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Analysis and Optimization of M/G/1 Vacation
Queueing Systems with Server Timeout

We consider a single-server vacation queueing system that operates in the following manner.
When the server returns from a vacation it observes the following rule. If there is at least one cus-
tomer in the system, the server commences service and serves exhaustively before taking another
vacation. If the server finds the system empty, it waits a fixed time c. At the expiration of this time
the server commences another vacation if no customer has arrived; otherwise, it serves
exhaustively before commencing another vacation. Analytical results are derived for the mean
waiting time in the system. The timeout scheme is shown to be a generalized scheme of which
both the single vacation and multiple vacations schemes are special cases, with ¢ =ooand ¢=0 re-
spectively. The model is extended to the N-policy vacation queueing system. In both schemes we
use a linear cost model to obtain an optimal operating value of c.

Paccmotpena onHOcepBepHasi cucrema MaccoBoro obcmyxuBanus (CMO) ¢ mepepbiBamu, pa-
OoTaromasl B TaKOM pexkuMe: MPH BKITIOYSHUH CepBepa Mociie TepepbiBa, eciu, Mo KpalHed Mepe,
OIMH KIMEHT HAaXOOWUTCS B CHUCTEME, CepBep HauMHAeT OOCIY)KMBAaHHE U IPOJOJDKACT €ro 10
HACTYIUIEHHsI OUEPENHOro mepepbiBa. Ecii 0OHapyKUBAeTCsl, UTO CUCTEMA ITyCTa, CepBep Haxo-
JIATCSL B PeXKUME OXKUJIaHUS (PUKCUPOBAHHOE BpeMs ¢. [0 MCTeUeHHH 3TOro BPEMEHH HACTYIAeT
CIIeyIOLIMI TIepephbiB B paboTe cepBepa, eCIIM HOBBIN KIMEHT He MOSBIICS. B mpoTuBHOM citydae,
KJIMEHT 00CITyKUBAETCs 10 HACTYIUIEHHSI OUePEeTHOTO TepepbiBa. [1oyueHbl aHaIUTHYECKUE OLICH-
KU JUISL CPEJJHETO BPEMEHU OXKHIaHWsI B cucteme. [loka3aHo, 4TO cxeMma NpepbIBAHMI SBILSIETCS
0000IIIEHHON CXeMOH, B KOTOPOH €IMHUYHAS 1 MHOYKECTBEHHAsI CXEMBbI TMPEPhIBAHUI — YaCTHBIC
Cllydad COOTBETCTBEHHO IpH ¢ =o0 U ¢ = 0. Mozeins pacrpoctpansiercst Ha CMO ¢ N-cTpaTerusiMu
nepepsBoB. B 00eux cxemax MCIONb30BaHA JIMHEHHAs MOJENb 3aTpar ULl IOJTy4YeHUs OITH-
MaJIEHOTO ITapamMeTpa cpabaTbIBaHUS C.

Key words: vacation queueing systems, timeout policies, performance analysis, N-policy with
timeout.

Introduction. Vacation queueing systems have been extensively analyzed by
several authors. A survey of vacation queues is given in [ 1], and an excellent text
on the subject is [2]. There are several models of queueing systems, including the
single vacation system and the multiple vacation system. In the single vacation
queue, a server’s vacation begins whenever the system becomes empty. At the
end of the vacation, the server returns to begin serving the customers that arrived
during its vacation, if such customers exist; otherwise, it waits until a customer
arrives when a busy period commences. The time to serve customers and the du-
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Fig. 1. Vacation scheme with timeout

ration of a vacation are assumed to be mutually independent. The multiple vaca-
tion queue operates in a manner similar to the single vacation queue with the ex-
ception that if no customers are found at the end of a vacation, the server imme-
diately commences another vacation.

A variety of problems can be modeled by the vacation queueing system.
These include machine breakdowns, maintenance in communication and com-
puter systems, and token passing local area networks. In these systems the server
becomes absent from a particular service center either because it is busy else-
where serving other customers or is unavailable due to system breakdown.

In the vacation models that have been analyzed in the literature, server time-
outs have not been considered. In this paper we consider vacation queueing sys-
tems with server timeouts. Specifically, we consider a system that operates in the
following manner. When the server has finished serving a customer and finds the
system empty, it takes a vacation whose duration is independent of both the ser-
vice time and the inter-arrival time. At the end of the vacation the server returns
to serve those customers, if any, who arrived during its vacation. It will com-
mence another vacation when the system becomes empty. [f no customer arrived
during the vacation, the server waits for a fixed time c. If no customer arrives by
the end of this period, the server commences another vacation. If a customer ar-
rives before the period expires, the server commences service and serves
exhaustively before commencing another vacation.

Fig. 1 illustrates this scheme. Assume that the system has been operational
for some time and the server returns from a vacation of duration V| at a time la-
beled ¢, and found two customers C; and C, waiting. Before completing the ser-
vice of these customers, another customer C, arrives. After serving the three
customers the server takes another vacation of duration /,. Upon returning from
that vacation at a time ¢, it found no customer waiting. It waits for a time of dura-
tion ¢ without any customer arriving. It thus leaves for another vacation of dura-
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tion V; without serving a customer. It came back from the vacation at the time la-
beled ?; and found two customers C, and Cy waiting. Before completing the
service of these customers, another customer C, arrives. After serving these
three customers, the server takes another vacation of duration V,. Upon return-
ing from the vacation at the time labeled ¢, it found no waiting customers. How-
ever, before the expiration of the timeout, customer C, arrives to initiate another
busy period, and the process continues.

This vacation queueing is essentially a hybrid multiple and single vacation
scheme that was introduced in [3]. The main objective of the model in [3] was to
demonstrate how vacation queueing systems with exponentially distributed ser-
vice times and finite population could be modeled by the stochatic Petri net. In
this paper we assume that the population is infinite and service times have arbi-
trary distribution.

One important application of the vacation scheme with server timeout is to
enhance resource utilization in the single vacation model. Specifically, if there is
a problem in the arrival process that prevents customers from arriving for ser-
vice, the server may be idle indefinitely after returning from a vacation in the sin-
gle vacation. But when the idle time is bounded as described above, the server
can be used to perform other functions at the expiration of the timeout rather than
wait indefinitely. Thus, when the source is subject to breakdown, such as the dis-
ruption of the communication links along which messages arrive in a communi-
cation system, the server timeout scheme prevents the server from waiting indef-
initely for customers to arrive after returning from a vacation.

Two other hybrid vacation schemes have been proposed. In [4], if the server
returns from the (i—1)-th vacation and finds the system empty, it takes another
vacation with probability p; and waits for the first customer to arrive with proba-
bility 1-p,. In the later case the server takes a vacation after serving exhausti-
vely. In [2], if the server returns from a vacation and finds the system empty, it
takes at most J vacations repeatedly until it finds at least one customer waiting
in the system when it returns from a vacation. If no customer arrives by the J-th
vacation, the server waits until a customer arrives.

Analysis of the model. We assume that customers arrive at the system ac-
cording to a Poisson process with rate L. The time, X, to serve a customer has a
general distribution with cumulative distribution function (CDF) F', (x), mean
E[X] and second moment E [X*]. The Laplace—Stieltjes transform of X is
My (), which is defined by (see, for example, [5]):

My (s)=E[e™]= Ofe‘”dFX (x).
0

ISSN 0204-3572. SnekTpoH. moaenupoBaHue. 2007. T. 29. Ne 4 21



O. C. Ibe

The duration, V, of a vacation is also assumed to have a general distribution
with CDF F,(x) and Laplace—Stieltjes transform M, (s). The mean of V' is
E[V] and its second moment is E[V/>]. Xand V are assumed to be mutually in-
dependent. Let the random variable 4 denote the number of customers in the sys-
tem at the beginning of a busy period. The probability mass function (PMF) of 4
is p ,(a) whose z-transform is given by G ,(z). That is,

G, (2)=E[z"1=Yzp (a).
a=0

The mean of 4 is E[4] and its second momentis E[4°]. Let the random vari-
able B denote the number of customers left behind by an arbitrary departing cus-
tomer, and let L denote the number of customers in the system at an arbitrary
point in time. The PMF of B is p;(b) whose z-transform is given by Gz (z). The
mean of B is E [B] and its second moment is E [B*]. Similarly, The PMF of L is
p; (1) whose z-transform is given by G, (z). The mean of L is E[L] and its sec-
ond moment is E [L*]. Let W, denote the waiting time in the system, and let the
utilization factor p be defined as p =AE[X]. The main result of the analysis is
the following.
Theorem. The mean waiting time in the system is given by

ME[V?] ME [X?]

EW, 1= — :
2{[1-e ™ 1M, M+AEV]E 2(1-p)

q

Proof. Asshownin[6], a vacation queueing system can be analyzed by the
following decomposition:

G (2)=G4(2) GLmn)(2),
where G (\//1)(2) 1s the z-transform of the number of customers in the system
in a standard M/G/1 queue (i.e., one in which the server never takes a vacation).
In [7] it is shown that
_1-G4(2)

GB(Z)_(l—Z)E[A]’

(1-p)(1-2) M y (A —Az)
My(h-Az)-z

GL(M/G/I)(Z) =

Thus, applying Little’s law [8] we obtain the mean waiting time as

279 2
=110L(Z)\Z:1 _E[X]:E[A J-E[4] ME[X?]
A dz 20E [A] 2(1-p)

EW,]

22 ISSN 0204-3572. Electronic Modeling. 2007. V. 29. Ne 4



Analysis and Optimization of M/G/1 Vacation Queueing Systems

This means that once G 4 (z) is known we can obtain £ [, ]. The remainder
of the proof is devoted to deriving the expressions for G ,(z) and M, (s), the
Laplace—Stieltjes transform of the waiting time.

Consider the following three mutually exclusive events associated with the
server’s experience after returning from a vacation.

1.The server returns from vacation, waits and commences another vacation
without serving a customer; the probability of this event is M, (1) e,

2. The server returns from vacation, waits and serves at least one customer
before taking another vacation; the probability of this eventis M, (L) {1- ey,

3. The server returns from vacation and finds at least one waiting customer;
the probability of this event is1—- M, (L).

Under event 2, a busy period is initiated with exactly one customer in the
system. Similarly, under event 3, a busy period is initiated with at least one cus-
tomer in the system. Therefore, if we define p, as the probability of event £,
given that a busy period was initiated before the server commences another va-
cation, where k£ =2,3, then we obtain the following result:

My (L —h2) =M, (M)

GA(Z):Zp2+ l—MV(K) 3>
where
:MV(x){l—e—“} _ =My
2 l—e_MMV(k)’ 3 l—e_MMV(k).
From this we obtain the result:
EV] 2 VEV?]
E[Al=p,+———=p,, E[A*]=E[A]+———=
szlM(k)p [47] []lM(k)’
2
EW,]= AE[V"] XE[X ]

2E[AIl—e ™ M, ()] 2(1-p)

LE[V?] kE[X ]
2{[l—e 1M, (L) +rE[V ]} 2(1-p)

which completes the proof. We consider limiting cases for c:
E [Vz] LE[X? ]

yi%E[W"] 2E[V] 2(1-p)
lmE W, ]= M) }LE[X ]
o 2M, O rETT 2(=p)
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These are the results obtained in [9] for the multiple vacation system and
single vacation system, respectively. Note that £ [/, Jmonotonically decreases
as ¢ increases since

dEW,] WEV2IM, (L) e

de 2{[1—e 1M, (\)+LE[V ]}

which is consistent with the fact that the single vacation scheme (¢ =) has a
smaller mean waiting time than the multiple vacation scheme (¢ =0).

Also, in [2] it is shown that the Laplace—Stieltjes transform of the waiting
time is given by
A(1-p){1-G ,(-s/1)}

Miy ()= EANs 30 M 1 ()}

Applying this result to our model yields
(1-p) L [1=My ()] +s (1€ ™) My (M)}
{s(1—e™*)Y M, (M) +LE [V ]} {s—A+AM 4 (5)}

My, (s)=

which, on differentiation and evaluating at s =0, gives the same value of E'[W, ]
obtained earlier.
Although the model has been analyzed with fixed timeout ¢, the analysis can
be extended to the case where the timeout is a random variable 7’with mean £ [T']
and Laplace—Stieltjes transform M, (s). In this case only a slight modification
is required in the results. Specifically, we replace the factor e with M r(A).
Optimal timeout design. As stated earlier,

dEW,]_ WEWV M, (L)e ™

0
dc 2{[1—e‘“]MV(7»)+7»E[V]}2<

which means that £ [V, ] decreases as ¢ increases. Thus, ¢ = oo provides the
smallest mean waiting time. However, one of the benefits of a vacation queueing
system is to engage the server in other activities when the queue is empty. This
means that any idle time incurs some cost to the system operator. For ease of
analysis, we assume that a linear cost is associated with idle times. Thus, the cost
incurred in the time interval ¢ is kc, where k >0. To further simplify the analysis
we assume that £ =1. We also assume that there is a unit cost per unit mean wait-
ing time. Therefore, we formulate the following optimization problem:

Minimize S (¢)=E W, ]+c

subject toc >0.
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The solution to the problem satisfies the conditionj S (¢)=0. That is,
C

WEV M, (L) e™

2{[1—e 1M, (M) +LE [V ]} =0
V

Let x =e . Then we obtain
IMFN) X2 =M, (V) EV 2 1+4MF(0) +4M (W) E[V ]} x +
+HEVD +2M (M) +49M , (L) E[V]} =0,
The solution to the equation is

:{X2E[ V2144M, (V) +E [V N EE [V 21 D2E [V 1+8M, (M) +SLE [V ]}
4My (1) '

It can be shown that

IED 2 10CE 2148 My O +8LE [V Ty < W2E [V 2 1+4M, () +AAE [V ].

Thus, we use the smaller of the two solutions as the feasible solution and obtain

o _RPEVPIHAM, A DE V- E 2 IE [V 2 148M, () +8E [V ]}
4M () '

X

From this we obtain ¢’ = —-1/A In x

The N-policy with timeout. The N-policy was introduced in [10] and op-
erates as follows. The server goes on vacation at the end of a busy period. The
vacation ends with the arrival of the N-th customer since the end of the last busy
period.

The N-policy scheme with timeout operates as follows. Consider cycles of
busy periods and let 7;; denote the arrival time of the i-th customer in the /-th cy-
cle,wherei=1,2,...,N,and/=1, 2, ... . Starting from the arrival of the first cus-
tomer in a given cycle, if less than N — 1 other customers arrive within the time
interval ¢, then the server’s vacation ends and service is performed exhaustively
at the end which another vacation begins. Assume that the system is empty and,
therefore, the server is on the /-th vacation. The vacation ends at time 7; given by
T, =min(Ty; +¢,Ty;)[=1,2

That is, the vacation ends at time 7', (when the N-th customer arrives) or
T;; +c (if less than N —1 customers arrive within the timeout period ¢ measured
from when the first customer arrived), whichever comes first. This means that
each busy period begins with either N customers, if T, <7}, +c,or n customers,
1<n < N -1, otherwise. The server serves exhaustively and takes another vaca-
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Fig. 2. N-policy scheme with timeout

tion when the system becomes empty, whatever number of customers the busy
period begins with.

The scheme is illustrated in Fig. 2, where it is assumed that N =3. In the fig-
ure, during the server’s first server vacation customer C, arrives and thus acti-
vates the timer. By the time the timeout expired only one other customer, C,, ar-
rived. Since the timeout has expired with less than 3 customers in the system, the
server initiates a busy period with two customers at time ¢,. Another customer,
C,, arrived during this busy period. After serving all 3 customers, the server
takes a vacation. While the server is on vacation, customer C, arrives to activate
the timer for the next cycle. The time expires at time ¢, and the server initiates a
busy period at that time with only one customer. During this busy period, cus-
tomers C5 and C 4 arrive and are served before the server commences another va-
cation. While the server is on vacation, customer C arrives and activates the
time. Before the timer expires customer Cy arrives. The timer expires at time #,
and the server initiates a busy period at that time with two customers. During that
busy period customer C, arrives and is served before the server commences an-
other vacation. The process continues, as shown in the figure. The intervals la-
beledV;,i=1, 2, ..., indicate the vacation intervals under the normal N-policy.

The analysis of the model is similar to that for the single vacation with
server timeout. In the current scheme, a busy period will commence with exactly
N customers in the system with probability g, which is the probability of N —1
or more Poisson arrivals in an interval of length ¢ and thus is given by

N-2 n
gy =1- Z (Ac) e e
n=0 n!
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Similarly, a busy period will commence with n customers, 1<n < N —1, with
probability ¢, , which is the probability of exactly »—1. Poisson arrivals in an in-
terval of length ¢ and is given by
n—1
_(ke) e

n s

(n-1)!

I<n<N-1

Therefore,

N -1 N-=2 N N -1 el
Gu(2)=2"qy +2.2"q, =z" {1_ > (1) e“}+ Zzn%e%ca

n=1
(>»c> Ente)y™ e
[ Z } 2y ¢

W
,ZZ:;‘ (n=1I)! ¢

If we define D as the event that there are N customers at the beginning of a busy
period and £ as the event that there are less than N customers at the beginning of
a busy period, then p, =gy ,p En

Mimicking the method used 1n [2] we have the following conditional
Laplace—Stieltjes transform of the waiting time:

My (D)= G+ My (I (=) (1= IM e (9"}

N/ (s+0)]=[M x (s)]} N{s—=A+AM y (5)}
My (SE.n )_(1 —p){[A/(s+N)]" _[MX(S)]n}+7\'(1_p){1_[MX(S)]n}
v n{L/ (s+0)]- M y (s)} nis—L+AM ,(s)}

Thus, the unconditional Laplace—Stieltjes transform of the waiting time is
given by
N-1
My, (s) =My, (s\D) pp + ZMW (S|E,n) Pen =

n=l1

N-1 e
=My (s|D) pp + HZ:;‘MW(S\E,n) (D) e

From this we obtain the mean waiting time as

- 2 "
g =N kE[X ]p +Nzl {XE[X ]+n—1}(xc) le*

1= P 2(1-p) 2(1-p) (n—1)
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_N-1 AE [X?] NZI (N —n)(he)"™ e _E[4]-1 kE[X 1

2 20-p) & () 2 20-p)

Before considering the limiting values of ¢, we recall that the expected value of 4
is given by

E[A]=N Z(N n)(xc)"le _

n=l1 (}’l 1)'
N n-l n—1
=N—(N-1) efkc_zm Z(N mte)
n=2 ( _1)' n=2 (l’l 1)‘
Thus, limE[A4]=1 and lim £ [4]= N. This implies that
c—0 c—®©
2
fimE gy, 12E )
lim £ [, = N - 1+?»E[X ]
Cc—>0 20 2(1 p)

which are the results for a standard M/G/1 queue with no server vacation and a
standard N-policy scheme without timeout, as shown in [10] respectively. We
observe that

dEW,] . L ["GN-n)(e)"™" (N -n)(he)"?
de =he {Zl (n—1) Zz (n-2)! =

which means that the expected waiting time monotonically increases with c.
Therefore, the optimal value of ¢ is zero.

Summary. We have derived expressions for the mean waiting time of a va-
cation queueing system in which the server does not immediately take another
vacation upon returning from a vacation and finding the system empty, as in the
multiple vacation scheme, or wait indefinitely for a customer to arrive, as in the
single vacation scheme. In the proposed model, if the server returns from a vaca-
tion and finds the system empty, it waits for a fixed time c. If at the expiration of
this time no customer arrives, the server will take a vacation; otherwise it serves
arriving customers exhaustively before taking another vacation. The results of
the analysis are consistent with those of the multiple vacations scheme (where
¢ =0, and the single vacation scheme where ¢ = ). A linear cost model was as-
sumed to obtain the optimal value of ¢ for the assumed model.

The model is also extended to the N-policy scheme where the timeout is
measured from the arrival of the first customer since the end of the last busy pe-
riod. The results have also been shown to be consistent with earlier results for the
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case when ¢ =0, which is the standard M/G/1 queue, and the case when ¢ = oo,
which is the N-policy scheme without timeout. It is shown that the expected
waiting time increases monotonically with ¢, which means that ¢ =0 gives the
minimum expected waiting time.

PosrnsiHyTO OfIHOCEpBEpPHY cHCTeMy MacoBoro obciyroByBanHs (CMO) 3 mepepBamu, IO
NpAIIoE Y TAKOMY PEXKHMI: IIPU BKIFOUYEHHI cepBepa Iicist IEPEepBH, SKIIO0 Xo4a O OJIUH KIIIEHT
nepeOyBae y CHUCTEMi, cepBep IOYMHAE OOCIYyroBYBaHHs 1 MPOMOBXKYE HOro 10 HACTYIHOI
MIEPEPBUHKIIO BUSBILSIETHCS, IO CHCTEMA € MYCTO0, cepBep repedyBae y pekuMi O4iKyBaHHS
¢ikcoBanuii yac c. [lo 3akiHYCHHI LIOTO Yacy IOYMHAETHCS HACTYIHA IepepBa y poOoTi
cepBepa, SKIIO HOBUI KIIIEHT HE 3’BUBCA. Y NPOTHIEKHOMY BUIAIKY KII€HT 00CIYrOBYEThCS
JI0 TIOYATKy 4eproBoi nepepBr. OTpHIMaHO aHATITHYHI OLIHKH JIJISI CEPeHBOT0 Yacy O4iKyBaHHS
B cucteMi. [okaszaHo, o cxeMma MepepuBaHb € Y3aralbHEHOIO CXeMOIO, B SIKi OJUHUYHA Ta
MHOXKHHHA CXEMHM IepepUBaHb — OKPEMHH BHUIAJOK BiINOBifHO mpu c=o0 i ¢=0. Mozenb
posnoBciokyeTbest Ha CMO 3 N-cTpaTerissMu TepepuBaHb. Y 000X CXeMaX BHKOPHCTAHO
JHIKHY MOJIeNTb BUTPAT U OTPUMAaHHS ONTHMAaJIBHOTO ITapaMeTpa CIIpalboBYBaHHS C.
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