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AN OPTIMIZATION PROBLEM OF PACKING IDENTICAL
CIRCLES INTO A MULTIPLY CONNECTED REGION

Part 1. A mathematical model and its characteristics

The paper deals with an optimization problem of packing identical circles into a multiply
connected region whose frontier consists of arcs of circles and line segments. The approach
that allows to reduce solving the problem to solving a sequence of problems with linear
objective functions is suggested. To this end radii of all circles are taken as variables. In order
to construct a mathematical model of the problem the concept of ®-functions is using. Some
important characteristics of the mathematical model are considered.

Paccmampusaemcest onmumuzayuonnas 3a0a4a ynakosKu 00UHAKOBbIX KPY208 8 MHO2O0CESA3HYIO
obnacmo, epanuya KOMoOPoU COCMOUM U3 OMpe3Kos 0ye OKPYICHOCMEN U NPSIMbIX OMpPe3KO8.
Ilpednazaemcsi n00xX00, KOMOPLBIL NO3BOJAEH C8ECMU PeuleHUe NOCMABIEHHOU 3a0adu K pe-
UWEHUI0 NOCTIe008aAMeNbHOCMU 3a0ay ¢ TuHeuHoU yenesol gyukyueid. C amoil yenvio paouycol
8cex Kpyeog NpuHuUMaromesi nepemenHvimu. Ilpu nocmpoenuu mamemamuieckou mMooenu uc-
nonvzyemcs memod D-@ynxyuil. Paccmampusaromes nexomopuie gagichvie 0cobeHnocmu no-
CMPOEHHOU MAMEMAMUYECKOU MOOEU.

Posensoaemoca onmumizayitina 3a0ava naxKy8anHs 0OHAKOBUX Kil y 6a2amo3e a3Hy 001acms,
2panuys AKoi cKnaoacmucsa 3 8iOpisKie 0y2 OKpyIcHoCcmel ma npamux 8iopiskia. IIpononyemo-
cs1 nioxio, Wo 00380JIA€ 36eCMU PO38 A3AHHA NOCMABIEHOT 3a0ati 00 PO38 A3aHHs NOCTIO08HO-
cmi 3a0ay i3 NIHIUHOW0 Yinbogow QyHKyiero. 3 yicio mMemoio padiycu 6cix Kil NPUMaromscs
sminnumu. Tpu no6yoosi mamemamuunoi Mooeni 6UKopucmogyemucsi memoo D-gynxyiu. Pos-
2NA0AIOMbCSL OCSIKI 8ANCIUBE 0COOIUBOCME NOOYO0BAHOT MAMEMAMUYHOT MOOEI.

Introduction
The Euclidean geometry problems of the densest packing of identical circles are important
both theoretically and practically. These problems have a wide spectrum of applications. In [1] dif-
ferent industrial applications of these problems are pointed. These problems arise in stocking and
transporting of loads [2], in stamping and blanking of round products in metal forming industry, in
glass industry and in pulp and paper industry. The problems are of interest in detecting signals in a
multisource neighbourhood and measuring solar radiation. Packing of identical circles occurs in the
study of protein's structures in biology and the structures of diverse many-body systems in chemis-
try and physics.
Optimization problems of packing identical circles into a irregular region with prohibited
areas also arise in the following real-world applications:
— placement of a maximum number of identical circular containers into a storage building with
prohibited zones or into a non-standard storage container;
— cutting off a maximum number of identical circular blanks from return materials in different
branch of industry;
— packing identical circular containers with radioactive wastes into storages;
— placement identical circular sensors with maximum density into a given region;
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— planning of trees planting with maximum density into a given region.

In addition, as mentioned in [3] the circle packing problems can be applied for two-
dimensional image recognition problems and for domain discretization problems such as triangula-
tion and mesh generation techniques [4].

There are many papers devoted to the problem of packing identical circles into regular
polygons (such as rectangle, square, triangle) and circular containers.

The packing problem of identical circles into a rectangle (in publications also called as
“cylinder packing problem” or “cylinder palletization™) is researched in [5]. In these works the ap-
proaches for solving the "pallet loading problem" are mainly heuristic. The paper [2] offers a meth-
odology, based on a nonlinear optimization, for solving problem packing identical circles into a
rectangle.

The problem packing identical circles into a square is investigated in many papers, for ex-
ample, in [6].

The papers [7, 8] are investigations devoted to the solving of the problem of packing equal
circles into a larger circle container.

For solving the packing problem of equal circles into a square and into a circle container
different approaches are suggested, for example, such as: monotonic basin hopping approach [§],
beam search algorithm [7], branch-and-bound algorithms, computer-aided optimality proofs ap-
proaches [6], nonlinear programming approaches [9].

At present many papers consider the packing problem of a fixed set of items into a given
region to minimize the region sizes. Some authors solve the problem using nonlinear optimization
models and techniques. In [10] the extensive review of such researches is performed. Also, in [10]
a large variety of doubly differentiable nonlinear programming models for the problem of minimiz-
ing the region sizes in 2D (square, rectangle, triangle and circle) and 3D (cuboid and sphere) pack-
ing problems are considered.

Since all known us researches do not solve the packing problems of identical circles into a
multiply connected region whose frontier consists of arcs of circles and line segments, then the aim
of our paper is construction of a mathematical model of the problem, investigation of its character-
istics and development of solution methods.

Problem statement
Let there be a family {C,, C,, ..., C;,. ...} of circles to be congruent to a circle C of radius r
and a bounded multiply connected region P — R* (Fig. 1). We suppose that P is formed as follows

P:CI(PO \OA,J,

=1

where cl(-) is the closure of (-); Py is a simple connected set (Fig. 1, a), whose frontier is formed by
a sequence of line segments [x;, y;, Xi1, yir1] and arcs of circles [x;,y;,X;,1,Y:.4,%;,¥;,7;], where

(x;, i) and (x;+1, yi+1) are coordinates of the origin and the terminus of a line segment or an arc,
(x;,y,) and r; are centre coordinates and a radius of a circle respectively; 4, is a prohibited area

(Fig. 1, b) represented as

Al :(UCZgJU(OMI‘!]’ IEIG :{152""90};

C,={(x,y) e R? :(x—xfg)2 +(y—y,(;,)2 —(p?g)2 <0}, gel, ={12,..,y}, My is a convex poly-
gon given by my, vertices, q €[4 =1{1,2,...,9}, i. e. each prohibited area is non-convex set which
can be presented by a finite union of different circles and convex polygons.
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Fig. 1. The region P:
a) — a simple connected set Py; b) — a multiply connected region P

If u; = (x;, ;) is centre coordinates of C;, then a location of all C;, i e I, ={1,2,...,1}, in R%is
determined by a vector u = (uy, us, ..., u:) € R*". In what follows the circle C; translated by the vec-
tor u; = (x;, y;) is denoted by Cy(u;).

Problem. Define a vector u = (uy, uy, ..., u;) € R*" that ensures a placement of the maximal
number 7 of circles C{u;), i € I;, without mutual overlapping into P.

Mathematical model

One of the most important and complicated problems of computer and mathematical mod-
elling of the problem class is an analytical description of interaction between any circle C; and the
region P. In this paper we follow the concept of ®-functions, described in [11-14], which has been
proved to be very useful when solving similar problems.

In order to formalize the placement conditions of C; within P by means of ®-functions we
construct the following set

G = cl(RA\P,).

The set can be always represented by a finite union of primary objects Q;, =1, 2, 3, 4,

shown in Fig. 2, i. e.

5 Y £ ¢
a-{Ue, | Ue. U e [ Ue. |

e -l = =l
where
0, ={(xy) e R 17,;(6,0) 20}, jeJy={12,.,8}, %, (x,y) =a,,x+ b,y +¢; (Fig. 2, a),
0, ={(x,y)eR? Ao (%,3) 20,0 =12}, JjeJ, ={2,..v}, Yo (X, ¥)=ay;x+by ¥ +¢,y
(Fig.2,b),
Oy, ={(6,) e R :0,,(x, )20},  jeJ ={12,.,&, 0 x»=r'-(x-x) -(y-y)
(Fig.2,0),
Oy =100, 0) € R 194 (%,9) 2 0,0,,(x,9) 2 0,/ =1,2}, j e J, = {1,2,...,C}
Aaj(X,¥)=ayX+byyy+cyy, 04(x,y)= (x_;‘j)z +(y_5)j)2 _’7,-2 » p(4,B)22r, p(4,B) is the

distance between points 4 and B (Fig.2,d), i. e. Qy; is a half plane, O is a convex cone, Qj; is a cir-
cle and Qy; is an intersection of half plane and the complement of a circle to R
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Fig. 2. Primary objects:
a)— Q153 b) = Oy ¢) = 0553 d) — Oy
For example, the set G for the region P, depicted in Fig. 1, b can be constructed as follows
(Fig. 3)

(G e, ige e

In order to solve the problem we suggest the approach that allows to reduce solving the
problem to solving a sequence of problems with linear objective functions. To this end radii 7; of
C,, i € I, are taken as variables. Thus, the radii form a vector v' = (r1, 4, ..., ;) € R".

In order to construct a mathematical model of the problem we use the concept of ®@-
functions. Values of the ®-function are some measure both a rate of intersection of two geometric
objects and the shortest distance between them depending on their a mutual arrangement in the
space.

Making use of the ®-functions for primary objects [13] and complex 2D objects [14] a
mathematical model of the problem sequence can be presented as follows:

Fn(X”*)zmaan(X")zmaXZri, s.t. X"=@W"v')eWw, n=12,..,t+1, (1

i=1
W, = {X" € R 0 (uyuy,rar) 2 0,0, j € 1, = {1,2,00m}i <,

n
O.(u;,r)20iel,,r—r, 20, r, ZO,ieln},

2)

— 2 2 2 . .
where @ (u;,u;,7,r;)=(x;—x;)" +(y; —y;) —(r+r;)", ®fu;r;) is a O-function for C; and

IERa RS &
G, = cl(R°\P).

The function ®,(u;, r;) describes a
condition of belonging of a circle C; to the
region P.

The ®-functions for C; and
G, =cl(R’\P) can be represented as fol-
lows:

D, (u;,1;) =
=min{®§A(ui,ri),q)iCG(ui,ri), lelc},

where

O (u;r;) =

1

= minf0C (1,).0Y (1) g €1, g € 1y |

1 1

b

Fig. 3. A representation of the set G
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The 0-level of CDSQ“ (u,)

: 6 i4j2 The O-level of ®5% (u,)

a) b)
Fig.4. The 0-level of 3% (u,):

a) — the frontier of Qy; is formed by two straight line;
b) — the frontier of Q4; is formed by one straight line

@ (u;,r,) is a d-function for C; and 4;
CI)SgC(ui,ri)z
= —x) + (0 —yp) = +pp)s

(Dgéc (u;,r,)1s a O-function for C; and Cig;

CM . *
@, (u;,1;) = k—fgaxm {max{mln {\Vilqk (u;,7;), Os1gk (u;,1)}, Litgk (u;,r; )}}’
=1.2,my,

(I)Sé” (u;,r,)1s a @-function for C; and M, [13];
D (u,, 1) = min{(I)ijC.Q1 (u;,1,),j € IS,QDEQZ (u;,r),j € IV,CI)UC.Q3 (u;,7.), j elg,CDUC.Q“(ui,ri),j € JC}’

D (u,,r,) is a d-function for C; and G;

q)i]C‘Ql (u;,1;) :X:'ﬁlj(uiari)z_xu(ui)_rj:
(Dz(‘;Qz (u;,17) :maX{min{\lfy(“ia’?)a@y(”i,%)}anzjl(”i,”i),ijjz(“ia’”i)}a
Co; — 232 5 \2 ~ N2
(Dii (ui,}’i)—(xl. _xj) +(yi _yj) _(7’1' +7’j )7,
®§Q4 (u; 1) = max{d’ijl(uia’?),d)gz (55735953 (1,17, @5 (ui”’i)eXle (ui’ri)’X;jZ (“i””i)}a
d);Ql (u;,7,), CI)gQ2 (u;,1;), CI)gQ2 (u;, 1), CD§Q4 (u;,r;) are the ®-functions for C; and Q,;; C; and sz
[13]; C;and Qs;; C; and Qg respectively.

The 0-level of the function ®§Q4 (u;,r;) 1s depicted in fig. 4. Components of CDEQ4 (u;,r;)

have the kind:
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(I)tjl(ul’ l) mln{ l]l(um 1) (DUZ(”[’ l) \Ijtjl(ul’ l) \IIUZ(um 1) \Ijl]:;(ul’ l)}
by () = min oo, a1 o7 ,)} O3 (1tpor;) = min{oo, (7). s (17
(’)ijl(uiari):(xi _le) +(yi_yj1) _’”‘ @yz(uiar'):(x‘_sz) +(yi_yj2) _7',2,
1]3(“1’ 1) (}" _r) _(‘x _x ) _(y, ) ’
Vi (”ia”i):aﬂxi +b/1yi TCi ;=Y Vi3 bjl :_(xj4 _xj3)3 Cij :_(aljij +b1jyj3)5

\lfyz(”n r)=a j2Xi +b/2yl tCi A =Yic— Vs b, :_(x_/é _xjs) 5C o =—(aj2x_/-5 +b_/2yj5)’

j
Vs (u,1) = a;x; +b,3yz+c A;3=Y;s =V by=—(x;5—x5), c;3=—(a;x5 +b;y5),
\Vy4(”,a )= a4 X; +bj4y1+c Ais=Vi3 =V bj4=_(xj3_xj7)ﬂ cj4:_(aj4xj3+bj4yj3)a
Wiis (u;,r,) =da;sX; +bj5yi tCis, A;5=Yi8— Vies bj :_(ij _xj6)5 Cjs :_(aijj6 +bj5yj6)’

l4j1(ul’ l) X4jl(ui)_ri, l4/2(ul’ 1) X4_/2(ui)_rl’
(51, yi1)s (X2, ¥72)» (X535 ¥i3)s (X i) (X5, Vjs), (Xje» is)s (Xj7, ¥j7) and (xs, 1) are coordinates of points
A,B,D, E, F, G, M and N respectively (Fig. 4, a).
If the frontier of Qy; is formed by one straight line (Fig. 4, b), then d)gQ“ (u;) can be written
simpler

(DCQ4 (MI’ z) max{(l)z;l(uz’ 1) 0‘)1]3(uz’ 1) X1411(u1’ 1)}

Characteristics of the mathematical model
We point out some important characteristics of the mathematical model of the following
problem

F (X™)=maxF,(X")= maeri , st X'=@Ww"V)ew,. 3)
i=l

1. If F,(X"") = nr then the point X" is a global maximum of the problem (3).

2.If F,(X™")<(t+1)r and F.(X™)=F,(u",v")=1-r, where X" and X™ are
global maxima of the problem (3), then a solution of the problem stated is reached at the point
u* =u"™ to which there corresponds t packed circles.

3. Since F,(X") is linear then local maxima are achieved at extreme points of W,,.

4. W, is specified by linear and nonlinear inequalities.

5. It is easily seen that @, (u,,7.) 2 0 if at least one of inequality systems of kind

270

O (u;,73) 20, € Js,
CQz(u,, 1)20,jeJ,
D) = OO (u,, 1) 20, €,
i (DCQ“QU(ul, r)=0 sJ€Jes
(Dgf(ul, 1)20,lel;,gel,,
@Sy(ul, r)20,lel; , qely,

is satisfied, where @ €0 (u,,1,)> 0 is either one of the inequalities ¥, a(u;,1)20, % 2 (u;1) 20

i’ 1) O
\l.ll](ul, 1) 0

o; (w7, " Q4
(u;,;)20 1is either one of the inequalities

"

or the inequality system {
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zjl(un 1) 20,

1]2(“15 1) =0,

©;3(u;,7) 20, X,4,1(“,a r)=0, X,412(ul, 1,)20 or one of the inequality systems <y (u;,7) 20,
\Vyz(ula )20,

\I’U3(”la 1) =0,

{\VZ;((ZZ,,, l,))>(()) {WZEZ: Z; >((; (I)Sg/[ u;,1;) >0 1is either the inequality leqk(“n ;)20 or the

llqk (ul H

1) 20,
inequality system
llqk (uﬂ 1) 0.

6. It follows from an previous item that @,(u,;,r,) includes function CI)CQ2 (u;,1;),

J=L2 Ly ©5%w,n), j=1,2, ..., & and @5 (u,,r), [=1,2,..,0,9=1,2,..., 9, each of
which is a function of kind
CDCQ4 (l/ll s l) max{d)yl (u, s l) d),jz(u, b )5 ¢[j3 (u[ H r,): ('0[/3 (u[ s I”l), Xj4j1 (u[ b r,): Xj4_/2 (l/l[, r,)}
It means that if at least one of the functions in the braces is positive then appropriate func-

tion CDUCQ( ), CI)CQ4 (u;,r;) or ¢ (ul, r;) is positive. So @,(u;,r,) =0 if at least one of the ine-

l’l

ilg
quality systems T’ (u;,7)>0, sel_ ={2,..,5=3"-6° -HHZm,q}, is satisfied.
1=l g=1

7. On the basis of the previous item and the mathematical model (3) any packing of » cir-
cles into P is described by the inequality system of form

L' (u;,r;)20, iel,,

q)if(ui J° 1’ j)>0 i’jEIn’ i<j’
r—rz0, iel,

20, iel,.

4)

The system specifies some subregion W,,. Each inequality system (4) consists of no less
than n(4+o(y +8)+%(n +3)) linear and nonlinear inequalities. The left hand sides of the ine-

qualities specifying the systems are indefinitely differentiable functions.
8. By item 5 the number of the subregions is N = @". Thus, the feasible region W, can be
presented as

w,={Jw, .

t=1
It is necessary to note that among 1| systems there is a number of inconsistent systems.
9. If a point X" € W,, 1s a local maximum with respect to W, and simultaneously

X" e w.,jed, c{l2,..,m,}, then it is necessary to prove that X " is a local maximum with
J

respect to W,,.

10. In [15] it was proved that the problem under consideration is NP-hard.

11. In general local minima are non-strict.

12. Since the number of local maxima is much more than n! then an exhaustive search of
local maxima is impossible.
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Conclusions

This work presents a mathematical model of the problem of packing identical circles into a
multiply connected region whose frontier consists of arcs of circles and line segments. The mathe-
matical model (1)—(2) is presented as a constrained non linear optimization problem.

Usage of @-function technique to construct a mathematical model of the packing problems
allows to build mathematical models in which a feasible region can be presented as an union of
subsets. Each of the subsets is described by systems of linear and non-linear inequalities. The left
hand sides of the inequalities specifying the systems are indefinitely differentiable functions. It al-
lows to use the modern gradient methods of non-linear optimization for solving of the problem.

The mathematical model suggested can be also used for packing non-identical circles into a
multiply connected region.
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