èòè, ùî íåïðàâèëüíå îá-
÷èñëåííÿ âèðàç³â (5) ïîâ’ÿçàíå íå ëèøå ç³ çíè-
æåííÿì òî÷íîñò³ ï³ä ÷àñ âèçíà÷åííÿ ¿õ çíàìåííè-
êà ∆, à é ç ÷èñåëüíî íåñò³éêèì â îáëàñò³ (7)
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ñïîñîáîì îá÷èñëåííÿ ÷èñåëüíèêà. Ùîá öå ïîêà-
çàòè, çàïèøåìî õàðàêòåðèñòè÷íó ìàòðèöþ âñüîãî
ñåðåäîâèùà D ó âèãëÿä³ äîáóòêó õàðàêòåðèñòè÷-
íèõ ìàòðèöü ñåðåäîâèùà ï³ä äæåðåëîì ( 1)n
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åëåìåíòè 1

lpd  ìàòðèö³ ( )
1

sD  ³ ÷åðåç åëåìåíòè s
lpd

ìàòðèö³ ( 1)n
s

+D , îòðèìàºìî

13
12

rp p
r

g s
G

D
= , 13

12

rp p
r

g s
G

D
=

%% , 13
12

zp p
z

g s
G

D
= , 13

12

zp p
z

g s
G

D
=

%% , (8)

äå

1 13 1 13 1 13
1 22 12 32 13 42 14

s s s
rg d D d D d D= − − − ,

1 13 1 13 1 13
1 21 12 31 13 41 14

s s s
zg d D d D d D= + + ,

1 13 1 13 1 13
2 12 12 32 23 42 24

s s s
rg d D d D d D= − − ,

1 13 1 13 1 13
2 11 12 31 23 41 24

s s s
zg d D d D d D= − + + ,

1 13 1 13 1 13
3 12 13 22 23 42 34

s s s
rg d D d D d D= + − ,

1 13 1 13 1 13
3 11 13 21 23 41 34

s s s
zg d D d D d D= − − + ,

1 13 1 13 1 13
4 12 14 22 24 32 34

s s s
rg d D d D d D= + + ,

1 13 1 13 1 13
4 11 14 21 24 31 34

s s s
zg d D d D d D= − − − ;

s s
il ips ik

lp s s
kl kp

d d
D

d d
=  – ì³íîðè ìàòðèö³ ( 1)n

s
+D .   (9)

Ó ÷èñåëüíèêè ôóíêö³é (8) âõîäÿòü ì³íîðè
2-ãî ïîðÿäêó ìàòðèö³ ñåðåäîâèùà ï³ä äæåðå-
ëîì (4), íåïðàâèëüíå îá÷èñëåííÿ ÿêèõ â îáëàñò³
(7) ïîâ’ÿçàíå ç ïîãàíîþ îáóìîâëåí³ñòþ ö³º¿ ìàò-
ðèö³. Ï³ä ÷àñ îá÷èñëåííÿ âèçíà÷íèê³â (6), (9)
â³äí³ìàþòüñÿ âåëèê³, àëå ïðèáëèçíî îäíàêîâ³
÷èñëà, ³ ðåçóëüòàò ìîæå âèÿâèòèñÿ çà ìåæàìè
ðîçðÿäíî¿ ñ³òêè îá÷èñëþâàëüíî¿ ìàøèíè àáî
ï³ñëÿ â³äí³ìàííÿ ìîæå çàëèøèòèñÿ äóæå ìàëî
äîñòîâ³ðíèõ öèôð. Â³äïîâ³äíèé ïðèêëàä ïðîäå-
ìîíñòðîâàíî íèæ÷å. Ö³ íåäîë³êè ìåòîäó Òîìñî-
íà–Õàñêåëà ìîæíà óñóíóòè, ââ³âøè ³íø³ àëãî-
ðèòìè îá÷èñëåííÿ ì³íîð³â.

Çîáðàæåííÿ ³íòåðôåðåíö³éíîãî ïîëÿ ç âèêîðèñ-
òàííÿì ìàòðèöü øîñòîãî ïîðÿäêó. Çã³äíî ç ï³äõî-
äîì [3] ³ [5], êîæí³é ìàòðèö³ 4-ãî ïîðÿäêó F ìîæ-
íà ïîñòàâèòè ó â³äïîâ³äí³ñòü ìàòðèöþ 6-ãî
ïîðÿäêó F% :

13 13 13 13 13 13
13 24 14 23 12 34
24 24 24 24 24 24

13 24 14 23 12 34
14 14 14 14 14 14

13 24 14 23 12 34
23 23 23 23 23 23

13 24 14 23 12 34
12 12 12 12 12 12

13 24 14 23 12 34
34 34 34 34 34 34

13 24 14 23 12 34

F F F F F F
F F F F F F
F F F F F F
F F F F F F
F F F F F F
F F F F F F

 
 
 
 

=  
 


 

F%




,     (10)

åëåìåíòàìè ÿêî¿ º ì³íîðè 2-ãî ïîðÿäêó ìàòðèö³ F.
Çà ïðàâèëîì (10) äëÿ ìàòðèöü A, A–1, C óòâîðèìî
ì³íîðí³ ìàòðèö³ A% , 1−A% , C% . Äàë³ âèêîðèñòàºìî
òåîðåìó:
ÿêùî äëÿ áóäü-ÿêèõ ìàòðèöü A, B, ³ C 4-ãî ïîðÿä-
êó, äëÿ ÿêèõ AB = C, ïîáóäóâàòè ìàòðèö³ A% , B% , ³
C%  çà ôîðìóëîþ (10), òî ìàòèìåìî ð³âí³ñòü

=A B C% %%  [2].
Îòæå, îòðèìàºìî:

1
1 1n n

−
+=D A C C% % %% …

( 1
i i i i

−=C A L A% % %%  – ìàòðèöÿ i-ãî øàðó),

( 1) 1
1

n
s n n s s

+ −
+=D A C C A% % % %% … .            (11)

Çàì³íèâøè ó ôîðìóëàõ (8) ì³íîðè â³äïîâ³ä-
íèìè åëåìåíòàìè ìàòðèöü (11), çàïèøåìî:

15

rp p
r

g s
G

d
= % ,

15

rp p
r

g s
G

d
=

%%
% ,

15

zp p
z

g s
G

d
= % ,

15

zp p
z

g s
G

d
=

%%
% , (12)

äå

1 1 1
1 22 15 32 11 42 13

s s s
rg d d d d d d= − − −% % % ,

1 1 1
1 21 15 31 11 41 13

s s s
zg d d d d d d= + +% % % ,

1 1 1
2 12 15 32 14 42 12

s s s
rg d d d d d d= − −% % % ,

1 1 1
2 11 15 31 14 41 12

s s s
zg d d d d d d= − + +% % % ,

1 1 1
3 12 11 22 14 42 16

s s s
rg d d d d d d= + −% % % ,

1 1 1
3 11 11 21 14 41 16

s s s
zg d d d d d d= − − +% % % ,

1 1 1
4 12 13 22 12 32 16

s s s
rg d d d d d d= + +% % % ,

1 1 1
4 11 13 21 12 31 16

s s s
zg d d d d d d= − − −% % % .

Íà â³äì³íó â³ä âèðàç³â (8), âèðàçè (12) ìàþòü
øèðøó îáëàñòü âèêîðèñòàííÿ. Çîêðåìà, âîíè äà-
þòü ìîæëèâ³ñòü âåñòè ðîçðàõóíêè ³ â îáëàñò³ (7).
Îäíàê íàâåäåíà ñõåìà íå º ðàö³îíàëüíîþ. ¯¿ ìîæ-
íà âäîñêîíàëèòè, ÿêùî ïåðåéòè äî ìàòðèöü íèæ-
÷îãî ïîðÿäêó.

Çîáðàæåííÿ ³íòåðôåðåíö³éíîãî ïîëÿ ç âèêîðèñ-
òàííÿì ìàòðèöü ï’ÿòîãî ïîðÿäêó. Âðàõîâóþ÷è
ïîâòîðåííÿ ñòîâïö³â ³ ðÿäê³â ó õàðàêòåðèñòè÷íèõ
ìàòðèöÿõ, ç ìåòîþ åêîíîì³¿ ìàøèííîãî ÷àñó ï³ë
÷àñ îá÷èñëåííÿ ³íòåðôåðåíö³éíîãî ïîëÿ ìîæíà
ïîíèçèòè ¿õ ïîðÿäîê, ïðèâ³âøè äî êâàç³ä³àãîíàëü-
íîãî âèãëÿäó. Äëÿ öüîãî óòâîðèìî ìàòðèö³

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
1 1 0 0 0 0

1 1 0 0 0 0

 
 
 
 

=  
 
 −
  
 

G ,
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1

0 0 0 0 0,5 0,5
0 0 0 0 0,5 0,5
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0

−

− 
 
 
 

=  
 
 
   

G  ,

1/ 1 /
1, 1, 1, 1, 0,5

1/ 1 /
i i

i
i i

  
=   −  

H
α α
β β

,

1 1, 1, 1, 1, i i
i

i i

−  α −β 
=   α β  

H ,

òàê³, ùî ìàòðèö³ 6-ãî ïîðÿäêó iA%  ñòàâèòüñÿ ó
â³äïîâ³äí³ñòü êâàç³ä³àãîíàëüíà ìàòðèöÿ i′A  çà
ôîðìóëîþ

2[ , 2 ]i i i i i′ = = ρ ηA G A H A% ,         (13)

çâ³äêè îòðèìóºìî ìàòðèöþ iA  5-ãî ïîðÿäêó. Òîä³
îáåðíåíà ìàòðèöÿ ìàòèìå âèãëÿä

1 1 1 1 1 2[ ,1 / (2 )]i i i i i
− − − − −′ = = ρ ηA H A G A% .    (14)

Ââåäåìî ìàòðèöþ i′C  çà äîïîìîãîþ ð³âíîñò³
1

i i i i
−′ ′ ′=C A L A% . Â³äïîâ³äíî äî (13), (14) ³ ç óðàõó-

âàííÿì òîãî, ùî ìàòðèö³ Hi ³ iL%  êîìóòóþòü, îò-
ðèìàºìî 1

i i
−′ =C GC G% . Âîäíî÷àñ

2 1 2

1

[ , 2 ] [ ,1 / (2 )]

[ ,1] [ ,1],
i i i i i i

i i i i

−

−

′ = ρ η ρ η =

= =

C A L A
A L A C

%
     (15)

äå ( ) ( ) ( ) ( )[e ,e ,e ,e , 1]i i i i i i i i i i i ik h k h k h k h
i

α +β − α +β α −β β −α=L  –
ä³àãîíàëüíà ìàòðèöÿ.

Âèêîðèñòàâøè (14) ³ (15), îòðèìàºìî

1 2
1 1 1[ ,1 / (2 )]n n n

−
+ +′ ′ ′ ′= = ρ ηD A C C D… ,

äå

1
1 1n n

−
+=D A C C…                    (16)

– õàðàêòåðèñòè÷íà ìàòðèöÿ 5-ãî ïîðÿäêó. Âò³ì,
1 1

1n
− −

+′ =D H DG% . Òàêèì ÷èíîì, ìàºìî çâ’ÿçîê ì³æ
åëåìåíòàìè ìàòðèöü 5-ãî ³ 6-ãî ïîðÿäê³â:

1 1 2
1 1[ ,1 / (2 )]n n

− −
+ += ρ ηH DG D% .          (17)

Àíàëîã³÷íî, çàñòîñóâàâøè ôîðìóëè (13)–(15)
äëÿ õàðàêòåðèñòè÷íî¿ ìàòðèö³ ñåðåäîâèùà ï³ä äæå-
ðåëîì, çàïèøåìî

( ) ( )1 11
1 1 1 1[ , / ]n n

n s s s s n
+ +−

+ + + += ρ ρH D H D% ,       (18)

äå

( 1) 1
1

n
s n n s s

+ −
+=D A C C A…                 (19)

º õàðàêòåðèñòè÷íîþ ìàòðèöåþ 5-ãî ïîðÿäêó ñåðå-
äîâèùà ï³ä äæåðåëîì.

Îòæå, âðàõóâàâøè çâ’ÿçêè ì³æ åëåìåíòàìè
ìàòðèöü 5-ãî (17) ³ 6-ãî ïîðÿäê³â (18), âèðàçè
(12) ïåðåïèøåìî ó âèãëÿä³

12

rp p
r

g s
G

d
= , 

12

rp p
r

g s
G

d
=

%%
,

12

zp p
z

g s
G

d
= , 

12

zp p
z

g s
G

d
=

%% ,            

(20)

äå

1 1 1
1 22 15 32 11 42 13α s s s

r sg d d d d d d= − − − ,

1 1 1
1 21 15 31 11 41 13α s s s

z sg d d d d d d= + + ,

1 1 1
2 12 15 32 14 42 12α s s s

r sg d d d d d d= − − ,

1 1 1
2 11 15 31 14 41 12α s s s

z sg d d d d d d= − + + ,

1 1 1
3 12 11 22 14 42 15βs s s

r sg d d d d d d= + + ,

1 1 1
3 11 11 21 14 41 15βs s s

z sg d d d d d d= − − − ,

1 1 1
4 12 13 22 12 32 15βs s s

r sg d d d d d d= + − ,

1 1 1
4 11 13 21 12 31 15βs s s

z sg d d d d d d= − − + .

Ìíîæíèêè á³ëÿ si, is% , ùî âõîäÿòü ó ôîðìóëó
(20), ñï³ëüíî ç 1

12d −  âèçíà÷àþòü ³íòåðôåðåíö³éí³
êîåô³ö³ºíòè â³äáèòòÿ ³ çàëîìëåííÿ.

Òàêèì ÷èíîì, äëÿ îïèñó ïðîöåñ³â ïîøèðåííÿ
õâèëü ó ãîðèçîíòàëüíî-øàðóâàòèõ ñåðåäîâèùàõ,
õàðàêòåðèñòè÷í³ ìàòðèö³ 6-ãî ïîðÿäêó D%  ³ ( )1n

s
+D%

ìîæíà çàì³íèòè íà õàðàêòåðèñòè÷í³ ìàòðèö³ D  ³
( )1n
s

+D  â³äïîâ³äíî, ïîðÿäîê ÿêèõ íà îäèíèöþ íèæ-
÷èé. Ôîðìóëè (16) ³ (19) äëÿ âèçíà÷åííÿ ìàòðèöü
D  ³ ( )1n

s
+D  ìàþòü òàêó ñàìó ñòðóêòóðó, ùî ³

ð³âíîñò³ (3) ³ (4) ó âèïàäêó ìàòðèöü D, ( )1n
s

+D  òà
ñï³ââ³äíîøåííÿ (11) äëÿ D% , ( )1n

s
+D% . Òîìó ï³ä ÷àñ

ïåðåõîäó äî ìàòðèöü D , ( )1n
s

+D  ìàòðè÷íèé ôîð-
ìàë³çì ïîâí³ñòþ çáåð³ãàºòüñÿ.

×èñëîâèé ïðèêëàä. Çàñòîñóâàííÿ ïåðåõîäó äî
ìàòðèöü âèùèõ ïîðÿäê³â äëÿ çá³ëüøåííÿ òî÷íîñò³
ðîçðàõóíêó ï³ä³íòåãðàëüíèõ ôóíêö³é ïðîäåìîí-
ñòðóºìî íà ïðèêëàä³ ï’ÿòèøàðóâàòî¿ ìîäåë³ ñåðå-
äîâèùà. Ïàðàìåòðè øàð³â ³ íàï³âïðîñòîðó ïîäàí³
ó òàáëèö³.

Ðîçðàõóºìî çàëåæíîñò³ ä³éñíî¿ ÷àñòèíè
ôóíêö³¿ Gz â³ä ïîâ³ëüíîñò³ äëÿ ô³êñîâàíèõ ÷àñòîò
2 ³ 5 Ãö çà ôîðìóëàìè (8) òà (20). Äëÿ òîãî ùîá
ïîêàçàòè íåîáõ³äí³ñòü ïåðåõîäó â ÷èñåëüíèêó Gz

äî åëåìåíò³â ìàòðèöü 5-ãî ïîðÿäêó, â ð³âíÿíí³
(8) çíàìåííèê çàì³íèìî íà 12d .

Ïîð³âíÿííÿ ðåçóëüòàò³â ïîêàçàëî (ðèñóíîê),
ùî äëÿ âåëèêèõ çíà÷åíü ÷àñòîòè ³ ïîâ³ëüíîñò³
ï³ä³íòåãðàëüíó ôóíêö³þ çà äîïîìîãîþ êëàñè÷íî¿
îá÷èñëþâàëüíî¿ ñõåìè Òîìñîíà–Õàñêåëà ðîçðàõó-
âàòè íåìîæëèâî. Äëÿ ïðàâèëüíîãî âèçíà÷åííÿ
öèõ ôóíêö³é íåîáõ³äíî ðåãóëÿðèçóâàòè îá÷èñëåí-
íÿ ¿õ ÷èñåëüíèê³â. ßêùî âèêîíàòè ðåãóëÿðèçàö³þ
îá÷èñëåííÿ ëèøå çíàìåííèêà, òî çíà÷åííÿ
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ï³ä³íòåãðàëüíî¿ ôóíêö³¿ çàëèøèòüñÿ íåïðàâèëü-
íèì, ùî é ïîêàçàíî íà ðèñóíêó.

Âèñíîâêè. Ðîçðîáëåíî ìåòîäèêó ï³äâèùåííÿ
÷èñëîâî¿ ñò³éêîñò³ ðîçðàõóíêó õâèëüîâèõ ïîë³â äëÿ
ãîðèçîíòàëüíî-øàðóâàòîãî íàï³âïðîñòîðó íà îñ-
íîâ³ ìàòðè÷íîãî ìåòîäó. Öåé ï³äõ³ä ´ðóíòóºòüñÿ
íà ïåðåõîä³ äî ìàòðèöü âèùîãî ïîðÿäêó äëÿ çî-
áðàæåííÿ ³íòåðôåðåíö³éíîãî õâèëüîâîãî ïîëÿ ³
äàº çìîãó âðàõîâóâàòè íàÿâí³ñòü äîâ³ëüíîãî äè-
ïîëüíîãî äæåðåëà, ÿêå ä³º âñåðåäèí³ ãîðèçîíòàëü-
íî-øàðóâàòîãî ñåðåäîâèùà.

Ðåçóëüòàòè ïðîäåìîíñòðîâàíî íà ïðèêëàä³ øà-
ðóâàòî¿ ìîäåë³ ñåðåäîâèùà ç äæåðåëîì ó âèãëÿä³
çîñåðåäæåíî¿ âåðòèêàëüíî¿ ñèëè.

Çàïðîïîíîâàíèé ñïîñ³á ïîë³ïøåííÿ ÷èñëîâî¿
ñò³éêîñò³ áóäå âèêîðèñòàíî äëÿ ñòâîðåííÿ ìåòî-
äèêè ðîçðàõóíêó âèñîêî÷àñòîòíèõ ñèíòåòè÷íèõ
ñåéñìîãðàì.
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Ìîäåëü ñåðåäîâèùà äëÿ ³ëþñòðàö³¿ ÷èñëîâî¿ ñò³éêîñò³

Ïðèêëàäè ðåçóëüòàò³â îá÷èñëåííÿ çà àëãîðèòìîì Òîìñî-
íà–Õàñêåëà (à) ³ ³ç çàñòîñóâàííÿì ìàòðèöü 5-ãî ïîðÿäêó (á).
Ðîçðàõóíêè ïðîâåäåíî äëÿ ìîäåë³ ñåðåäîâèùà çà äàíèìè
òàáëèö³ òà äæåðåëà ó âèãëÿä³ çîñåðåäæåíî¿ âåðòèêàëüíî¿
ñèëè, ïðèêëàäåíî¿ íà ãëèáèí³ 5,5 êì

                   à                                     á

ÌÅÒÎÄÈÊÀ ÏÎÂÛØÅÍÈß ×ÈÑËÅÍÍÎÉ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÄËß ÐÀÑ×ÅÒÀ ÂÎËÍÎÂÎÃÎ ÏÎËß
ÍÀ ÎÑÍÎÂÅ ÌÀÒÐÈ×ÍÎÃÎ ÌÅÒÎÄÀ ÒÎÌÑÎÍÀ–ÕÀÑÊÅËËÀ

Ð.Ì. Ïàê

Àêàäåìèÿ Ñóõîïóòíûõ âîéñê èìåíè ãåòìàíà Ïåòðà Ñàãàéäà÷íîãî,  óë. Ãâàðäåéñêàÿ, 32, Ëüâîâ 79012, Óêðàèíà,
e-mail: rpak@email.ua

Êàê èçâåñòíî, îáëàñòü ïðèìåíåíèÿ ðàñ÷åòíîé ñõåìû Òîìñîíà–Õàñêåëëà ïðèíöèïèàëüíî îãðàíè÷åíà ïðè íå-
ïîñðåäñòâåííîé êîìïüþòåðíîé ðåàëèçàöèè, ïîñêîëüêó âû÷èñëåíèå äàåò îøèáêè äëÿ âûñîêèõ ÷àñòîò â äèàïàçî-

Номер шару або 
напівпростору 

ρ, 

кг/м3 

vp, 

м/с 

vs, 

м/с 

h , 

м 

1 

2 

3 

4 

5 

6 

2500 

2600 

2800 

3200 

3400 

3600 

4000 

5800 

6700 

7800 

8100 

8300 

2200 

3300 

3900 

4500 

4600 

4800 

500 

1500 

1500 

8500 

8000 

∞ 
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íå êðèòè÷åñêèõ óãëîâ ðàñïðîñòðàíåíèÿ âîëí. Â ñòàòüå ðàçâèòû ïîäõîäû ê óñòðàíåíèþ ýòîé ïðîáëåìû äëÿ
ñëó÷àÿ ïðîèçâîëüíîãî äèïîëüíîãî ýôôåêòèâíî-òî÷å÷íîãî èñòî÷íèêà, íàõîäÿùåãîñÿ â ëþáîì ñëîå ãîðèçîí-
òàëüíî-ñëîèñòîãî ïîëóïðîñòðàíñòâà. Ïðåäëîæåííûé ñïîñîá ïîâûøåíèÿ òî÷íîñòè äëÿ ìîäåëèðîâàíèÿ òðåõêîì-
ïîíåíòíûõ ñåéñìîãðàìì îñíîâûâàåòñÿ íà ïåðåõîäå îò ïðåäñòàâëåíèÿ âîëíîâîãî ïîëÿ õàðàêòåðèñòè÷åñêèìè
ìàòðèöàìè 4-ãî ïîðÿäêà ê åãî ïðåäñòàâëåíèþ õàðàêòåðèñòè÷åñêèìè ìàòðèöàìè âûñøèõ ïîðÿäêîâ. Ïîñëå îñó-
ùåñòâëåíèÿ òàêîãî ïåðåõîäà ñòàëî âîçìîæíûì ïðîâîäèòü âû÷èñëåíèå âîëíîâûõ ïîëåé êàê ïðè áîëüøîé òîë-
ùèíå ñëîåâ ñðåäû, òàê è äëÿ âûñîêèõ ÷àñòîò âîëí.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, ñåéñìè÷åñêîå âîëíîâîå ïîëå, ìàòðè÷íûé ìåòîä, ãîðèçîíòàëü-
íî-ñëîèñòàÿ ñðåäà, äèïîëüíûé èñòî÷íèê, ñèíòåòè÷åñêàÿ ñåéñìîãðàììà.

A METHOD OF INCREASING THE NUMERICAL STABILITY OF THE WAVE FIELD CALCULATION
BASED ON THE MATRIX METHOD OF THOMSON–HASKELL

R.M. Pak

Army Academy named after Hetman Petro Sahaydachnyi, Gvardiyska Str., 32, Lviv 79012, Ukraine,
e-mail: rpak@email.ua

Purpose. It is known that the area of application of the Thomson–Haskell calculation scheme is in principle limited during
the direct computer realization. The purpose of this work is the development of approaches to fix this problem for the case
of arbitrary dipole effective-point source which is located in any layer of horizontal-layered half-space.
Design/methodology/approach. The suggested approach is based on the method of transition from image of the wave field
using characteristic matrices of the 4th order (method of Thomson–Haskell) to image, using characteristic matrices of the
6th order.
Findings. The result of this work is the wave field presentation which does not include the characteristic matrices of the 4th
order. Each minor of these matrices is replaced with the corresponding element of characteristic matrices of the 6th order.
There is a doubling of columns and rows in the resulting matrices of the 6th order. Because of this, the order of
characteristic matrices is lowered to five by reducing them to a quasi diagonal form. This will save computer time during
calculation of interference fields.
Practical value/implications. The developed approach increases the numerical stability during the calculation of wave
fields. As a result, the computation of synthetic seismograms can be done for very thick layers of medium and higher wave
frequencies.

Keywords: mathematical modelling, seismic wave-field, matrix method, vertically heterogeneous medium, tensor of
seismic moment, synthetic seismogram.
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